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Thin aluminum targets have been bombarded with 1.8-, 2.0-, and 2.1-Mev deuterons, Protons emerging 
at 90 degrees with respect to the deuteron beam have been analyzed in a magnetic spectrograph. Fifty 
proton groups have been assigned to the Al(d,p)Al** reaction, corresponding to the ground state and 
forty-nine excited states in Al** between 0 and 6.35 Mev. Most of the levels form clusters, and spacings 


as low as 13 kev have been observed. 





I. INTRODUCTION 
S'\ CE the Al?"(d,p) AI’* reaction was first observed in 


1934 by Lawrence and Livingston,' it has been 
studied by a number of workers?" in order to determine 
the positions of the energy levels in Al** and the angular 
distribution of the protons in the various groups. A 
total number of fifteen proton groups assigned to Al*® 
levels has been reported. 

Around 8-Mev excitation energy, the Al** level 
structure has been investigated by Henkel and 
Barschall” by measurements of the neutron cross 
section in Al*’. The level density they find seems to be 
unusually high when comparison is made with neigh- 
boring nuclei at the same or higher excitation energies. 
It may therefore seem reasonable to expect a com- 


* This work has been supported by the joint program of the 
ONR and AEC. Part of it was reported at the meeting of the 
American Physical Society in Washington, D. C., April 26, 1951, 
Phys. Rev. 83, 212 (1951). 

f On leave from the University of Bergen, Bergen, Norway. 
(1938). O. Lawrence and M. S. Livingston, Phys. Rev. 45, 220 

2? E. McMillan and E. O. Lawrence, Phys. Rev. _. bay (1935). 

Schulz, Davidson, and Ott, Phys. Rev. 58, 1043 (19 

4H. R. ’Allan and C. A. Clavier, Nature 158, 832 (1946). 

5H. R. Allan and C. R. Wilkinson, Proc. Roy. Soc. (London) 
194A, 131 (1948). 

* Pollard, Sailor, and Wyly, Phys. Rev. 75, 725 (1949). 

7Y. A. Nemilov and B. L. Funshtein, Dokl. Akad. Nauk, SSSR, 
66, 369 (1949). 

®’W. D. Whitehead and N. P. Heydenburg, Phys. Rev. 79, 99 
(1950). 

§J. R. Holt and C. T. Young, Proc. Roy. Soc. (London) A63, 
833 (1950). 

10 H. E. Gove, Phys. Rev. 81, ghee 
"K. K. Keller, Phys. Rev. 84, 884 (1951). 
 R. L. Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 


paratively high level density at lower excitation energies 
in AF as well. 

In this paper are reported the results of measurements 
on the Al’7(d,p)Al’* reaction made with a 180-degree 
magnetic spectrograph. The Q value of the ground 
state and the existence of a 31-kev level have been 
previously reported.'*'4 This low-lying level has re- 
cently also been observed by Smith and Anderson,'* 
who have found a 31.4-kev gamma-ray from aluminum 
targets bombarded with deuterons. Forty-eight more 
proton groups have now been assigned to energy levels 
in Al’* up to an excitation energy of 6.35 Mev. This 
large number of levels could not have been observed by 
previous workers for reasons of resolution. 

The gamma-rays from the Al’’(n,y)Al** reaction have 
been studied by Kinsey e/ a/.,!° using a pair spectrometer. 
Twenty-nine of the gamma-energies observed, taken in 
conjunction with the results of the present work, may 
be assigned to transitions from the capture state to an 
excited state or from an excited state to the ground 
state. 


II. EXPERIMENTAL ARRANGEMENT 


The apparatus and experimental techniques were 
essentially the same as those that have been described 
in previous papers.'’!* Deuterons accelerated in the 


‘ “(deeb Buechner, Sperduto, and Van Patter, Phys. Rev. 83, 
1 (195 
“ Enge, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
317 (1951). 
4% R. D. Smith and R. A. Anderson, Nature 168, 429 (1951). 
16 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 
1” Buechner, Strait, Stergiopoulos, and Sperduto, Phys. Rev. 
74, 1569 (1948). 
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. Mass spectrum of aluminum-on-Formvar target obtained 
by observing elastically scattered deuterons. 


field of an electrostatic generator were focused and 
deflected 90 degrees through a magnetic analyzer. After 
passing through a defining slit, the horizontal beam hit 
the target which was placed between the annular-shaped 
pole pieces of the magnetic spectrograph. Charged par- 
ticles leaving the target at 90 degrees with respect to 
the incident beam were analyzed in the 180-degree, 
single-focusing spectrograph. Eastman Kodak NTA 
nuclear-track plates were used for recording the charged 
particles. Discrimination between protons, deuterons, 
and alpha-particles was made on the basis of differences 
in track lengths. Only results from the (d,p) and (d,d) 
reactions are presented in this paper, the Al*’(d,a)Mg*® 
reaction being reported elsewhere.'!® The tracks were 
counted under a microscope in strips of 0.23 or 0.50 
millimeter in width, and the number of tracks in each 
strip was plotted versus strip distance from the target 
or versus Hp. 

Because of the complexity of the Al** spectrum, it was 
necessary to improve the resolution of the apparatus 
for the present work. This was accomplished partly by 
reducing the width of the exposed strip of the target to 
0.3 mm and partly by reducing the solid angle of the 
charged-particle bundle admitted through the spec- 
trograph. 

Experience has shown that the surface contamination 
collected on a target during exposures is of uneven 
thickness so that it affects the energy spread, or width, 
of the observed peaks of charged particles as well as 
their position in the Hp diagram. To minimize this 
effect, a liquid-air trap was mounted in the vacuum line 
between the 90-degree analyzer and the spectrograph. 
This trap collected most of the bothersome vapors that 
presumably originated in rubber gaskets and stopcock 
grease. 

The excitation current for the spectrograph magnet 

‘8 Buechner, Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 


(1949). 
® Endt, Enge, Haffner, and Buechner, Phys. Rev. 87, 27 (1952). 
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was stabilized to about 1 part in 15,000 and the current 
for the 90-degree analyzer, to about 1 part in 5000. 

The resolution obtained was (Hp)/A(Hp) =~ 1500 at 
the upper end of the observed proton spectrum (390 
kilogauss-centimeters) and 250 at the lower end (150 
kilogauss-centimeters). 

As in previous experiments in this laboratory, 
polonium alpha-particles were used to calibrate the 
fluxmeter of the annular magnet. For this purpose, the 
target was replaced by a silver wire coated with polo- 
nium. The value of Hp for polonium alpha-particles 
used as an absolute standard was 3.3159X 105 gauss- 
centimeters (absolute emu), accurate to 1 part in 5000. 

The incident energy of the deuterons was calculated 
from the observed energy of deuterons elastically scat- 
tered from the C” nuclei in a thin Formvar target. 

The aluminum targets employed in these experiments 
were prepared by evaporating aluminum onto Formv ar 
films supported by nickel-wire frames. The 2- to 5-kev 
thick aluminum targets were found capable of with- 
standing a 1-microampere beam indefinitely , whereas a 
Formvar backing alone would break when exposed to 
more than 0.1 microampere. 


Ill. MASS ANALYSIS OF THE TARGET 


In addition to aluminum, the targets with backing 
and surface contamination contained several other ele- 
ments, which all had to be considered as possible con- 
tributors to the yield of protons from (d,p) reactions. 
For the correct assignment of the different peaks ob- 
served, it was therefore highly desirable to know what 
elements were present and their relative abundance. In 
the present case, a quantitative analysis of the target 
material was most easily performed by aid of the energy 
spectrum of deuterons elastically scattered from the 
target. 

Figure 1 shows the number of deuteron tracks as a 
function of the energy of the scattered deuterons. These 


Taste I. Mass analysis of aluminum target on Formvar 
backing. 
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Fic. 2. Protons from an aluminum-on-Formvar target bombarded with 2.1-Mev deuterons. 


deuterons were recorded simultaneously with the 
protons from the (d,p) reactions that took place in the 
same target. The bombarding energy was 2.1 Mev. 
The observed output energy Eyut is related to the 
mass of the target nucleus Mr through the equation 


Mr—Mp 
Fay? Zins 


Mr+Mp 


(1) 


where Mp is the mass of the deuteron and £;, is the 
bombarding energy. The equation holds for scattering 
through 90 degrees, the relativistic correction being 
negligible for the present purpose. 

The different peaks of deuterons shown in Fig. 1 have 
been assigned to different target nuclei according to 
Eq. (1). Both the energy and mass scales refer to the 
point of one-third maximum on the right side of a 
peak.”° For the elements in the upper region where the 
resolution is poor, the mass of the heaviest isotope of 
appreciable abundance has been entered into Eq. (1). 


2% The energy scale in Fig. 1 is logarithmic. The mass scale 
therefore follows the equation x.—x=k tanh™'(Mp/Mr) and is 
nearly linear in Mp/Mr as long as this quantity is small. 


Peaks resulting from elements in the backing are dis- 
placed slightly to the left of their proper position in the 
diagram because of the energy loss of the deuterons 
which penetrated the aluminum layer twice. Peaks 
resulting from elements distributed through, or on both 
sides of, the target are broader than the others for the 
same reason (e.g., N'*). 

No deuteron peaks were observed above the back- 
ground in the energy region 0.92 to 1.45 Mev, corre- 
sponding to mass numbers 6 through 11. A detectable 
peak of inelastically scattered deuterons corresponding 
to the 0.837-Mev level” in Al’ thus also failed to 
appear. 

Tabtie I gives a list of elements which, according to 
Fig. 1, have been present in the target. An estimate of 
relative abundance of the various elements has been 
obtained by assuming Rutherford scattering. Therefore, 
the number of tracks in each peak has been divided by 
the square of the appropriate element number. The 
resulting figures are given, relative to that for alu- 
minum, in column 4. In column 5, the different elements 


21D. M. Van Patter and W. W. Buechner, Phys. Rev. 87, 54 
(1952), 
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Fic. 3. Protons from an aluminum-on-Formvar target bombarded with 2.1-Mev deuterons. 


have been tentatively assigned to backing, evaporated 
material, or surface contamination resulting from 
gaskets in the vacuum system. A further investigation 
as to the origin of the different contaminants is outside 
the scope of this paper. 


IV. ASSIGNMENT OF THE PROTON PEAKS 


Figures 2 and 3 give Hp diagrams of protons from an 
aluminum target bombarded with 2.1-Mev deuterons. 
Each exposure on one nuclear track plate covered about 
5 percent in Hp(Ap/p=0.05), so that the whole region 
of Hp shown in Figs. 2 and 3 is made up of-data from 
twenty-three exposures at different values of the field 
strength. The proton peaks that have been assigned to 
the Al’’(d,p)Al*® reaction are designated in the figures 
by capital letters. In many cases, each letter refers to 
several closely spaced groups. This rather arbitrary 
division of the groups was chosen for convenience in 
reference, since, as the work progressed and the per- 
formance of the apparatus improved, additional weak 
peaks were found close to the previously discovered 
intense groups. 

Several surveys were made at 1.5-, 1.8-, 2.0-, and 


2.1-Mev bombarding energies.“ The experimental 
improvements mentioned above were made while these 
surveys were in progress. All the proton peaks as- 
signed to the Al?’(d,p)Al’® reaction appeared in each of 
the three most recent surveys. 

The double structure of the group labeled W in Fig. 3 
was observed only in the last survey at maximum 
resolution. A slight possibility exists that the effect 
might be due to a double exposure; that is, the magnet 
current might have been out of control without this 
having been observed. Further work is required to clear 
up this point, and group W has been treated as corre- 
sponding to one level in the following. There are also 
some indications of weak structure between the three 
peaks in group E and between the two peaks in group B. 
These details will be further investigated with a new 
magnetic spectrograph which is now under construction. 

The mass analysis of the target showed that a 
number of elements other than aluminum had to be 
considered as possible contributors to the yield of 
protons. It should be remembered, however, that at the 


@ The first survey, at 1.5 Mev, was made by K. Huang, B. Sc. 
thesis, Massachusetts Institute of Technology (May, 1950), un- 
published. Because a fairly thick target was used, only fifteen 
levels in AP* were reported. 





MAGNETIC 


bombarding energies used the cross sections for (d,p) 
reactions decrease very rapidly with increasing atomic 
number. Moreover, according to Table I, the abundance 
of the higher elements was very low. In addition to AF’, 
the nuclei that could be expected to give detectable 
contributions were therefore C®, C!8, N'4, O'*, F!®, and 
Si**. Proton peaks caused by all of these target nuclei 
were actually found, and they are labeled accordingly in 
Figs. 2 and 3. 

The sorting out of the peaks was greatly facilitated 
by the fact that parallel work on other target materials 
was in progress at this Laboratory. Comparison was 
made with work on nitrogen, fluorine, sodium, silicon, 
and phosphorus targets. The strong peaks from carbon 
and oxygen always appeared and are well known from 
previous work.!*-? One of the peaks from the C'¥(d,p)C™ 
reaction coincided at 2.1-Mev bombarding energy with 
an aluminum peak in group 7, Fig. 3. At other bom- 
barding energies, two separate peaks appeared. Deu- 
terium, nitrogen, and silicon also seem to have been 
present in all targets, presumably as surface con- 
tamination. At the position where the strongest peak 
from F'® could be expected to appear, a few tracks were 
found as shown in lig. 2 at Hp=334 kilogauss-centi- 
meters. 

The proton peaks from (d,p) reactions on Si**, Si*, 
and P* were not detected in the work on aluminum 
targets. Protons from the D*(d,p)T* reaction have at 
2.1-Mev bombarding energy approximately the same 
energy as those from O'*. These protons appear at 
Hp= 272 kilogauss-centimeters. 


TABLE II. AFP’(d,p)Al* Q values and energy levels in Al**. 


Excita- Excita- 
tion tion 
energy Rel Oo. alue energy 

Mev 


Rel O value 
Mev Group int Mev 


Group int Mev 





4.115 
4.238 
4.307 
4.457 
4.512 
4.686 
4.734 
4.759 
4.837 
4.898 
4.988 
5,007 
5.128 
5.156 
5.169 
5.182 
5.372 
5.435 
5.735 
5.755 
5.792 
5.855 
6.011 


1.379 
1.256 
1.187 
1.037 
0.982 
0.808 
0.760 
0.735 
0.657 
0.596 
0.506 
0.487 
0.366 
0.338 
0.325 
0.312 
0.122 
0.059 
—0,241 
—0.261 
—0.298 
—0.361 
—0.517 
—0.696 6.190 
—0.813 6.307 


5.494 0 
5.463 0.031 
4.520 0.974 
4.479 1.015 
4.127 1.367 
3.869 1.625 
3.357 2.137 
3.296 2.198 
3.226 2.268 
3.010 2.484 
2.916 2.578 
2.842 2.652 
2.514 2.980 
2.488 3.006 
2.203 3.291 
2.152 


"8 Sperduto, Holland, Van Patter, and Buechner, Phys. Rev. 
80, 769 (1950). 
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Through the comparison with work on other targets, 
all proton peaks resulting from contamination nuclei 
with mass number A<35 were sorted out. Partly in 
order to rule out the possibility that nuclei of greater 
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Fic. 5. Energy-level diagrams for Al** with 
relative intensities. 


mass number might have been responsible for any of 
the observed groups, the shift of proton energy asso- 
ciated with a change in bombarding energy was deter- 
mined for each peak. Through a relationship similar to 
that expressed in Eq. (1), it was possible to determine 
the mass of the target nucleus responsible to within 
about 5 mass units.** These measurements also indicated 
that the assignments of the fifty proton peaks to the 
Al’"(d,p)AP® reaction were correct. It is felt that the 
comparison with work on other targets and the energy- 
shift measurements together provided unambiguous 
assignments to the observed groups. 


V. ENERGY LEVELS IN Al** 


Q values corresponding to the fifty proton peaks 
assigned to the Al*’(d,p)Al’* reaction have been cal- 
culated from experimental data obtained at two or 
more bombarding energies. Of the individual Q values, 
averages have been formed for each peak. The maximum 
deviation of any individual result from these averages 
was 4 kev for any peak in Fig. 2 and 2 kev for any peak 
in Fig. 3. 

The average Q values are presented in Table II, 
which also gives the excitation energies of the corre- 
sponding levels in Al’*. The different levels are marked 

* These measurements were performed with special care in the 
case of the 31-kev level (see reference 13). 
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with the group letter and a subscript denoting a grading 
according to relative intensity as found under the 
present experimental conditions. 

The probable errors associated with the Q values and 
excitation energies in Table II have not been evaluated 
for each level. As regards the Q values, the error for 
that of the ground state has previously been given as 
+10 kev (0=5.494+0.010 Mev'*). The general trend is 
a decrease in error for decreasing Q values. The probable 
errors associated with the excitation energies increase 
from +7 kev for group B to +12 kev for the highest 
levels. Differences between excitation energies for 
levels in the same group are quite accurately known 
because the corresponding proton peaks as a rule 
appeared on the same nuclear-track plate. The directly 
measured differences have been conserved in the list of 
excitation energies in Table II. The close spacings 
between the levels R, and R; and between R; and R, 
have been most accurately measured, as 13.5+1.0 kev 
and 12.5+1.0 kev, respectively. The excitation energy 
of the first excited state has previously been given as 
31.2+2.0 kev."* 

The relative intensities given in Table II apply to the 
number of protons emerging at 90 degrees with respect 
to the deuteron beam at a bombarding energy of 2.1 
Mev. 

A conventional energy-level diagram for Al’* is 
presented in Fig. 4. In Fig. 5, lower part, the diagram 
has a different orientation, and the relative intensities 
as given in Table II are represented by the height of the 
lines. The diagram in the upper part of Fig. 5 has been 
constructed from the (n,y) results of Kinsey ef al.'* It 
is interesting to note that the maxima and minima in 
relative intensities have the same locations in the two 
diagrams.” 

We are indebted to our colleagues in the High Voltage 
Laboratory who have collaborated in various stages of 
this work. We wish to thank all who have assisted in 
connection with the reading of photographic plates, 
especially Mrs. Cecilia Bryant, Mr. W. A. Tripp, and 
Miss Jane Pann 

In Fig. 5, upper left, instead of (x4), read (x 1/4). 
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Magnetic Lens Spectrometer Measurements of the Radiations from 
Light Nuclear Reactions* 


R. G. THomast AND T. LauritsEN 
California Institute of Technology, Pasadena, California 
(Received July 28, 1952) 


The radiations from a number of light nuclear reactions are studied with a magnetic lens spectrometer. 
The y-ray energies and intensities are determined from the photoelectricand Compton conversion processes ; 
a new method for intensity measurements is developed in which “thick” Compton converters are used. 
The complicating effects of Doppler shift and broadening on energy determinations are discussed. The 
following transition energies, obtained from thick targets at bombarding energies from one to two Mev, 
are reported: C(d,n)N™“: 72544 (assignment uncertain), 163848, 2310+12, 3381413, 5052425, and 
5690+ 50 kev; C¥%(d,p)C™: 6110430 kev; C"(d,p)C™: 308247 kev; N"°(p,a)C™®: 4443+ 20 kev; B'°(p,a) Be’: 
428.54+1.8 kev; Li®(d,n)Be7: 428.942 kev; Li®(d,p)Li’: 477442 kev; O'%(d,p)O'7: 870.542 kev. The 
internally formed positron distribution from the 3.08-Mev transition in C is found to be in agreement 
with the theoretical distribution for an electric dipole transition ; the internally formed positron distributions 
from C'+d and Be*+d are also observed but because of the uncertainty of the background, it is not possible 
to make unambiguous multipole assignments. The observed internal conversion line spectrum from the 
870-kev transition of O"” indicates that the transition is electric quadrupole or a mixture of this and magnetic 
dipole. Semi-empirical formulas are given in the appendix for the most probable and effective energy 


losses of fast electrons traversing light materials. 


I. INTRODUCTION 


HE study of gamma-ray transitions in nuclear 
reactions is an important complement to the 
identification of energy levels by particle group obser- 
vations. Not only is it sometimes possible to obtain 
from gamma-ray measurements more accurate values 
for the level energies than can be obtained by particle 
measurement techniques, but often, by observation of 
cascade transitions, one can derive important informa- 
tion about the character of the levels involved. With 
quantitative determinations of the relative probabilities 
of various transitions, one might hope to construct 
detailed decay schemes which may then be of assistance 
in establishing spins, parities, and possibly other 
quantities of fundamental significance pertaining to the 
levels involved. 

The measurement of even relative intensities of 
gamma-rays poses rather formidable problems. Particu- 
larly when the spectrum is complex and extends over a 
large range of energies, recourse to a variety of tech- 
niques may be required. A major part of the present 
investigation has been devoted to the question of the 
precise determination of y-ray intensities from the 
secondary electron spectra, as observed in a magnetic 
lens spectrometer. It appears to be possible, using the 
present techniques, to obtain both relative and absolute 
y-ray intensities to an accuracy of five to ten percent, 
in not-too-unfavorable cases. 

Further information about the levels involved in 
y-ray transitions can be obtained from the multipole 
order of the radiation, as determined from the coeffi- 
cients of internal conversion and internal pair formation. 


* This work was assisted by the joint program of the ONR and 


) 


t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 


The latter process, which is essentially independent of 
the nuclear charge and for which the coeflicient in- 
creases with decreasing multipole order, is particularly 
useful in the light nuclei, for y-ray energies above ~2 
Mev. For the higher energy y-rays, the conversion 
electrons and positrons are quite easily detectable, and 
a comparison of their spectrum with that of the second- 
ary electrons produced by the y-rays in a suitable 
converter yields the conversion coefficient directly, 
without knowledge of either the absolute intensity of 
the radiation or the solid angle of the spectrometer. 

When a “prompt” gamma-ray produced in a nuclear 
reaction is observed in the direction of the bombarding 
beam, its energy may be subject to a Doppler shift, 
depending upon whether the radiation occurs before or 
after the emitting nucleus comes to rest in the target 
material. If the nuclei emitting the y-radiation are 
traveling in various directions, the line may be broad- 
ened. The determination of whether or not Doppler 
effects occur may enable an estimate of the lifetime of 
the radiating nucleus, permitting again some inference 
as to the character of the states involved. 


II. APPARATUS 


The magnetic lens spectrometer used in the present 
investigation has been described in a previous communi- 
cation.' Targets located at the focal point of the spec- 
trometer were bombarded by deuterons or protons 
ranging in energy from 0.9 to 1.6 Mev, entering along 
the axis. Electrons and positrons produced in the target 
or in converters attached to the target were focused 
on an annular slit and counted by means of a Geiger 
counter with a 2-3 mg/cm? mica window. A helical 
baffle permitted observation of electrons and positrons 


1 Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
(1949). 
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Secondary 


Fic. 1. The spectrometer source-converter-baffle geometry, 
illustrating a typical gamma-ray conversion process. 


separately. Energy calibrations were generally based 
on the Th J and X lines, at 1754 and 9988 gauss cm, 
respectively.? The instrumental resolution curve was 
approximately Gaussian, with a width at half-maximum 
of 2.0 percent, and the effective solid angle, including 
transmission factor, was about two percent of a sphere. 


III. DETERMINATION OF y-RAY YIELDS AND 
CONVERSION COEFFICIENTS 


The determination of the absolute number of gamma- 
rays produced in the target depends upon observation 
of the spectrum of the secondary electrons from a 
suitable converter. In general one may use the photo- 
electrons, Compton electrons, or pairs, depending upon 
the energy range of interest and upon the complexity 
of the primary spectrum. In each case the interpretation 
of the results requires consideration of the character of 
the converter and of the geometry of the instrument. 

The source-converter geometry applicable to the 
present work is schematically illustrated in Fig. 1. The 
converter is a circular disk centered on the spectrometer 
axis and perpendicular to it. The axial distance of the 
converter from the source is ordinarily less than 3 mm 
and its diameter is 12 mm or less; it subtends an angle 
25. The limiting acceptance angles of the spectrometer, 
6,=13° and @:=27°, are determined by a circular 
baffle 16 cm from the source. If the source is produced 
in a nuclear reaction, the path of the incident beam is 
coincident with the spectrometer axis, and axial sym- 
metry is maintained throughout. In the conversion 
process illustrated, @ is the angle between the direction 
of the gamma-quantum and the axis, w is the angle 
between the directions of the gamma-quantum and the 
ejected electron, and 4 is the angle between the direc- 
tion of the secondary electron and the axis. The dihedral 
angle between the planes defined by the quantum- 
electron paths and the quantum-axis directions will be 
referred to as y. 

The following quantities are involved in the determi- 
nation of thd converter efficiencies : o(E)dE, the total 


2G. Lindstrom, Phys. Rev. 83, 465 (1951); W. Brown, Phys. 
Rev. 83, 271 (1951). 
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atomic conversion cross section for production of a 
secondary electron with an energy between E and 
E+dE; S(cosw)d(cosw)dy, the probability that the 
secondary electron is ejected into the solid angle 
d(cosw)dy; and Y, the yield for a particular radiation 
from the source, integrated over the sphere. The 
angular distribution of the primary radiation is assumed 
to be isotropic so that the differential yield per unit 
solid angle is Y/4z in any direction. 

With a flat converter as shown in Fig. 1, the total 
number of gamma-rays traveling in the solid angle 
2d(cos@) which eject electrons from a thickness dt into 
the solid angle d(cosw)dy and with energies between E 
and E+4dE is given by 


(Y/42)2d(cos0)o(E)dENdt secé S(cosw)d(cosw)dy (1) 
if 0<6, and is zero if @>4, 


where N is the number of atoms per unit volume. (The 
attenuation of the gamma-radiation has been ignored.) 
Using the relation cos#)=cos@ cosw+sin@ sinw cosy, it 
is possible to integrate (1) over all values of the angles 
@ and w, obtaining a result in the form? 


(Y/42)dQo0( E)dEN dt(sec0(6o)), (2a) 


where 


(seco(6o))= f S(cosw)(sec0(w, 09))d(2% cosw) (2b) 


4 


for the yield of secondary electrons traveling in the 
solid angle dQ)=2md(cos6)) and with energies between 
E and E+dE. The kernel (sec6()) is interpreted as 
the average value of sec@ for secondary electrons ejected 
at an angle 0) with the axis, and (sec@(w, @)) as the 
average value of secé for those electrons ejected in the 
(two) directions characterized by the angles w and 4p. 
The form of the latter kernel depends upon the limits 
of integration; here we are concerned with the case 
where 09+w<6 for which 


(secO(w, 80)) = (cos*@9—sin’w)~}. (3) 
Compton Conversion 


The treatment of the energy distribution of the 
ejected Compton electrons is readily carried out 
in terms of the quantities x=(E,—E,.)/E, and K 
=E,/mo?, where E, is the energy of the incident 
quantum and &£, is the kinetic energy of the ejected 
electron. The most energetic secondary electron corre- 
sponds to a value %min=(1-+2K)~!. The Klein-Nishina 
cross section for the production of a secondary electron 
with an energy between x and x+dx can be written as 


o(x)dx= wZrPK— f(x)dx, (4) 
where 
f(x) = (Kx)?+27-'(1—2K*—2K-") 
+x+K~?+2K-', (4a) 


3 Rasmussen, Hornyak, Lauritsen, and Lauritsen, Phys. Rev. 
77, 617 (1950). 
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ro=e?/moc*, and Z is the atomic charge. The angle wo 
between the initial path of the secondary electron and 
the incident quantum is given by 
sin’?wo=[x(1+2K)—1]/[K*(1—x)+2K], (5) 
the angular distribution function of Eq. (1) being the 
delta-function* 
S(cosw) = (22)~'8(cosw— coswo). (6) 


By integrating over the emergence angle @ between 
the limits @; and @ set by the baffles, we obtain from 
(2), after substituting (4) and (3), 


(Y/49)eZNdt re? f(x) K—'dx g(sec0)Qo, (7) 
where 





(7a) 


(sec0)Q)= 2x log 
C0S02+ (cos*@.— sin2wo)* 


for the number of secondary electrons emerging in the 
solid angle Q with energies corresponding to the 
interval between x and x+dx, g(<1) being a factor 
introduced to take into account the spectrometer 
transmission and counter efficiency. Since the angle wo 
is small in the interesting high energy portion of the 
Compton spectrum and since the angles @; and 62 are 
also small, it is evidently permissible to make the 
approximation® 


g(sec8)Qo= 2/{cosAo), (7b) 


where © is an effective solid angle which includes the q 
factor. If the spectrometer field setting is measured in 
units of gauss-cm (Bp), 


dx= —3.00X 10-*8d(Bp)/E,, (8) 


E, being measured in Mev and B=0/c, where 2 is the 
velocity of the ejected electron. 

For a “thin” converter, that is, a converter in which 
the electron energy loss is small compared to the energy 
spread represented by the spectrometer resolution 
function, expression {7} may, after convolution with 
the resolution function and the energy-loss distribution 
[Appendix, Eq. (22)], be matched to the observed 
spectrum. Adjustment of the parameters K and Y for 
best fit gives the gamma-ray energy and the yield in 
terms of the spectrometer constants.’ 

The energy distribution of secondary electrons emerg- 
ing from a thick Compton converter is obtained by 
introducing an effective stopping force u., by which the 
differential electron path length in the direction of the 
spectrometer acceptance solid angle, dt/(cos@»), is to be 
multiplied in order to obtain the energy loss in the 


“A small redistribution in angle due to multiple scattering of 
electrons in the converter is considered in the Appendix. 

5 To the extent that approximation (7b) applies, the y-rays 
whose yield is measured are those emitted in the direction of the 
spectrometer acceptance cone. Thus if the y-radiation is not 
isotropic, the yield obtained is to be regarded as 4% times the dif- 
ferential yield in this direction. 
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converter: 


—dE,= E,dx= pdlt/(cos6>). (9) 


Substituting (9) into (7) for dé and integrating from 
Xmin to x, we obtain 


LVOQZNremoc? yu. F (x)dx, (10) 


where 


F(x) =2K—'—4(1+2K) + (142K) aK 7+$22 


— K~*x!+ (1—2K~*—2K-") Inx(1+2K) (10a) 


for the number of electrons emerging from the converter 
into the spectrometer solid angle Q in the energy range 
from x to x+dx. The determination of y,, which 
requires rather detailed considerations of the energy 
loss and scattering mechanisms in the converter, is 
discussed in the Appendix. 

After convolution with the spectrometer resolution 
function, the distribution given by expression (10) may 
be compared with the observed spectrum from a thick 
converter to determine the gamma-ray energy and 
intensity. Except in the immediate neighborhood of 
the end point, it is permissible to ignore the curvature 
of F(x) in the convolution with a symmetric resolution 
function, and one obtains for the number of counts 
recorded at the spectrometer field setting Bp: 


C(Bp) =} VOQZNremoctu. F(x) epBpdx/d(Bp). (11) 


The factor epBp is the area under the resolution 
function, 


(12) 


f R(B’ p— Bp)d(B’ p) = epBp, 


where R is normalized to unity at the maximum. The 
quantity p represents the fractional resolution, and ¢ 
is a shape factor. For a Gaussian, if p is taken as the 
full width at half-maximum, e= 1.064. 

The comparison of expression (11) with the experi- 
mental data must be restricted to a rather limited 
energy range, in view of the assumption that y, is 
constant. For energies above 1 Mev, in aluminum and 
beryllium converters, however, yu, varies by only a few 
percent over the upper 5 percent of the electron spec- 
trum and quite good fits are possible. As a check on 
the method, we have determined the relative intensity 
of the two cascade gamma-rays of Na™ at 1.37 and 
2.76 Mev, obtaining for the ratio, 1.03+0.07. Using a 
calibrated Co™ source to determine the effective solid 
angle 2, we obtained agreement within 10 percent of 
the published® value of the absolute yield of 6-7 Mev 
gamma-rays from F'%(p,a)O'* (correcting for the 
known anisotropy). 


Photoelectric Conversion in Thin Foils 


It has not been possible to account for the observed 
thin-converter photoelectric line shapes in a quantita- 


~ €Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 108 
(1950). 
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Fic, 2. Measured photoconversion geometrical efficiency factor 
sec@) plotted as a function of the reciprocal of the y-ray energy in 
Mev. The sources used were: 1. Be%(p,a)Li®, 2. C%(d,p)C%, 
3. Na™, 4. Co®, 5. Cs, 6. Cs’, 7. Na®. 


tive manner, the difficulty being the lack of precise 
knowledge concerning the angular distribution in the 
conversion process and the effects of elastic and inelastic 
scattering in the high atomic number materials required 
for this process. Therefore, the total area under the 
K-conversion line spectrum is used as a measure of the 
gamma-ray yield. We obtain from (2a) and (12) 


(Y tr) StaxNUsec)ep= f C(Bp)d InBp, (13) 


for the relation between the yield and the area beneath 
the curve of counts divided by Bp for a converter of 
thickness ¢. The quantity (sec@) now represents expres- 
sion (2b) averaged over the solid angle Q, and Q 
includes the transmission factor q. 

The total K-shell photoelectric cross section ox has 
been calculated by Hulme et al.,’ for certain values of 
E, and Z. By means of a Z extrapolation of their 
results, one may obtain this cross section for thorium, 
the material used here for photoelectric converters, for 
values of E, equal to 1.13 and 0.354 Mev. Using Hall’s 
asymptotic formula’ it is possible to obtain a value of 
ox'-E, for E,y=«. A quadratic expression adjusted 
to these three values is 


ox™- E,=0.371(14+0.418E,+0.660E,~) 


X10-% cm’, (14) 
which is valid if E,>0.3 Mev. According to the con- 
siderations of Hulme et al., such a formula should not 
be in error by more than about 5 percent, and it is in 
good agreement with Gray’s formula,’ extrapolated 
from lead, in the range 0.3 to 1.13 Mev. 


7 Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. Soc. 
(London) A149 (1935). 

8H. Hall, Phys. Rev. 84, 167 (1951). 

°L. H. Gray, Proc. Cambridge Phil. Soc. 27, 103 (1931). 
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Unfortunately the quantity S(cosw) required for the 
determination of (sec@) is only known through Sauter’s 
equation, which is valid in the limit Z=0. Therefore 
it was necessary to determine (sec@) of (13) experi- 
mentally, using sources of various energies whose 
strengths could be obtained in other ways, such as by 
means of a calibrated Geiger counter or by measurement 
of the Compton conversion electrons with the spec- 
trometer. Some experiments were performed using 
radioactive sources such as Na”, Cs!*7, Co, Na™, and 
gamma-radiation from nuclear reactions in order to 
determine the dependence of (sec#) on the converter 
angle 5, the converter thickness, and E,. The details of 
these measurements will not be given here, but some of 
the qualitative features of the results are worth men- 
tioning. As regards the dependence on 6, it was observed 
that for E, = 1.28 Mev and a foil thickness of 22 mg/cm? 
(small compared to the scattering length) the geo- 
metrical factor could be represented as 


0<5<85°, (15) 


the dependence on 6 being even more critical in the 
case of annihilation radiation. The importance of con- 
trolling the angle 6 in intensity measurements is thus 
apparent. Again for E,= 1.28 Mev, (sec@) was observed 
actually to increase with increasing foil thickness, 
roughly according to (sec#)=1.6(1+0.010¢) for ¢ be- 
tween 5 and 40 mg/cm’, when 6=85°. This critical 
dependence on ¢ for large 6 is presumably to be attrib- 
uted to “scattering in” of electrons originally ejected at 
large angles to the spectrometer axis. Because of the 
geometry of the converter and the preference for 
forward ejection of the electron at high quantum 
energies, there will be an excess of electrons at large 
angles, and multiple scattering will increase the number 
accepted by the spectrometer at the expense of this 
excess. On the other hand, with a smaller converter 
angle of 6=71°, (sec@) was found to be independent of 
t, being equal to 1.3 for ‘<50 mg/cm*. Also with this 
converter angle, (sec#) was measured as a function of 
E, and found to be rather insensitive to energy; the 
results are shown in Fig. 2 together with several 
determinations of (secé) with 6=85°. According to the 
theory, in the limit as E,—>», the photoelectrons are 
ejected in the direction of the incident quantum and 
scattering is negligible, so that the geometrical factor 
becomes equal to the secant of the mean spectrometer 
acceptance angle, which was 1.06 in these experiments. 
There is some indication of this tendency in the results 
presented in Fig. 2. 

Those experiments described in Sec. V which involve 
intensity determinations by means of photoelectric 
conversion were performed prior to the above-described 
investigation of the dependence of (sec@) on the various 
factors. It was the practice to use a converter angle 6 
of about 85° in order to obtain maximum sensitivity, 
but as we have shown, the factor is rather critical to 
the exact value of 6 and to the converter thickness; 


(sec@) = 4.2 sin?(6/2), when 
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consequently these photoelectric intensity determina- 
tions may be in error by 25 percent or more. 


It was thought that the complications due to the uncertain 
angular distribution in the conversion process and the redistribu- 
tion due to multiple scattering might be avoided by substituting 
for the flat converter a hemispherical one, centered at the source 
position. This did not turn out to be the case. The efficiency of 
such converters were observed to be less than 80 percent, indi- 
cating that a significant number of photoelectrons are ejected 
backwards with respect to the direction of the incident quantum. 
Furthermore, the line shapes were broad and the efficiency 
sensitive to the thickness, dropping rapidly with increasing 
thickness, presumably due to the fact that the electrons have to 
traverse greater distances in the foil before emerging. 


Internal Conversion 


As in the case of external photoelectric conversion, 
a convenient measure of the intensity of an internal 
conversion process is the total area under the line 
spectrum. The expression relating this area to the 
product of the internal conversion coefficient I’ and the 
yield Y of the associated y-radiation is obtained from 
(13) by replacing the external conversion coefficient 
oxNt(secé) with the internal conversion coefficient : 


(16) 


(Y, 4r)arep= f C(Bp)d(InBp). 


Thus, if the gamma-ray yield can be measured by 
means of an external conversion process, I’ can be 
computed from (16), and multipolarities deduced by 
comparing I’ with the accurate theoretical values.” 

Two complications arise in the application of (16) to 
the determination of I from the radiations from nuclear 
reactions. The first is that the angular distributions of 
the conversion electrons I'(@) and the associated y- 
radiation Y(@) may not be the same. That is, even 
ignoring the angular redistributions due to the external 
conversion process and to scattering, it may not be 
true that 


ro/vo= f roan / f V(6)d2, (17) 
4r 4r 


which is implied by the combined use of (16) and (11), 

r (13) for the determination of I’. It remains in each 
case to examine the extent of the validity of (17) by 
computing these angular distributions from the assumed 
spin-parity assignments of all the states involved and 
their occupation probabilities in the various angular 
momentum states along the beam-spectrometer axis. 
From the expressions for the internal conversion and 
gamma-ray angular distribution functions as obtained 
by Rose, Biedenharn, and Arfken," it is possible to 
state that (17) is valid for electric multipole radiation 
if E,>>moc*, and for magnetic multipole radiation in 

10 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 


(1951). 
" Rose, Biedenharn, and Arfken, Phys. Rev. 83, 5 (1952). 
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the field of low-Z nuclei provided that E, 2 moc*; (17) 
is, of course, always valid if the radiations are isotropic. 

The second complication lies in the determination of 
the average K-shell occupation probability during the 
time that the excited nuclei are radiating. These nuclei 
have initial velocities of the order of e?/A, so that the 
cross sections for capture and loss of orbital electrons 
are of the order of the Bohr area. Capture-and-loss 
equilibrium is established, then, in condensed materials, 
in about 10~'* sec, which is shorter than most gamma- 
ray lifetimes. From a study of existing experimental and 
theoretical information on capture and loss ratios as a 
function of velocity, we conclude that the K-shell 
occupation probabilities will usually be close to unity 
even before the nuclei are decelerated. 


Internal Pair Formation 


In the approximation of representing the positron 
and electron wave functions by plane waves, formulas 
have been obtained by Rose” for the differential 
internal pair formation coefficient I'(w)dw, for the 
production of a positron (or electron) of energy w for 
various electric and magnetic multipoles. End point 
corrections for E1 (electric dipole) and E2 (electric 
quadrupole), obtained by representing the slow particle 
by means of spherical waves, have been given by Rose 
and Uhlenbeck.” Except near the end point, we can 
neglect the effect of the spectrometer resolution function 
on the shape of the distribution, and obtain for the 
relation between I'(w) and the observed number of 
counts, C(Bp), as a function of Bp: 


(Y/4r)QT (w) epdw/d(Bp)=C(Bp)/Bp, (18) 
with 

dw/d(Bp) = 5.868 10-+; 
w is the total electron energy, in units moc’; 8 is the 
velocity, in units of ¢. 

When dealing with nuclear reactions where the 
radiations may not be isotropic, an assumption equiva- 
lent to (17) is also involved in the use of (18). It is not 
possible at present to estimate the validity of this 
assumption since the internal pair angular distribution 
functions have not been determined. If the transition’ 
energy is very large, however, the angular distribution 
of the positrons (and electrons) and the associated 
gamma-radiation will be the same. 

From a theoretical point of view, the processes of 
internal conversion and internal pair formation are 
similar; in one case an orbital electron is ejected from 
the surroundings of the nucleus, and in the other case 
a negative-energy electron in the surroundings of the 
nucleus is raised to a positive-energy state, the resulting 
vacancy in the negative energy states being the posi- 
tron. Therefore, we may expect the same order of 
magnitude of error to arise from the use of plane waves 


2M. E. Rose, Phys. Rev. 76, 678 (1949); 78, 184 (1950). 
3M. E. Rose and G. Uhlenbeck, Phys. Rev. 48, 211 (1935). 
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in the internal pair formation process as does in the 
same approximation in the internal conversion process. 
When the internal conversion coefficients calculated by 
Dancoff and Morrison," using relativistic plane waves 
and neglecting the binding of the orbital electrons, are 
compared with the calculations using exact Coulomb 
wave functions made by Rose and his collaborators,!° 
considerable deviations are noted, of the order of 10 
percent for Z as low as ten and at moderate energies. 
Thus we may expect similar deviations for the differ- 
ential pair coefficient ['(w), although as noted by Rose 
and Uhlenbeck," these deviations tend to cancel at 
each end point in the determination of the total pair 
formation coefficient. Unfortunately, in the present 
experiments it is possible to measure only the high 
energy portion of the positron distributions and conse- 
quently uncertainties of the order of 10 percent must 
be expected.} 


IV. DOPPLER EFFECTS 


The Doppler shift due to the center-of-mass motion 
and the Doppler broadening due to the angular distri- 
bution of the radiating nuclei produced in a disintegra- 
tion reaction can affect the spectrometer energy deter- 
minations by as much as one part in two hundred, 
which is usually more than the inherent uncertainty in 
the energy determination from other causes. From 
studies of such effects, it is sometimes possible to obtain 
information regarding the lifetimes of the excited nuclei 
involved, as was done by Elliott and Bell'® and by 
Rasmussen, Lauritsen, and Lauritsen'® in the case of 
the first excited state of Li’. The existence or absence 
of a Doppler shift and broadening depends on whether 
the nuclei radiate before or after they are significantly 
decelerated in the target material. A measure of the 
time required for this deceleration is the ratio of their 
range to initial velocity; this ratio will be referred to 
as the stopping time, To=R/p. 

With the geometry shown in Fig. 1, the center-of- 
mass motion will increase the energy of those quanta 
which produce secondary electrons in the direction of 
the spectrometer acceptance cone on the average by 
the Doppler shift, 


5,= (v./c) E,{cos6), 


where », is the velocity of the center of mass, £, is the 
quantum energy in the center-of-mass system, and the 
quantity (cos@) will be approximately equal to (secé)~! 
in the case of photoconversion or to the cosine of the 


4S. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 

t Note added in proof: Dr. Rose has kindly pointed out to us 
that the error introduced by use of the Born approximation may 
be expected to be much less in the case of internal pair formation 
than in the internal conversion process, since no bound state is 
involved in the former 

61. G. Elliott and R. E. Bell, Phys. Rev. 76, 168 (1949); 74, 
1869 (1948). 

16 Rasmussen, Lauritsen, and Lauritsen, Phys. Rev. 75, 199 
(1949). 
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spectrometer (mean) acceptance angle in the case of 
Compton conversion. 

The full extent of the Doppler energy spread due to 
the angular distribution of the radiating nuclei in the 
center-of-mass system is given by 


26,=2(0,/c)Ey, 


where 2, is their velocity in the center-of-mass system. 
If the angular distribution in the center-of-mass system 
is asymmetric about the plane perpendicular to the 
spectrometer axis, a shift in the observed photoconver- 
sion peak may occur. An energy determination by the 
Compton method, which is primarily based on the high 
energy edge of the spectrum, will be affected by this 
broadening even if the angular distribution is sym- 
metric. 

In order to determine the extent of the Doppler 
corrections, it is necessary to know the lifetime 7 and 
the range-velocity relation of the radiating nuclei. For 
the low initial velocities which occur in the reactions to 
be studied, cloud-chamber measurements are available!” 
on the range-velocity relations (reduced to standard 
air) of Li’, C”, N'*, O'8, Ne”, and some heavier ions. 
The interpolation between these data, which is required 
to obtain the values for other light nuclei, can be 
accomplished with reasonable accuracy by means of 
the empirical expression, 


Rair(cm)~3X 10-° MZ, 4v— Ro, 


for v21X108 and Z;<20, where M, and Z, are the 
mass- and charge-numbers of the ion and 2 its velocity 
in cm/sec. For velocities ~0.01c this expression appears 
to fit the experimental data with an accuracy of about 
35 percent, which is adequate for the present purpose. 
The quantity Ro, which is rather small (~} mm), and 
the restriction on v have to do with nuclear collision 
effects which are of negligible importance here.!* Since 
there is no experimental information on the stopping 
powers relative to air of the stopping materials for 
these nuclei, we assume them to be the same as the 
stopping powers for protons or alpha-particles of the 
same velocity. The recent data of Warshaw” and others 
indicate that in the low velocity region the Bragg Z} 
dependence is probably adequate for interpolation. 
Since the range is a nearly linear function of the 


™C. W. Gilbert, Proc. Cambridge Phil. Soc. 44, 447 (1948); 
J K. Béggild, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
3, No. 4 (1945); N. Feather, Proc. Roy. Soc. (London) 141, 194 
(1933); G. A. Wrenshall, Phys. Rev. 57, 1095 (1940); P. Blackett 
and D. Lees, Proc. Roy. Soc. (London) A134, 658 (1932); W. W. 
Eaton, Phys. Rev. 48, 921 (1935); J. T. McCarthy, Phys. Rev. 
53, 30 (1938); R. L. Anthony, Phys. Rev. 50, 726 (1936); W. 
Hansen and G. A. Wrenshall, Phys. Rev. 57, 750 (1940). 

18 The linear dependence upon 2 reflects the predominant in- 
fluence of capture and loss on the stopping phenomenon. Theo- 
retical arguments for heavy ions in heavy substances suggest a 
Z,-4 dependence and, for stopping materials other than air, a 
stopping power proportional to Z2!. See N. Bohr, Kgl. Danske. 
Videnskab. Selskab, Mat.-fys. Medd XVIII, 8 (1948) and Phys. 
Rev. 57, 275 (1941). 

19S. D. Warshaw, Phys. Rev. 76, 1759 (1951). 
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velocity at low velocities, the time consumed in reducing 
the velocity of the nucleus from 1 to v is approximately 


t= T  In(09/2). 


Thus, 7» is actually the time required to reduce the 
velocity to 1/e of its initial value. The distribution of 
Doppler shifts due to the center-of-mass motion is 
immediately given in terms of the lifetime by 


P(6)db= Ex*—"'dx, 


where £=7)/r and x=v/19=6/6o, 6 and do being the 
Doppler shifts in the direction of motion corresponding 
to velocities v and v, respectively. If £=1, the distri- 
bution of Doppler shifts is rectangular. 

Unless the lifetime 7 is known, it is not possible to 
state whether the Doppler shift correction should be 
applied. However, if an energy level is known with 
sufficient precision from particle-group measurements, 
it may be possible by comparison with the y-ray 
measurement to determine whether or not the Doppler 
shift exists and thereby to obtain a limit on the radiative 
lifetime. This can be done in two of the reactions 
studied in Sec. V. 

It is also necessary to consider the possible effects on 
energy determinations of the Doppler broadening. In 
some reactions the particle group angular distributions 
are known so that the correction can be applied. If no 
angular-distribution data are available, it seems reason- 
able to regard +6,/2 as a measure of the additional 
uncertainty in the energy determination due to possible 
asymmetry. The Li’ radiation from Be’+d is an 
extreme example of a peak shift which may be due to 
such an asymmetry.'® In this reaction the Doppler 
broadening was so pronounced that the asymmetry was 
readily detected. More often the Doppler broadening 
will be less than the combined spectrometer and con- 
verter energy-loss width so that it may escape detection. 


In the 717-kev B'* radiation from Be*®+d, the absence of 
Doppler effects has been established by using a thin converter and 
high spectrometer resolution. Hornyak ef al.' observed the second- 
ary electrons from a 7-mg/cm* thorium converter, for which the 
energy loss distribution is expected to be about 0.008Bp, the 
spectrometer resolution width (at half-maximum) being 0.015Bp; 
the combination of these two widths is 0.017Bp. If the B'™* 
nuclei radiate before being significantly decelerated, there will 
be a Doppler broadening contribution of 0.013Bp and, conse- 
quently, an over-all line width of about 0.021Bp. The observed 
line width (at half-maximum), however, is 0.017Bp, indicating no 
Doppler broadening. It may be concluded either that the lifetime 
of this state or of the higher states producing cascades to this 
state is greater than the stopping time of about 3X10~" sec 
Therefore, the energy determination which is uncorrected for 
Doppler shift, 716.6+1.0 kev, is preferred to the corrected value, 
71341.5 kev. This conclusion is also arrived at by Craig et al.” 
who obtain 719+1.6 kev by measurement of the energy of the 
protons inelastically scattered by B’. 


* Craig, Donahue, and Jones, Phys. Rev. 87, 206 (1952). 
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Fic. 3. Secondary photoelectric and Compton electron spectra 
from C"(d,p)C™* at 1.46-Mev bombarding energy. Closed circles: 
350-mg/cm? Al converter; crosses: same plus 22-mg/cm? Th. The 
target was graphite, 200 mg/cm? thick. 


V. RADIATIONS FROM LIGHT NUCLEAR REACTIONS 
A. C?+d 


The bombardment of C” with deuterons of about 
1.5 Mev energy leads to the following reactions: 


C®(d,n)N® ‘Qo= —0.280 
C"(d,p)C# Qo= 2.723. 


Aside from the annihilation radiation from the decay 
of N", only one y-ray, from the 3.1-Mev state of C', 
is produced. This circumstance makes this reaction 
particularly appropriate for a study of the internal pair 
conversion coefficient. The pairs in question were first 
observed by Dougherty e al., who reported the con- 
version coefficient to be of the order of 10-* pair per 
gamma-quantum. By utilizing the methods of intensity 
measurement described above, we have been able to 
obtain a more precise value for this coefficient, and 
thus to determine the multipole order of the transition. 
At the same time we have found it convenient to 
redetermine the y-ray energy. 

The energy of the y-radiation was obtained from 
photoconversion in 15- and 22-mg/cm? foils of thorium, 
in which the photopeak shifts are 4 and 6 kev, respec- 
tively,' the spectrometer being calibrated by means of 
the nearby internal conversion X line of ThD. Both 
determinations gave 3094+6 kev. By averaging this 
value with previous determinations from this labora- 
tory, we obtain 3097+5 kev, uncorrected for the 
Doppler shift, or 3082+7 kev corrected for the Doppler 
shift. The angular distribution of the short-range 
protons from this reaction has not been reported, so 
that it is not possible to make a correction for a possible 
asymmetry in the Doppler broadening; therefore we 
consider the corrected determination to be uncertain 
by an additional amount 6,/2=5 kev. Our resolution 


21 Dougherty, Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 
74, 712 (1948). 








a - 





R. G. THOMAS 


5 





c'%epc'3* 
POSITRONS 


4 


rd 


» 
5 $ 


COUNTS PER miCROCcoLOveS 


= 5 


Ss, ‘ 
aia 44, 


~ 





Pi ‘ ee 
606 . FOO WOH 3000 AOS 
POSITRON MOMENTUM (GAUSS ~Cm) 





Fic. 4. Positron spectrum of internal conversion pairs from the 
3.09-Mev gamma-ray of C#(d,p)C™* at Ea=1.46 Mev. Target: 
17-mg/cm? graphite. The dashed curves are theoretical distribu- 
tions for various multipoles, normalized by the yield measurement 
of Fig. 3. 


was not sufficient to detect this small broadening in the 
line spectrum should it exist. The photoconversion 
spectrum from the 22-mg/cm? foil is shown in Fig. 3, 
as is also the Compton electron spectrum from a thick 
aluminum converter. The absolute yield of the radiation 
obtained from the latter measurement, using Eq. (11), 
was 13.2X10-* y-quanta per deuteron at 1 46-Mev 
bombarding energy. An independent determination, 
using a 27.2-mg/cm’, “thin” aluminum converter and 
Eq. (7) gave 13.3 10~* y-quanta per deuteron. Both 
measurements were made with graphite targets suffici- 
ently thick to stop the deuterons. 

The positron spectrum from a 17-mg/cm? graphite 
target, bombarded by 1.46-Mev deuterons, is shown in 
Fig. 4. The expected contribution of externally formed 
pairs from the target and support is of the order of one 
or two percent of the observed effect. Also indicated in 
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the figure, by the dashed curves, are the theoretical 
distributions for several multipole orders, normalized 
in accordance with the measured y-ray yield and added 
to the background. This background, determined from 
the beam-off counting rate in the spectrometer, increases 
slightly with decreasing positron momentum because 
of the presence of positrons from gaseous N™. The 
positron spectrum was also observed through a 1.7- 
gram/cm? aluminum absorber; a gradual increase in the 
counting rate starting from about 8475 gauss-cm could 
be quantitatively ascribed to external pair formation 
in the “thick” converter, indicating that there were no 
extraneous sources of positrons from external pair 
formation in the baffles, spectrometer walls, etc., and 
that the background as shown in Fig. 4 is correct to 
+2 counts at the lowest field setting. 
Discussion 

In comparing the theoretical and experimental distri- 
butions shown in Fig. 4, the uncertainty in the absolute 
y-ray yield and possible error in the theoretical curves 
due to the use of plane wave functions, are estimated 
to be less than 10 percent, in addition to the background 
uncertainty of about 5 percent. Therefore, the observed 
distribution is consistent with only an #1 assignment. 
There is independent experimental and theoretical 
support” for such an assignment, based on the analysis 
of other data on the mirror levels of C’ and N™. If the 
radiating state has a spin of } as expected, both positron 
and y-ray angular distributions must be isotropic so 
that assumption (17) is valid. 

The most accurate values for the C'** level position 
are 308345 kev from the measurement” of the alpha- 
particle groups from N'°(d,a)C" and 3086+6 kev from 
the measurement of the proton groups from C”(d,p)C#; 
an average of these values is 3084+4 kev. This average 


ELECTRON KINETIC ENERGY (MEV) 
1.25 4.5 2.0 





T 


cl? c'3(s0%) + @ 
SECONDARY ELECTRONS 


~——--— 44 


g 


$ 
So 
o—— K, 1.64 


Change in Abscisse Scale 


28.5-MG/cm® Th 


COUNTS PER MmicROCOULOMB 
3 
io] 


eZ 





- 
5 


MPTONS, 3.09 
cap) c'™ 


» 3.09 


—*— COMPTONS, 3.386 


ee 
re 
« 


; 
57-MG /CM*® Th 





i 





6000 
ELECTRON MOMENTUM 


6000 
(GAUSS -CM ) 


4 . 
10000 12000 14000 


Fic. 5. Secondary photoelectric and Compton electron spectrum from an enriched C® (50 percent) target 
bombarded by 1.58-Mev deuterons. 


* R. G. Thomas (to be published). 


* R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951) and D. M. Van Patter (private communication). 
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agrees with our Doppler corrected value but not with 
the uncorrected value, indicating that the lifetime of 
C'™ is less than 3X 10-" sec, its stopping time in the 
target material. This observation is consistent with the 
fact that the corresponding level in N™ at 2.37 Mev 
has a resonance radiative width of 0.63 ev, correspond- 
ing to a radiative lifetime of 10~" sec. 


B. C''+d 


The following reactions occur when C" is bombarded 
with deuterons: 


C¥(d,n)N™ 
C¥(d,p)C™ 
C¥(d,a)B" 
C¥(d,t)C” 
In the first three reactions a deuteron energy of 1.5 Mev 
is sufficient to produce known excited levels of the 
residual nuclei. For a general survey of the y-radiation 
a C"®—C" target was made by consolidating soot, 


Qo=5312 kev 
Qo= 5940 kev 
Qo= 5164 kev 
Qo= 1310 kev. 


TABLE I. Energies and thick-target yields of C", C (50 percent) 
+d y-rays, determined from photoelectric conversion in thorium, 
at 1.58-Mev bombarding energy. The yields are uncorrected for 
isotopic abundance, and it is assumed that the angular distribu- 
tions are isotropic. The ene,gies are not corrected for the possible 
Doppler shifts 5, which are given in Column 2; these shifts, if they 
apply, should be subtracted from the energies given in Column 1. 
Energies are given in kev. 


Yield Radiating 
Energy (y/d) X108 nucleus 
725+4 . ? 
163848 a N“ 
2310+ 12 $.1 N* 
3092+ 15 §. ce 
3377-15 Nu 





enriched to 50 percent in C"*, to a thickness of about 
30 mg/cm? in a 45-mg/cm? copper cup. To the back of 
the cup were attached photoconverters of thorium or 
Compton converters of beryllium or aluminum. Second- 
ary electrons ranging from 0.4 to 4 Mev were observed 
from thorium foils of thickness 14.3, 28.5, and 57 
mg/cm’, the thicknesses having been selected so that 
the energy loss of the secondary electrons in passing 
through the converter would be comparable to the 
spectrometer resolution width, yielding optimum sensi- 
tivity without significant loss in resolution. The spectra 
observed at a bombarding energy of 1.58 Mev, are 
shown in Fig. 5 and the y-ray energies determined 
therefrom are listed in Column 1 of Table I. The maxi- 
mum possible Doppler shifts are given in Column 2. 
With the exception of the 3.1-Mev y-ray from C™ (see 
C+), it is not known whether or not the nuclei radiate 
while in motion, so that it is likewise not known whether 
or not to include the Doppler correction. The uncertain- 
ties given in Column 1 for the uncorrected energies are 
based on the uncertainties in peak locations, and the 
peak-shift corrections, the additional uncertainties due 
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Fic. 6. Excitation functions for thick-target yields of the 0.725, 
1.64, 2.31, and 3.38-Mev y-rays from C%+d. The general trend 
of the individual curves is believed to be correct within the prob- 
able errors indicated (shown only for a few typical points) but the 
relative scales may be subject to a considerably larger systematic 
error. 
to the possibilities of Doppler shift, complete or partial, 
being ignored. The yields obtained from (13), assuming 
the angular distributions to be isotropic, are listed in 
Column 3; these yields may be in error by 25 percent or 
more since a rather large converter angle, 5~85°, was 
used. The relative excitation functions for deuterons 
ranging from 1.0 to 1.6 Mev are given in Fig. 6. 

Compton conversion is a more sensitive process for 
detecting y-radiation above about 3 Mev. Figure 7 
shows the Compton spectrum obtained at a deuteron 
energy of 1.42 Mev from a 94-mg/cm? beryllium con- 
verter. The energies obtained by fitting “thick’’ con- 
verter distributions of the form given by Eqs. (10) and 
(11) to the front edges are given in Column 1 of Table II, 
and the maximum possible Doppler shifts due to the 
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Taste IIL. Energies and yields of C¥ (50 percent), C®+d y-rays 
determined from Compton conversion. The energies were measured 
at a bombarding energy of 1.42 Mev, while the thick target yields 
were obtained at 1.21 Mev. The yields are uncorrected for isotopic 
abundance, and it is assumed that the angular distributions are 
isotropic. The energies are not corrected for the possible Doppler 
shifts 4,; these shifts, if they apply, are to be subtracted from the 
energies given in Column 1. Energies are given in kev. 


Yield 
(y/d) X108 


Radiating 


Energy nucleus 





3.81 
1.85 
1.56 
0.69 


3086+ 20 
3390+ 20 
5052+ 25 
5690+ 50 
6110430 


center-of-mass motion are given in Column 2. The yields 
were obtained from another run at a bombarding 
energy of 1.21 Mev, in which a 350-mg/cm? aluminum 
converter was used ; the values obtained by the “thick” 
converter method of analysis are given in Column 3. 
The uncertainty in these yields is estimated to be about 
15 percent, except for t!.e 3.1-Mev line which is less 
certain because of the sloping background, and the 
5.69-Mev line which is less certain because of its low 
intensity. These energies and yields appear to be in 
satisfactory agreement with the recent determinations 
of Baggett and Bame,™* who used a magnetic pair 
spectrometer and 1.65-Mev deuterons. 

An additional uncertainty in the Compton and 
photoconversion energy determinations is the possi- 
bility of Doppler broadening effects. However, in the 
(dn) and (d,p) reactions the broadening will in any 
case be rather small, the quantity 5,/2 ranging from 
about 4 kev for the low energy radiations to about 
10 kev for the high energy radiations. 

In order to permit the observation of internally- 
formed positrons, a flake of C™ enriched soot, about 
30 mg/cm? thick, was mounted in a light frame fabri- 
cated from 3.5-mg/cm? aluminum foil. The spectrum 
obtained from this target at a bombarding energy of 
1.21 Mev is shown in Fig. 8. In this experiment there 
was a continuous production of gaseous N"* from the 
C"(d,n)N" reaction, which gave rise to a field insensitive 
but somewhat time-dependent background. On this 
account alternate “beam-off” count readings were taken 
at each field setting and the background thus obtained 
subtracted from the “beam-on” count reading for the 
same time interval. Shown dashed in the figure are the 
theoretical internally formed positron distributions for 
E1 and E2 multipoles predicted on the basis of the 
y-ray intensities listed in Column 3 of Table IT, these 
distributions were added to an assumed background 
from the higher energy distributions. The distributions 
for all other multipoles follow in close order below that 
for E2. The total contribution from external positron 
formation in the target and the aluminum frame is 
about 5 percent of the #1 theoretical distribution in 


*L. M. Baggett and S. J. Bame, Phys. Rev. 84, 154 (1951). 
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each case; no correction was made for this contribution. 
The positron spectrum was not studied below 5500 
gauss-cm because of the intense 8* activity from N™. 


Discussion 


In the last columns of Tables I and II we have listed 
the probable sources of the radiation. The 6110-kev 
-Tay is assigned to C because there was a small but 
definite yield observed with a deuteron energy of 650 
kev, which is below the threshold for such a level in 
either B" or N“. This assignment has been confirmed 
by Sperduto ef al.,"5 who find a level at 6096+9 kev in 
C™ from magnetic analysis of the protons; this value 
agrees with our determination, with or without the 
Doppler correction due to the center-of-mass motion. 
They observed no other proton groups which might 
correspond to levels in C from 5.2 to 6.1 Mev with an 
intensity of greater than 20 percent of that of the group 
associated with the 6.1-Mev level. This observation 
may exclude a level at 5.24 Mev in C™ reported by 
Humphreys and Watson** from range measurements; 
it may also exclude a level reported at 5.590.04 Mev 
by Curling and Newton,”’ also from range measure- 
ments. The 5.69-Mev y-ray which was formerly thought 
to be associated with this level can easily be accommo- 
dated in the N“ level scheme. 

Aside from the 3.1-Mev y-ray from C"(d,p)C'™*, the 
6.1-Mev y-ray from C™, and the 725-kev y-ray which 
is unassigned, all of the radiations listed in Tables I 
and II are believed to be from transitions in N“. Three 
cascades are possible within the uncertainty of the 
measurements: (1) 1638+3381=5019, (2) 3381+2310 
= 5691, and (3) 1638+ 2310= 3948, the last being con- 
sidered since a weak y-ray of about 3.9-Mev energy 





C*(SO%), C®ed 
POSITRON SPECTRUM 


en 





- 
ax Ey*5.08 


ae 


4 


COUNTS «1074 GAUSS - CM « MICROCOUL OMB 
x 


"ASSUMED RAGKGRQUND 


1 


€2 


_ — ASSUMED_GAGKGROUND nme 
as eens: CAE coe 
POSITRON MOMENTUM 





(GAUSS - CM 21075) 


Fic. 8. Internally-formed positron spectrum from C®, C* (50 
percent)+d. E,=1.21 Mev; target, 30-mg/cm*, Dashed curves 
labeled E1 and £2, are theoretical distributions for internal pair 
conversion, normalized according to the yields indicated in Table 
Il. 


% Sperduto, Holland, Van Patter, and Buechner, Phys. Rev. 
80, 769 (1950) ; Strait, Van Patter, Buechner, and Sperduto, Phys. 
Rev. 81, 747 (1951); and Van Patter (private communication). 

2° R. F. Humphreys and W. W. Watson, Phys. Rev. 60, 542 

1941). 
27C. D. Curling and J. O. Newton, Nature 165, 609 (1950). 
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cannot be excluded and since such a level is indicated 
by observed particle groups. From magnetic spectrom- 
eter analysis of a-particles from the bombardment of 
O'* with 6.8-Mev deuterons, Ashmore and Raffle*® find 
levels in N™ at 5.70, 5.01, and 3.95-Mev, all uncertain 
by 0.08 Mev. From inelastic scattering of protons, 
Heydenburg, Phillips, and Cowie” report levels at 2.35 
and 3.95 Mev, while Arthur ef al.” report a possible 
additional level at 3.80 Mev. Mandeville and Swann* 
have observed the neutron groups from C"¥+d at 1.43- 
Mev bombarding energy: they find levels in N“ at 2.19, 
3.47, 3.87, and 4.90 Mev, with probable errors of 0.07 
Mev. Benenson,” who used a bombarding energy of 
3.9 Mev, has reported neutron groups corresponding to 
levels at 2.23, 3.85, 4.80, 4.97, 5.5 (uncertain), 5.78 
Mev, and several others at higher energies. A level 
scheme for N™ incorporating these data is exhibited 
in Fig. 9 together with the most plausible assign- 
ment of the y-transitions. Cascade (1) has been 
eliminated because of lack of definite evidence for 
a 3.4-Mev state and because it seems unlikely that 
it can occur together with (2) and (3). The existence 
of cascades (2) and (3) requires that Y(3.38)+ Y(1.64) 
< Y(2.31): from Table I we find Y(3.38)+ Y (1.64) =3.3 
and Y(2.31)=5.3X10-%y/d, so that the inequality is 
satisfied. Li and Whaling® have observed alpha-particles 
from C%+d which they attributed to the reaction 
C8(d,a)B"* leaving B" in an excited state at 2107417 
kev; such a level has also been observed in other 
reactions. A rough estimate indicates that the corre- 
sponding y-ray would have only about one-tenth of the 
intensity of the neighboring 2.3-Mev line. The present 
data do not permit a definite statement of its presence 
or absence. 

We have been unable to make an assignment for the 
725-kev y-ray. The possibility that it is a level at 
6.11+0.73=6.84 Mev in C', say of spin 0- for which 
one-quantum radiation to the ground state would be 
forbidden, is excluded by the indication in Fig. 6 that 
its threshold lies below a deuteron bombarding energy 
of (15/13)(6.84—5.94)=1.04 Mev. It would appear 
not improbable that the 725-kev radiation is a part of 
a cascade transition involving some of the levels 
observed in the neutron spectrum which do not other- 
wise appear in the present work.* 

In view of the evidence supporting the assumption 
that nuclear forces are charge-independent, it is of 
interest to look in N™ for the level corresponding to the 
6.1-Mev level of C. On the basis of the beta-decay of 


% A. Ashmore and J. F. Raffle, Proc. Phys. Soc. (London) A64, 
754 (1951). 

*® Heydenburg, Phillips, and Cowie, Phys. Rev. 85, 742A (1952). 

* Arthur, Allen, Bender, Hausman, McDole, Diana, Rhodes, 
and Bajon, Phys. Rev. 87, 237 (1952). 

31 C, E. Mandeville and C. P. Swann, Phys. Rev. 79, 787 (1950). 

® R. E. Benenson, Phys. Rev. 87, 207 (1952) and private com- 
munication. 

®C. W. Li and W. Whaling, Phys. Rev. 82, 122 (1951) and 
private communication. 

*H. T. Richards (private communication). 
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Fic. 9, The energy levels of C“ and N“ and the gamma-rays 
from C¥+d. 


O* and consideration of the Coulomb energies, Sherr, 
Muether, and White** conclude that the 2.31-Mev level 
of N" is the analog of the ground state of C™. Neg- 
lecting for the moment the contribution to level dis- 
placements from the differences of the boundary condi- 
tions on the nuclear surfaces, the mirror level in N" is 
expected to appear at an excitation energy of 6.110 
+2.310=8.420 Mev, which would correspond to a 
C+ p resonance at a proton bombarding energy 0.94 
Mev. The nearest reported level is a narrow resonance 
at 1.16 Mev.** However, the well-known 554-kev reso- 
nance has a rather large reduced width which could give 
rise to an appreciable level displacement, as is observed 
in the case of the first excited states” of the mirror 
nuclei, N“ and C®. If the variation of the level shift is 
taken into account, an s-wave assignment for the 
protons forming this state is the only one which yields 
a non-negative value for the reduced width, which is 
then 0.48 in units of #?/2Ma for a channel radius 
a=4.32X10-" cm. An s-wave assignment has also 
been made by Devons and Hine* on the basis of the 
isotropy of the capture y-radiation. Using this reduced 
width in the one-channel, one-level approximation, the 
position of the mirror level in C™ is predicted to be 
6.05 Mev. The small discrepancy of 60 kev may be due 
to the possible differences of the internal Coulomb 
energies of the various levels involved or to the approxi- 
mation. Since the 554-kev resonance in C¥+ p is due to 
s-wave protons, it can have either spin 1 or 0 and odd 


%5 Sherr, Muether, and White, Phys. Rev. 75, 282 (1949). 
%* J. D. Seagrave, Phys. Rev. 85, 197 (1952). 
56 — and M. G. N. Hine, Proc. Roy. Soc. (London) A199 
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Fic. 10. Internally formed positron spectrum from Be*® bom- 
barded by 1.19-Mev deuterons. Target: 15-mg/cm*? Be. The 
dashed curves marked £1, E2, and M1 are theoretical distributions 
for the corresponding multipoles, normalized according to the 
yields determined from Fig. 11. 


parity. However, a zero-spin assignment cannot be 
given to the 6.11-Mev level of C because one-quantum 
emission to the spin-zero ground state would be strictly 
forbidden, contrary to observation. Therefore, on the 
basis of this reasoning, these two mirror levels would 
have a 1~ assignment, and the radiation from the C' 
level would be i21. The internally formed positron 
distribution from this level as shown in Fig. 8 is in 
closest agreement with this assignment, but other 
assignments, such as £2 and M1, cannot be excluded 
because of the uncertainty in the y-ray intensity and 
in our estimate of the background. 

There are indications in Fig. 8 of internally formed 
positrons from the 5.69- and 5.05-Mev transitions, as 
well as the 3.1-Mev transition of C® from C?+d; the 
low intensity and uncertainty of the background and 
y-ray intensity again preclude the determination of 
multipolarities for these transitions. There is a marked 
rise in the positron intensity which is associated with a 
transition energy of about 4.1 Mev. It is not entirely 
clear how this rise is to be accounted for, since only a 
very weak, if any, y-radiation was observed at this 
energy. There is the possibility of a nuclear pair 
emitting state in C™ similar to the one in O'*; the 
observed slow rise of the distribution is characteristic 
of nuclear pairs as distinct from the abrupt rise which 
characterizes the more common internal or external 
pairs (see Fig. 1 of reference 3). Although no level has 
been reported in C* below 5.2 Mev from particle-group 
measurements, it does not appear that any experiment 
has been performed which would have revealed a group 
associated with such a level; in the work of Humphreys 
and Watson” as well as that of Bennett ef al.** such a 
group would have been obscured by the intense proton 
group from C"(d,p)C, and Sperduto ef al.** did not 
search for levels below 5.2 Mev. 

Reet, Bonner, Richards, and Watt, Phys, Rev. 59, 904 
(1941). 
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C. Be*’+d 


The y-radiation from the bombardment of Be® by 1 
to 1.5-Mev deuterons has been observed by Rasmussen 
et al.™ Three of the high energy transitions at 2.87, 3.38, 
and 3.60 Mev arising from levels in B”, Be”, and B", 
respectively, are sufficiently intense to permit the 
detection of the internally formed positrons. The 
reactions involved are 


Be®(d,n) B® 
Be*(d,p) Be” 


The positron spectrum from the bombardment of a 
15-mg/cm? Be target by 1.19-Mev deuterons is shown in 
Fig. 10, and the thick-converter Compton spectra from 
350 mg/cm? of Al for the 3.60- and 3.38-Mev 7-rays 
are shown in Fig. 11. The dashed curves in the figure 
are calculated from Eq. (11). Table III lists the in- 
tensities determined from this calculation together with 
the values obtained by Rasmussen at the same bom- 
barding energy using the thin converter method. We 
did not measure the intensity of the 2.87-Mev y-ray 
since the background from the two higher-energy lines 
was rather intense for the thick converter method. In 
Fig. 10 we have indicated the calculated distributions 
for internally-formed positrons from the 3.38-Mev tran- 
sition for Z1, E2, and M1 multipoles, with a normaliza- 
tion based on the gamma-ray yield obtained from Fig. 
11. The theoretical distributions for higher multipoles lie 
in close sequence below M1. Since the normalization 
does not depend upon the absolute value of Q, it is 
somewhat more accurate than the yield. Unfortunately 
the uncertainty in the background in Fig. 10 is such 
that we cannot say definitely whether the transition is 
E\ or E2; M1 seems, however, less likely, and higher 
multipoles would appear to be excluded. 
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Fic. 11. Thick-converter Compton electron spectrum from 
Be®+d. Ez=1.19 Mev: converter, 350-mg/cm? Al. Dashed curves 
are theoretical fits, using Eq. (11). 

3° Rasmussen, Hornyak, and Lauritsen, Phys. Rev. 76, 581 
(1949); and V. K. Rasmussen, Ph.D. thesis, California Institute of 
Technology (1950) (unpublished). 
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Discussion 


The multipole order of the 3.38-Mev transition in 
Be” is of particular interest since it bears on the 
determination of the spin and parity of the first excited 
state of Be". If the transition is £1, the 3.38-Mev state 
has total angular momentum 1! and odd parity, assuming 
the ground state to be 0, (even): E2 radiation implies 
J2, (even). Indications from the angular distributions 
of the protons” are that both states have even parity, 
which is consistent with E2 but not with £1. Cohen 
et al. find that the angular correlation of short-range 
protons and y-rays is consistent with J=2 for the 
excited state. 


D. N“+p 


Bombardment of N" with protons leads to production 
of the ground state and first excited state of C® through 
the reaction 


N¥5(p,a)C® Qo= 4.961 Mev. 

The target in the present experiment consisted of a disk 
of titanium, nitrided on one surface with nitrogen 
enriched to 32 percent in N'®; the TiN layer was thick 


TABLE II}: Be®+d thick target y-ray yields for Ey:=1.19 Mev. 


Yield* 
2.4+0.6 

3.38 2.1+0.5 

3.60 0.9+0.2 


Reaction Energy Yield» 





Be*(d,n) BY 2.87 
Re*(d,p) Be” 


Be*(d,n) BY 


2.5 +0.3 
0.96+0.15 


* Rasmussen (see reference 39) thin converter. » This work, thick con 
verter. Yields are in units of 10~* y/d. The radiations are assumed to be 
isotropic. 


enough to constitute a thick target for the incident 
proton beam and the disk was a thick converter for the 
secondary Compton electrons. The Compton spectrum 
from the bombardment with 1.63-Mev protons is shown 
in Fig. 12. By fitting this spectrum and a similar one 
taken at E,= 1.20 Mev with a thick-converter Compton 
distribution, appropriately convoluted with the spec- 
trometer resolution curve, we find the y-ray energy to 
be 4463+20 kev, uncorrected for Doppler effects. If 
the radiation is emitted before the C* nuclei are 
significantly decelerated, a Doppler correction of 14 kev 
due to the center-of-mass motion is to be subtracted. 
In addition, the front edge of the observed Compton 
distribution will be modified by the Doppler broadening 
(6,/2= 20 kev), requiring a further correction of 6 kev. 
The corrected energy of the first excited state of C” is 
then 4443+20 kev. The thick-target yields computed 
from the Compton spectra were 6.3X10-*y/p at 
E,=1.20 Mev and 8.7X10-*y/p at E,=1.63 Mev, 
assuming the angular distribution of the radiation to be 
isotropic. Analysis of the elastically scattered proton 


 F. A. El Bedewi, Proc. Phys. Soc. (London) A65, 64 (1952); 
C. F. Black, Phys. Rev. 87, 205 (1952). 
“ Cohen, Shafroth, Class, and Hanna, Phys. Rev. 87, 206 (1952). 
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Fic. 12. Thick-converter Compton electron spectrum from N™- 
(p,a)C®. E,=1.63 Mev; converter, ~300-mg/cm? Ti. 


groups from the target® gave the composition near the 
surface as 1 nitrogen atom per 1.45 titanium atoms; 
taking the stopping power of Ti to be 2.1 times that of 
nitrogen, the above yields would be 13 times larger in 
pure N*. 


Discussion 


Measurements have been made in this laboratory by 
Schardt® of the Q of the low energy alpha-particle 
group from N'+) and by Li and Whaling of the Q 
of the ground-state group. The values obtained were 
52948 and 4961+6 kev, respectively, giving 4432+ 10 
kev for the energy of the C” level. The level energy 
can also be obtained by using the Q of the reaction 
N"(d,a)C”* as measured by Malm and Buechner™ 
together with other accurately known Q’s: thus 


OLN" (d,p)N"*}+-OLN"*(p,a)C"]—O[N"(d,a)C*)] 
= (8608+ 9)+ (4960+4) — (913746) 
= (4431+12) kev. 


These particle group values are in agreement with our 
Doppler corrected value but not with the uncorrected 
value, suggesting that the C* lifetime is shorter than 
the stopping time of about 3X 10" sec. There is some 
evidence that the first excited state of C® has a spin of 
two with even parity“; since the ground state is spinless 
and presumably of even parity, the transition should 
be £2. For such a transition the lifetime estimates of 
Bethe* and Goldhaber-Sunyar“ are ~ 10-" and ~ 10-4 
sec, respectively, both of which are consistent with the 
evidence for the Doppler correction. 


E. BY+p 


The bombardment of B'® with protons was first 
shown by Brown ef al. to yield an a-particle group 


* Schardt, Fowler, and Lauritsen, Phys. Rev. 86, 527 (1952). 

* Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 

“ R. Haefner, Revs. Modern Phys. 23, 228 (1951); A. Kraus 
and A. P. French (unpublished). : 

48H. A. Bethe, Phys. Rev. 55, 436 (1939). 

#6 M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 1073 (1951). 

‘7 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951). 
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corresponding to an excited state of Be’ at 434.4+4 kev. 
We have measured the accompanying radiation with 
the spectrometer using a thick target of amorphous B", 
pressed into a shallow cup of 14-mg/cm? thorium foil. 
The resulting momentum spectrum of photoelectrons, 
together with a calibration line from annihilation 
radiation is shown in Fig. 13. The mean of several such 
determinations yields an energy of 429.8+1.5 kev for 
the (B+) y-ray. The thick target yield, as deter- 
mined from the area beneath the conversion spectrum, 
is Y=1.7X10~*y/p at a bombarding energy of 1.41 
Mev. If the Be’ radiates before it is significantly 
decelerated in the target material, the Doppler shift 
due to the center-of-mass motion will be 1.3 kev and 
the transition energy 428.5+-1.8 kev. According to the 
measurement of Elliott and Bell,!® the lifetime of the 
mirror level of Li™ is 0.75X10-" sec; since only a 
slightly longer lifetime is to be expected for Be’ and 
since the stopping time is about 5X10-" sec, the 
Doppler correction is required. 


Discussion 


In an earlier communication’ the gamma-radiation 
from B!°+ p was ascribed to the reaction B'°(p,p’)B!* 
and was considered to establish that a line of energy 
413 kev observed in the reaction Be*(d,n)B'* repre- 
sented the transition from the lowest excited state of 
B'°. Reference to the dashed curve of Fig. 13, where the 
K-conversion spectrum from this line is directly com- 
pared with the (B'°+ ) K-line, reveals that the two 
energies differ by 17 kev and that hence the earlier 
assignment was incorrect. 

The measurements of the excitation energies of Be™* 
have been reviewed in the paper by Brown ef al. 
Subsequent accurate determinations, from Li’(p,n) Be™* 
reaction are 431+5 kev* and 434+1 kev and from 
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Fic. 13. Photoelectric conversion lines from Be*(d,n)B", B!°(p,a)- 
Be’ and annihilation radiation. Converter, 14-mg/cm* Th. 


** Rasmussen, Hornyak, and Lauritsen, Phys. Rev. 76, 581 
(1949) 

* C. H. Johnson and H. H. Barschall, Phys. Rev. 81, 317 (1951). 

* H. B. Willard and W. M. Preston, Phys. Rev. 81, 480 (1951) 
(only the statistical and reading error is quoted). 
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B'°(p,a) Be™*, 430+3 kev.2° Our determination appears 
to be slightly low, especially with the required Doppler 
correction. An extreme asymmetry in the Doppler 
broadening (6,=6 kev) could account for the discrep- 
ancy but this seems unlikely for a (p,a) reaction. There 
appear to be no angular distribution measurements of 
the a-particles from this reaction, although it is noted 
that the yield of a-particles at 140° is nearly the same 
as the yield of y-radiation at 90°,’ the latter distribu- 
tion being presumably isotropic, since Be™ very likely 
has a spin of }. 


F. Li‘+d 


In the hope of obtaining a precise value for the 
displacement of the first excited states of the mirror 
nuclei, Be’ and Li’, we investigated the y-ray spectrum 
from the bombardment by 1.5-Mev deuterons of a thick 
target of LiCl, the Li being enriched® to 96 percent in 
Li®. Figure 14 displays the two prominent K-conversion 
lines observed with an 8.1-mg/cm? thorium converter. 
From calibrations using annihilation radiation as well 
as the thorium / line, the energies are found to be 
430.0+1.5 kev for Li®(d,n) Be™* and 478.5+1.5 kev for 
Li®(d,p)Li™, uncorrected for possible Doppler effects. 
The latter determination agrees with previous spec- 
trometer measurements in this laboratory from other 
reactions. 

A striking feature of these mirror reactions is the 
near-equality of the intensities of the two radiations; 
correction of the peak heights for the difference of the 
photoconversion cross section shows that the radiations 
are of equal intensity to within 10 percent. The absolute 
yields were determined from a thick target of (Li®).SO,4 
bombarded with 1.49-Mev deuterons and was found to 
be 1.0X10~*y/d for each line. Interpolating between 
available stopping-power data, the absolute yields for 
pure Li® would be about 14 times greater. 

Referring again to Fig. 14, it appears that an upper 
limit of about 5 percent can be placed on the relative 
intensity of any other line below 420 kev, down to 100 
kev, since the photoconversion efficiency is increasing 
so rapidly with decreasing y-ray energy that even below 
the K-binding energy of 110 kev, the Z conversion lines 
would give a sensitive indication of any gamma- 
radiation. In the region above the 479-kev line up to 
1 Mev, an upper limit of about 25 percent can be set. 
The background in this region is partly due to Li® 
electrons from residual Li’ in the target and partly from 
the strong 871-kev line of O'*+d, ascribed to oxygen 
present in the water of crystallization. The identification 
of this line was checked with a (Li®),SO, target where 
it is about five times as strong as the lithium lines. 
From 1 to 6 Mev no y-radiation was found but, because 
the Li’ spectrum was quite intense in this region, we 
could not have detected any y-radiation whose yield is 
less than 10~*y/d. 


8 We are indebted to the Isotopes Division, AEC for the 
loan of this material. 
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Fic. 14. Photoelectric conversion lines from Li*(d,p)Li’ and Li*(d,n) Be’. Ez= 1.49 Mev; converter, 8.1-mg/cm? Th. 


Discussion 


As in the case of the B!°(p~,a)Be™ y-ray, Doppler 
corrections are required: the corrections to be sub- 
tracted for the center-of-mass motion are 2.6 kev for 
Be™ and 2.9 kev for Li™*. Whaling and Bonner® have 
measured the angular distribution of the short range 
protons from Li®+d for bombarding energies below 1.4 
Mev and observe considerable asymmetry. By using 
their angular distribution at 1.4 Mev to determine the 
Doppler broadening distribution (6,=7 kev) and con- 
voluting this distribution with the spectrometer reso- 
lution curve, we find an effective “red”’ shift of 1.8 kev. 
The angular distribution of the short-range neutrons 
from the mirror reaction have not been reported but 
assuming it to be the same as that of the protons, we 
obtain for Be™* (6,=6 kev) an effective ‘“‘red” shift of 
1.5 kev. The broadening shifts thus partially cancel the 
shifts due to center-of-mass motion, and the corrected 
transition energies are 428.9 and 477.4 kev, with a 
possible error of +2 kev in each case, considering the 
uncertainty in the Doppler corrections. The Be™* energy 
agrees with our value from the B'+p reaction so that 
the same comments in this connection given in the 
discussion of that reaction also apply here. A mean of 
the Li’* energy determinations from particle group 
measurements and radiation determinations from other 
laboratories (involving no Doppler effects) is 478.5+0.5 
kev; our value, though low, is in agreement within the 
combined stated errors. The level displacement, which 
is less subject to errors in the Doppler corrections and 
photopeak shifts, is 48.5 kev with an uncertainty of 
about +1.0 kev. 


G. O'%+d 


An intense, low energy y-radiation is observed in the 
deuteron bombardment of O"* from the reaction 


0(d,p)0", o= 1.918. 
" @ W. Whaling and T. W. Bonner, Phys. Rev. 79, 258 (1950). 


The energy of this radiation was obtained from the 
photoconversion spectrum from 8.1-mg/cm? thorium 
observed when (Li*):SO, was bombarded with 1.5-Mev 
deuterons. By calibrating the spectrometer with the 
thorium / line as well as with the photoconversion line 
of annihilation radiation in the same thorium foil, we 
obtained an energy of 870.5+2.0 kev, uncorrected for 
the Doppler shift, or 867.0+2.5 when corrected for the 
motion of the center-of-mass as well as the asymmetry 
of the angular distribution of the short-range protons® 
(6,/2=2 kev). 

Because of the high intensity of this transition, it was 
possible to detect the interna! conversion electrons. 
Figure 15 shows the “no-converter” spectrum in the 
vicinity of the internal conversion line from the bom- 
bardment of an 8-mg/cm? SiO, target with 1.35-Mev 
deuterons; also shown is the thick converter Compton 
spectrum from 140-mg/cm? Al under otherwise identical 
experimental conditions. The arrow above the “no- 
converter line’”’ indicates the position predicted for the 
peak on the basis of the spectrometer calibration; the 
observed line- has the proper position, shifted slightly 
due to energy loss within the target, and the proper 
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Fic. 15. Thick-converter Compton electron spectrum and internal 
conversion line from O'*(d,p)O"". Eg= 1.35 Mev. 


 N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 (1948). 
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width for a spectrometer resolution of 2 percent in 
momentum. From the Compton spectrum the thick 
target yield from SiO», is found to be Y~6X10~*y/d 
and by comparing the two spectra, using relations (11) 
and (16), the internal conversion coefficient from all 
atomic shells is found to be (7.12.6) X 10~*. The thick 
target yield is somewhat uncertain because of the 
difficulty of charge collection on a quartz target; the 
determination of T is not subject to this uncertainty 
since the two spectra shown in Fig. 15 were obtained 
for an equal number of counts on a Geiger counter 
monitor. Since the spin of O'* is very likely 4, assump- 
tion (17) in the internal conversion coefficient determi- 
nation is valid. 


Discussion 


The theoretical values of the K-shell conversion 
coefficient as given by Rose et al.!° are (in units of 10~*) : 
E1=3.71, E2=9.15, E3=21.2, M1=4.87, M2=11.90, 
M3= 27.2. In view of the large experimental uncer- 
tainty, we need not be concerned with the contribution 
from the L-shell or with screening corrections. The 
observed coefficient is consistent with pure E2 or a 
mixture of £2 and M1. On the basis of angular distri- 
bution measurements, the 0.87-Mev level of O' is 
assigned a spin of 4 (even), and on the basis of spin, 
magnetic moment, and angular distribution measure- 
ments, the ground state is assigned a spin of 5/2 
(even).*:5> Therefore, there is little doubt that the 
radiation between these two levels should be predomi- 
nently £2, as observed. 

If the radiation is indeed £2, its lifetime can be 
estimated as ~10~" sec from the formula given by 
Goldhaber and Sunyar** or 2X10-"” sec from Bethe’s 
formula.*® These times are longer than the stopping 
time of about 3X 10~-" sec so we can be rather certain 
that the effective K-shell occupation probability for 
internal conversion is nearly unity. Moreover, the 
Doppler shift correction should not be included in the 
energy determination. Our uncorrected energy determi- 
nation of 870.5+2.0 kev is not, however, in agreement 
with the most recent value of 880+5 kev for the first 
excited state of O' as obtained by the MIT group” 
from magnetic analysis of the energies of the protons 
from this reaction. 

It is a pleasure to record our indebtedness to Pro- 
fessors C. C. Lauritsen, R. F. Christy, and W. A. Fowler 
for many stimulating discussions and much active 
assistance. We are also grateful to Mr. R. J. Mackin 
for his assistance in the experiments and in many of 
the calculations. One of us (RGT) held an AEC 
predoctoral fellowship during part of the period of 
this work. 

* Burge, Burrows, Gibson, and Rotblat, Proc. Roy. Soc. 


(London) 210, 534 (1951) 
88 F. Alder and F. C. Yu, Phys. Rev. 81, 1067 (1951). 
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APPENDIX: THE EFFECTIVE STOPPING FORCE 


The extent to which the distribution in energy and 
angle of the secondary Compton electrons emerging 
from the converter is affected by elastic and inelastic 
collisions in the converter depends, of course, on its 
thickness. If the thickness of the converter in energy 
loss units is large compared with the spectrometer 
resolution width in energy units, it is possible to com- 
bine these effects into a single energy dependent 
quantity u., referred to as the effective stopping force, 
which enters simply as a direct factor in the yield 
determination as indicated by Eq. (10). The determi- 
nation of the effective stopping force involves consider- 
ation of the distribution of energy losses for a given 
path length (straggling) as well as the distribution of 
path lengths for a given converter thickness; further- 
more, it will be convenient to include in the effective 
stopping force the effect on the yield determination of 
the angular redistribution of the secondary electrons 
due to the elastic collisions in the converter. These 
effects will be regarded as independent of one another 
and then combined in the final result; this procedure, 
though approximate, is sufficiently accurate for the 
present applications. 

The most important consideration concerns the 
distribution of energy losses for electrons which have 
traveled a certain path length in the material; this 
distribution for fast electrons has been calculated 
approximately by Landau® and more recently in greater 
detail by Schultz,’ and Blunck and Leisegang.** The 
characteristic feature of the distribution is the most- 
probable energy loss, and except for a minor correction, 
it is completely specified in terms of this quantity. 
Thus, the detailed consideration of the properties of 
the stopping material, such as the distribution of atomic 
oscillators, can be confined to the determination of the 
most probable loss. 


The Most Probable Energy Loss 


The most probable energy loss for electrons of 
velocity v traveling a path length / in a condensed 
medium is given by®® 


2Blmyv?y? 
AEmp= mp! = A og —(1—F,)6?+ 0.7] 
I(y)? 


(19) 


where B= 22NZe*/myoc?B?, B=0/c, y= (1—6*)-!, and N 
is the number of atoms of atomic number Z per unit 
volume. The quantity /(y) is the average excitation 


561. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

57 W. Schultz, Z. Physik 129, 530 (1951). 

58. Blunck and S. Leisegang, Z. Physik 128, 500 (1950). 

‘® This equation is derived from expressions given by N. Bohr, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. XVIII, No. 8 
(1948), with polarization effects included in accordance with a 
prescription by A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. XXIV, No. 19 (1948), and using the limiting energy 
loss, Ble® * as given by Landau (see reference 56). 





RADIATIONS FROM 


potential, defined by 
log! (y)=F, log(yhw,)+ X& fi logli, 


@ei>yep 


where /; is the excitation energy of the ith atomic 
transition and 
Fy= 2 fi 
@icyep 
is the sum of the fractional oscillator strengths for all 


oscillators with frequencies less than y times the 
polarization frequency, 


wp= (4aNZEF ,/mo)!. 


In principle, the evaluation of (19) requires complete 
knowledge of the frequency distribution of the quantum 
mechanical oscillators of the stopping material, which 
can be obtained approximately from x-ray absorption 
data. Christy® has found that, within the accuracy of 
the somewhat limited experimental data, a reasonably 
good fit for platinum is given by 


® 


Fw)= y f=—, 


wi<e wot @ 


(20) 


the parameter wy being adjusted to obtain the measured 
value J(1). With the distribution represented by (20), 
it follows from a straightforward calculation that 


I(y) = hwot+ yho,= yho,F ,", 
F,=((i+éy)*—- 1100 +e) 44-17", 


and 
Mmp= B[log(/F ,/ao) —(1—F ,)8°+0.37], (21) 
where 


§=164NZée ‘mows, do= h?/ moe’. 


Of course the details of the absorption spectrum are not 
reproduced by (20), but it was observed that the 
deviations of (21) from the determination for aluminum 
using the x-ray data® were less than 1 percent for all 
y2>1. A mean of the recent determinations™ of 7(1) for 
aluminum is 155 ev, which yields a value of hap=148 
ev for the parameter in (20) and a value of £=0.195. 
The values of ump given by (21) with this value of & 
are in good agreement with the recent measurements 
of Chen and Warshaw.* 

Since the effects of scattering in a thick aluminum 
Compton converter become important for electrons 
whose energies are less than about 1 Mev, it is some- 
times desirable to use a lighter material such as beryl- 
lium. Although no x-ray absorption data is available 
for Be, the theoretical expression, corrected in the 
usual manner for inner and outer screening, should 
provide an accurate description of the actual K-shell 


© R. F. Christy (unpublished). 

i I. H. Tomboulian and E. M. Pell, Phys. Rev. 83, 1196 (1951). 

®. L. Hubbard and K. R. MacKenzie, Phys. Rev. 85, 107 
(1952). 

J. J. L. Chen and S. D. Warshaw, Phys. Rev. 84, 355 (1951). 
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absorption for such a simple element. Moreover, a 
knowledge of the L-shell absorption spectrum is un- 
necessary in view of A. Bohr’s® observation that the 
two valence electrons will be effectively bound by the 
polarization forces for all y21. The most probable 
energy loss was evaluated in this way and compared 
with (21) in which £=0.95 as obtained from the meas- 
ured value /(1)=64 ev™; the differences were less than 
2 percent for all y>1. The energy losses given by (21) 
are in agreement with the measurements by Chen and 
Warshaw® of the most probable loss of 620-kev 
electrons in Be foils of various thicknesses. 


The Distribution of Energy Losses 


According to Landau® the probability that an elec- 
tron whose initial energy is E suffers an energy loss 
between A and 4+dA after traveling a distance / in a 
material can be written as W(/, A)dA, where 


W (I, 4) =9(A)/IB, 


(A) being a universal function which is derived and 
plotted in his paper and whose argument is 


A=(A/IB)+N; —d’'=(Hmp/B)+0.05. 


For the moment the effects of elastic scattering are 
neglected so that the path length / is equal to the 
component distance z along the spectrometer axis (for 
simplicity, we assume here that cos#o= 1). If the number 
of electrons originating in the conversion process be- 
tween z and z+dz with initial energies between E and 
E+4dE is Q(E)dEdz, then the number of these electrons 
suffering losses between A and A+dA in traveling to 
the converter surface is given by 


Q(E)dEdzW (z, A)dA, 
and the total number generated in a material of thick- 


ness ¢ with these initial energies and energy losses is 


(22) 


o(edeaan- f o(A)d2/z. 


If the slowly varying logarithmic dependence of pump 
on /(=2) is neglected, then 

dz/z= —dd/(A—’), 
and the distribution (22) may then be written 


2 


— Q(E)dEpmp~'dd(d’+0.05) o(A)dd/(A— 2’), 
a(t) 
where 
A(t) = (A/Bi+N. 


For a “thick” converter />«, and the emerging 
distribution can be written 
Q(E)dEdAG(’) tmp, 


“C. B. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 
(1948). 
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where 


ra 


G(r’) =- wn'+0.05) f (A)dd/(A— 2’). 


The number of electrons emerging with energies be- 
tween Ey and E,)+dEo, where Ey= E—A, is therefore 
Emax 
f QO(E)dEdEou.', (23) 
Eo 
where 


Me= Mmp/G(X’) (23a) 


is the effective stopping force. By numerical integration, 
using the curve and asymptotic expression given by 
Landau for (A), we find that 


G(X’) = 0.765—0.0058)' 


when 9<—)’<17, which is the range of ’ occurring 
in our applications. Thus the effective energy loss uJ 
is greater than the most probable energy loss but con- 
siderably less than the average energy loss. For the 
analysis of Compton thick converter spectra, u, should 
be evaluated for a thickness corresponding to the middle 
f the range of energies where the curve of Eq. (11) is 
fitted. The approximation of neglecting the variation 
of the logarithmic terms in ump leads to an incorrect 
treatment of the electrons arising from very shallow 
and very deep laminae in the converter; however, the 
greater bulk of the electrons is accurately treated and 
the proper normalization is maintained for all laminae. 
For very small energy loss, of the order of a few times 
the atomic excitation energies, Landau’s derivation no 
longer applies, and the somewhat better approximation 
of Blunck and Leisegang®* should be used. Under the 
conditions of the present experiments, for E,>1 Mev 
in Al or >0.5 Mev in Be, the correction to G(X’) is less 
than one percent. 

A derivation of an effective stopping force which is 
similar to the one given above but uses the experimental 
results of White and Millington for W(/, A) has been 
given by Ellis and Aston.® 


Corrections for Multiple Scattering 


As a consequence of multiple scattering in the con- 
verter, an electron originating at a distance z within 
the converter will have traveled a path length />z on 
emergence. Since the energy loss is proportional to / 
rather than g, there will thus be fewer electrons emerging 
with an energy Ey when multiple scattering is taken 
into account. In the small angle approximation, the 


* C. D. Ellis and G. H. Aston, Proc. Roy. Soc. (London) 129, 
180 (1930 


THOMAS AND T. 
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distribution function giving the probability that an 
electron has a path length / after traveling a component 
distance z along a given direction has been obtained by 
Yang.® According to him (Case I, which corresponds 
approximately to the present situation) the average 
path length is given by 


(l)=21+(s/A) ], 


where A is the scattering length.” If we neglect strag- 
gling of energy losses by considering all losses to be 
given by the effective value u,/ and in addition, if we 
neglect the distribution in path lengths by considering 
all path lengths to be given by (/), then to first order 
in z/A expression (23) is to be multiplied by 


1—(2A/Aun,). (24) 
A detailed derivation using Yang’s distribution function 
for the path lengths also gives this result to first order 
in 2/A. 

Since a flat converter is used, the angular distribution 
of the most energetic Compton electrons will not be 
isotropic but will be very nearly (cos@o)~! for not-too- 
large angles, and the number of electrons emerging 
from the converter in the forward direction of the 
spectrometer acceptance solid angle (cos@;.~1) will 
therefore be increased as a result of angular redistribu- 
in the multiple scattering. The redistribution process 
can be treated in the same manner as the angular 
redistribution in the conversion process. By carrying 
out a computation which is similar to (2b) but with 
S(cosw) as the multiple scattering law, given in the 
Gaussian small angle approximation by 


S(w, 2) =(A/4m2) exp(—w*A/4z), 


we obtain to first order in z/A a factor 


14+(2A/Au.), (25) 


by which (23) is to be multiplied to include this effect. 

Thus, to first order, the multiple scattering effects 
leading to (24) and (25) compensate, and the effective 
stopping force can be taken directly from (23a). Because 
the factors (24) and (25) are approximate, the compen- 
sation cannot be expected to occur in general and it is 
therefore desirable to minimize both by using a light 
material as converter. For a 3-percent energy loss in 
aluminum, the correction term, 2A/Au,.~0.17y~! which 
may be quite significant for low energy electrons. In 
beryllium the term is only 0.052y~! and may be ignored 
for energies greater than 1 Mev. 

66 C, N. Yang, Phys. Rev. 84, 599 (1951). 

6 W. T. Scott, Phys. Rev. 76, 212 (1949). 
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The multiplication curves and the pulse shapes have been 
studied in a counter filled with pure argon and argon plus carbon 
dioxide mixtures at pressures ranging from 150 to 1000 mm Hg. 

The pulse shapes in argon in the high proportional zone and 
up to voltages corresponding to the corona threshold are ex- 
plained by assuming a production in the Townsend avalanche of 
photons hard enough to extract electrons from the cathode. These 
photoelectrons are found to be produced during a time Tf of the 
order of a few usec when at 150 mm Hg pressure, and during a 
smaller time when at higher pressures. The analysis of the fea- 
tures of the excited levels of argon suggests the four lower excited 
levels to be responsible for the photoelectric effect. These photons 
are produced in collisions leading to destruction of these levels, 
and are not resonance photons. The Tf) values deduced from 
our measurements are in accordance with those obtained by 
extrapolating the Molnar values for the first metastable levels 
at the pressures used. This photoelectric process has been found 
to be the main one responsible for sustaining corona discharge, 
which starts at multiplication values of about 200. 

If carbon dioxide concentrations varying from 10~ to 5X 10™* 
are added to argon, one obtains an increase of Ng, the threshold 
multiplication, which is linear versus the carbon dioxide percent- 


age. This fact is readily explained by assuming the quenching of 
argon excited levels by collisions of the second kind on carbon 
dioxide molecules. From the experimental results one may deduce 
a value of the quenching cross section which is about 600 10 '* 
cm? in a first approximation. 

Further studies concern the space charge effect at the photo- 
electric process divergence threshold, which allows the formation 
of a very narrow Geiger zone at carbon dioxide concentrations over 
5x 10™. 

No processes other than the photoelectric one have been found 
to be efficient in counters filled with argon plus carbon dioxide 
mixtures up to a concentration of 5X 10™*. 

At higher percentages the photoelectric process is considerably 
reduced; there has been found to be effective in the discharge 
build-up a process by which electrons are released in the gas body. 
The counter behaves as a regular fast counter. 

The effect of mercury vapor in the discharge in pure argon is 
also described; it is accounted for by the well-known Penning 
process of mercury ionization by collision on excited argon atoms. 
This process causes the discharge to start at extremely low multi- 
plication values. 





I. INTRODUCTION 


HE aim of this work is to inquire into the ele- 

mentary processes acting in Geiger counters and 
the building up of pulses in the Geiger zone, in counters 
filled with very pure argon or argon mixed with carbon 
dioxide, at concentrations ranging from 10~ to 107. 
Many researches have been carried out up to now to 
build a theory to account for the behavior and proper- 
ties of counters.'? These researches have high-lighted 
some fundamental points on this subject. However, the 
mechanisms acting in discharge building up are still 
uncertain, particularly as far as simple gas counters 
are concerned. 

Evidently, a theory explaining the behavior of a 
counter requires a knowledge of the various processes 
responsible for the production of electrons, taking into 
account the gas mixtures and the cathode of the counter 
used. Researches on these processes in gas discharges 
have been extensively carried out by many authors; a 
review on this subject is given by Penning and Druy- 
vesteyn and by Loeb.** These studies evidence the 
strong dependence on purity, pressure, and temperature 
of gas discharge mechanisms. Therefore, it may be said 
that the results of these measurements are valid only 
if strictly referred to the particular conditions of work. 


1S. C. Curran and J. D. Craggs, Counting Tubes (Butterworths 
Scientific Publications, London, 1949). 

?D. H. Wilkinson, Ionization Chambers and Counters (Cam 
bridge University Press, Cambridge, 1950). 

3M. J. Druyvesteyn and F. M. Penning, Revs. Modern Phys. 
12, 87 (1940). 

*L. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939). 


Il. METHOD OF MEASUREMENT 


The experimental method in the present work makes 
use of the observation of pulses obtained from ionizing 
particles, in a regular cylindrical counter. Depending 
on the applied voltage, the counter acts first as an 
ionization chamber and later as a proportional counter. 
At a defined voltage value, the counter gets in the 
corona discharge zone; under suitable conditions, this 
zone is preceded by-a Geiger zone. 

Part of our measurements consists of taking the 
curves which give NV, the multiplication factor, as a 
function of the voltage V; N represents the number of 
electrons generated on the counter wire in the Town- 
send avalanche, per primary electron. The primary 
ionization is obtained by a-particles from a polonium 
source placed in the counter, or by single fast electrons 
generated in the counter wall by a y-ray source outside 
the counter (in the following called y-pulses). The multi- 
plication curves are taken by means of a-particlés up 
to NV values of about 50. At higher V values, since a- 
particles cause a distortion in the multiplication factor 
due to the high charge involved in the avalanche, 
y-pulses are used which, under our conditions, give an 
undistorted multiplication. 

Another part of the measurements consists of the 
study of the shape of pulses in the various zones of 
voltage of the counter, with different time constants in 
the amplification chain, in order to obtain pulses 
variously differentiated. From these observations of 
the shapes, it is possible to get the discharge develop- 
ment as a function of time, from which one can obtain 
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Fic. 1. Experimental apparatus: 1. counter; 2. purification 
furnace; 3. ionization chamber; 4. reservoirs; 5. heated tube; 
6. traps; 7. manometer; 8. Kovar-glass seals; 9. argon and carbon 
dioxide tanks; 10. vacuum gauges; 11. stopcocks. 


information on the nature of processes involved in the 
discharge and can measure some quantities related to 
these processes. 


Ill. EXPERIMENTAL EQUIPMENT 


The measurements have been taken with different 
equipment consisting of one or more counters mounted 
on a manifold suitable for evacuating and filling them 
with the proper gas mixtures. The apparatus to which 
most of our data refer is shown in Fig. 1. This consists 
of a counter inserted in a metal circuit, where the gas 
will circulate by heating, which provides a fast puri- 
fication of the argon and a fast mixing of argon plus 


Vs 
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carbon dioxide mixtures. The counter is of brass; its 
diameter is 60 mm; the useful length of the tungsten 
wire is 200 mm and the wire diameter 0.2 mm. The 
counter can be heated up to 200°C for degassing pur- 
poses. The counter tube was degassed at 600°C for a 
few hours before mounting. 

The outstanding elements of the circuit are as follows: 
(1) The circulation furnace filled with calcium magne- 
sium alloy, with 10 percent magnesium, which provides 
the argon purification.’ (2) The ionization chamber 
which is employed for the measurement of the electron 
drift-velocity in the gas. This measurement will control 
the argon purity at 99.99 percent accuracy for molecular 
impurities.’ (3) The heated tube, which allows gas 
circulation even excluding the furnace. 

The tight washers and the stopcocks are wholly 
metallic; in the apparatus there is neither grease nor 
mercury vapors. 

This apparatus in connected to a diffusion vacuum 
pump, which works with silicone oil. The vacuum is 
measured by a Penning gauge. The whole apparatus is 
evacuated for many days at 10-> mm Hg, degassing 
the counter and the furnace. 

The argon employed is from different sources and of 
initial purity ranging from 98 to 99.9 percent. In every 
case, the results obtained can be reproduced. The purity 
of the carbon dioxide was 97 percent. 

The counter wire is connected, through a conven- 
tional amplification chain, to a cathode-ray tube, 
Dumont 248 type, the sweep of which is triggered by a 
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(III) p= 1000 mm Hg. O—argon; @—argon plus 3X 10~™ carbon dioxide; (} 


®L. Colli and U. Facchini, Rev. Sci. Instr. 23, 39 (1952). 
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2. Multiplication curves for argon and argon+carbon dioxide mixtures. (I) p=150 mm Hg; (II) p=500 mm Hg; 


argon plus 17X 10~ carbon dioxide. 
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synchroscope. The rise time of the circuit is 0.6 psec. 
In a number of cases it has been found advisable to use 
a chain with a faster rise time. 

The measurements of pulse amplitudes are taken 
through an input time constant RC much higher than 
the pulse rise time (RC = 200 usec) : In this case a pulse 
shaping delay line is inserted between the preamplifier 
and the amplifier, which line suppresses the pulse after 
a time varying from 1.2 to 6 usec; thus, only the first 


Fic. 3. a-particle pulse in the low proportional zone. 
Markers= 10 usec; RC=1 jsec. 


rise of the pulse is recorded, corresponding to the collec- 
tion of the avalanche electrons, and an eventual com- 
ponent due to a delayed production of electrons is left 
out. This cut is important in the measurement of the 
multiplication factor in the highest proportional zone, 
where these processes of delayed production are con- 
siderable. 

The pulse shape as a function of time is observed by 
the synchroscope, using an input time constant varying 
from 1 to 200 usec which gives different pulse differ- 
entiation. The pulse shape can be observed in a time 
duration varying from some usec to about 30 msec 
using different oscillograph sweep durations. 


IV. MEASUREMENT FOR ARGON 


The multiplication curves N versus V, in argon for 
pressures ranging from 150 to 1000 mm Hg, are shown 
in Fig. 2. During the time of measurement the argon 
circulates in the purification furnace at 400°C (Fig. 1). 
Under these conditions the measurements are repro- 
ducible; no variation has been obtained by placing 
liquid air round the trap and leaving it there for some 
hours. The counter is at room temperature. 

The a- and y-pulses observed through the synchro- 
scope are of the usual shape, up to multiplication values 
of about 50 (Fig. 3). Starting from these multiplication 
values, each a- or y-pulse is followed by a convergent 
succession of pulses separated by a time 7) (Figs. 4 and 
5); the ratio of this succession increases as V increases. 
The time 7) between the pulses of the succession is 
~10 psec, at all the pressures studied. These pulses 
are clearly observed with an RC of 1 usec, much smaller 
than their separation. 
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Observing the pulse succession we can see that the 
rise time of successive pulses gets longer as the sequence 
number of the pulse in succession increases (Fig. 5); 
consequently, the sharpness of the separation between 
pulses decreases towards the end of the succession. This 
effect becomes more prominent as the pressure dimin- 
ishes. At a pressure of 150 mm Hg the second pulse 
only is detectable, followed by a continuous slope 
(Figs. 6 and 7). 

At a multiplication value of about 200 (Fig. 2), after 
a few volts of unstable zone the corona discharge 
starts in the counter. The a-pulse shapes at the begin- 
ning of the corona are shown in Figs. 4-7. It should be 
noted that the successions of pulses are always con- 
vergent, as is the case also for y-pulses. 


V. DISCUSSION OF THE RESULTS FOR ARGON 


The results obtained for argon, and particularly the 
pulse shapes at high multiplication, can be accounted 
for by the processes governing the production and the 
decay of excited atoms in the Townsend avalanche. 


(a) The Photopulses 


As is well known, in the proportional zone an elec- 
tron released in the counter may ionize the argon atoms 
by collision when it approaches the wire, where the 
electric field is sufficiently strong, and cause the Town- 
send avalanche. An electron generated in the counter 
will thus build up a pulse containing N electrons, the 
amplitude of which is proportional to V, the multi- 
plication factor. 


Fic. 4. one pulses in argon at the corona threshold. Pressure 
=1 


mm Hg; V=210; markers=1 usec; RC=1 ysec. 

Let us consider now the excited atoms produced in 
the avalanche; let us call a the ratio between the 
number of excited atoms and the number of electrons 
produced by collision in the avalanche. The number of 
excited atoms produced per initial electron in the gas 
is Va. It can be assumed that the excited levels have a 
lifetime 7%, and that in the decay processes they gen- 
erate some photons hard enough to extract electrons 
from the cathode by photoelectric effect (photoelectric 
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Fic. 5. a-particle pulses in argon at the corona threshold. 
Pressure = 500 mm Hg; N = 250; lengthening of rise time is detect- 
able in the last photopulses; markers=1 ysec; RC =1 psec. 


threshold of brass 4-5 ev). Let us call 6 the mean 
number of ‘‘hard” photons emitted per excited atom, 
G the probability of a photon reaching the cathode 
without destruction, K the useful solid angle, and y 
the mean number of electrons extracted from the 
cathode and reaching the wire per each photon. 

In a time interval of the order of Ty, the Naf photons 
produce NaSGKy photoelectrons from the cathode. 
These photoelectrons reach the wire after a time Teo 
(transit time in the counter) and multiply by J, giving 
rise to a second pulse of amplitude proportional to 
(NaBGKy)-N at a time interval about Te+7% from 
the first. This process will repeat, so that a succession 


of pulses is obtained, the ratio (VaSGKy) of which 
increases as the voltage increases; here we have dis- 
regarded the \V variation due to the positive charge 
accumulated on the wire. 

At the voltage value where 


NaBGKy=1, (1) 
there is the divergence threshold of the process in this 
approximation. The value of N which satisfies Eq. (1), 
the threshold multiplication factor, will be called Ns 
and the corresponding voltage Vs. 

The pulse succession described in Sec. IV, the be- 
havior as a function of voltage, and the starting of 
corona discharge can be explained by this process. The 
single photopulses of the succession can be observed 


Fic. 6. a-particle pulse in argon at the corona threshold. Pressure 


= 150 mm Hg; N=180; markers=1 usec; RC=1 usec. 


U. FACCHINI 


properly separated only if the time 7% is much lower 
than 7. If Ty is not negligible compared to Teo, the 
pulse rise times are obviously lengthened; therefore, 
their separation is worse. 

The photographs of pulse successions show that 
pulse rise times get longer for the last pulses of the 
succession; this lengthening becomes more important 
as pressure decreases until, at lowest pressures, the 
photopulses are no more separated. These facts appear 
to indicate that the time 7% increases as pressure de- 
creases. A cause of lengthening of the rise times in the 
next pulses might be due to an action of the developing 
time of the electronic avalanche and also to a geomet- 
rical diffusion of the pulses along the counter. We may 
assume these effects to be negligible, since in A+CO, 
mixtures (see Sec. VII) several tens of well separate 
photopulses and no considerable lengthening of the 
rise times can be observed. Under these conditions, 
geometrical or avalanche actions will occur in a way 
similar to that which occurs in pure argon, without 
causing any considerable effect. Some information on 


Fic. 7. a-particle pulse in argon at the corona threshold. 
Pressure = 150 mm Hg; N=180; sweep time= 100 usec; RC=10 
sec. 


the 7% value can be obtained by measuring 7», the 
distance between the maxima of the two first pulses, 
and calculating 7% from the relation T+ Te—™Tp. 

Teo is calculated with sufficiently high accuracy by 
the drift-velocity values w~ of electrons versus E/p.5 
These drift-velocity values have been controlled in the 
same apparatus by the chamber shown in Fig. 1. 
Nielsen’s values for w~ have been employed for E/p 
higher than 1.5 volt cm mm Hg™.® 

Values for 7», Teo, and T>—Tece™T% are shown in 
Table I. These values are to be looked on only as orders 
of magnitude of the lifetime of excited levels in the gas; 
in the case of high pressures the values obtained are 
actually only upper limits. The assumption of a decay 
time 7%, of the order of magnitude shown in the table, 
accounts for the pulse shape and gives a simple explana- 
tion of the results obtained for the argon plus carbon 
dioxide mixtures, as will be seen later. 


*R. A. Nielsen, Phys. Rev. 50, 950 (1936). 
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(b) The Decay of the Excited Levels 


We now analyze more particularly the decay phe- 
nomena of excited levels in the avalanche, in order to 
make clear the meaning of the time 7% and to discuss 
its order of magnitude. 

In view of this, let us consider the level spectrum of 
argon as shown in Table IT.’:* Among the four lower 
excited levels, the *P; and 'P; are radiant resonance 
levels, the *P, and *P» are metastable levels. All these 
levels have a certain lifetime in the gas, as will be 
shown below.’ Among the upper levels, only a few may 
decay directly to the fundamental level, sending out 
photons of 14-15 ev; most of these levels will decay, 
through successive steps or directly, to one of the four 
lower levels, releasing photons of energy less than 4 ev 
at all times. The lifetime for these transitions is gener- 
ally of the order of 10-7-10-* sec, much smaller than 
the lifetime of the four lower levels. 

It should be pointed out that the photons created 
in these transitions are too soft to produce photoelectric 
extraction from the cathode; therefore, no further men- 
tion of them will be made. Under these conditions, it 
appears that in any initial distribution of the excita- 
tion, after a time corresponding to a few radiant 
transitions, resonance and metastable levels only are 
present in the gas. 

The *P, and 'P, levels will decay at the fundamental 
state giving out resonance photons of 11.62 and 11.82 ev. 
The resonance photons, as is well known, will undergo a 
diffusion process through which they are captured and 
re-emitted many times by the nonexcited atoms in the 
gas. Holstein'® developed a theory of this process; he 
calculates that the imprisonment factor 1/g (number 
of captures and re-emissions for a photon, before reach- 
ing the containing walls) for a cylinder a few centi- 
meters in diameter is of the order of a few hundreds. 
According to this theory, the imprisoriment duration 
in our case may be of about 10-*-10~° sec. Holstein 
deduces also that the imprisonment factor 1/g is inde- 
pendent of pressure in a pressure range where the shape 
of the emission line is determined by the pressure 
broadening. Experimental measurements giving a value 
for 1/g in argon are not available. 


Taste I. Values of the decay time » Thi in angen. 





(Tr) mM 
(usec) 


Tro =To—Teo 
(usec) 
4.542 4.1 
3.622 1.1 

<2.5 0.4 
<1.7 01 


Pressure Vs To 
(mm Hg) volts (usec) 


150 1200 10.81 
300 1640 10.741 
500 2070 10.241 
1000 =. 3000 10.541 


(usec) 


6.341 
7.141 
7.741 
8.841 











7W. de Groot and F. M. Penning, Handbuch der Physik 
(J. ye ag Berlin, 1933), 23/1. 


. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 4467 (1949). 

* A.C. G. Mitchell and M. W. Zemansky, Resonance Radiations 
and Excited Atoms (MacMillan Company, New York, 1934). 


© T, Holstein, Phys. Rev. 72, 1212 (1947) ; 83, 1159 (1951). 
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Taste II. Excited levels of argon atom. 








Excitation energy 
ev Remarks 





0 Fundamental state 


11.545 Metastable level 
11.620 Resonance level 
11.720 Metastable level 
11.825 Resonance level 


12.7-13.3 
14.0-14.9 
14.1-14.3 
15.68 Ionization 





Metastable levels have very long lifetimes of their 
own; the process causing their decay is collision with 
nonexcited atoms of the gas. The lifetime of the *P2 
metastable level in argon has been recently investigated 
by Molnar":” and Phelps,” at pressures from 1 to 10 
mm Hg. From these measurements the metastable life- 
time was found to be of the order of some msec, and 
the probability of destruction of metastables in the 
gas was found to be propeyrtional to the square of the 
pressure, 

According to these authors, the metastable destruc- 
tion can be accounted for by some collision between 
metastable and unexcited atoms, leading to the forma- 
tion of unstable excited molecules which will rapidly 
decay. There is good reason to assume that hard photons 
are produced by this process; these photons, being 
nonresonance ones, will reach the cathode without cap- 
ture by gas atoms. 

Many other phenomena of the gas discharge were 
interpreted through processes of this kind; however, 
evidence of their existence is available at present only 
in the mercury"® and helium"® cases. 

A suitable theory of the decay of metastable and 
resonance levels has not been developed up to now, and 
the experimental data are rather insufficient ; further- 
more, the decay is complicated by collision processes 
which, owing to the small energy difference among the 
first excited levels of argon, of the order of the thermal 
energy, may lead to transitions between them. 

However, the following remarks can be made: At 
high pressures, the decay of all the first levels can be 
considered as a whole, taking into account the transi- 
tions by collisions. Two possibilities exist: (1) The 
levels decay through the emission of resonance photons 
reaching the cathode, with a probability per second 
almost independent of pressure, represented by g/7*, 
where r* is the radiant lifetime of resonance levels. 
(2) They decay through the process described by 
Molnar, the probability of which increases with the 


" J. P. Molnar, Phys. Rev. 83, 933, 940 (1951). 


2 J. P. Molnar, arg communication. 

3 A. V. Phelps, Phys. Rev. 82, 567 (1951). 

“4 E. W. Pike, Phys. Rev. 53, 921 (1938). 

18 A. Q. McCoubrey, Phys. Rev. 84, 107 (1952). 
1 R. Meyerott, Phys. Rev. 70, 670 (1946). 
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Fic. 8. 8-pulse in argon plus 5X10~ carbon dioxide near the 
Geiger threshold. Pressure = 500 mm Hg; markers=1 usec; RC=1 
msec. 


square of pressure. This process is likely to become more 
and more important at higher pressure, finally control- 
ling completely the decay of all levels. As a result, the 
resonance photons practically do not reach the cathode 
and the photoelectric effect is caused by the photons 
originated in the collisions of the type described by 
Molnar. From the description given above 8 and y 
should be referred to these photons and G is thought 
to be 1. Following these considerations we extrapolated 
Molnar’s results, obtaining the values (T),, listed in 
lable I. These values are of the same order of those 


obtained by our measurements. Consequently our re- 
sults give further evidence of the existence of a process 
causing fast destruction of the afore-mentioned levels 
in the argon at high pressure. 

The decay processes will be further discussed in a 


subsequent paper.!” 
(c) The Corona Threshold 


We now consider the pulse shapes at the corona 
threshold. If the corona discharge is sustained by the 
photoelectric process only, the corona threshold is 
reached when .V, the multiplication factor, satisfies 
Eq. (1); Va8Ky represents the ratio of the pulse 
succession which, in this case, should have all the 
terms constant. When observed with a RC of 1 ysec the 
shape of the pulse succession from y-pulses at the 
corona threshold is always convergent. 

lhe small RC values used may produce a decrease 
in the ratio of the succession because of the fact that 
the pulse rise times will increase towards the end of the 
succession. Roughly considering this electronic dis- 
tortion, the ratio of the succession at the corona thresh- 
old may be evaluated as no less than 0.7-0.9. 

Under these conditions, a contribution to the corona 
discharge from some other processes cannot be com- 
pletely disregarded. Such processes might be made unde- 
tectable in the pulse shape by the experimental condi- 
tions of the observation. It can be said, however, that 
processes other than the photoelectric effect do not 


'7 To be published in Nuovo Cimento. 
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contribute in a large measure to the corona discharge 
considerably at our gas pressures and with our brass 
cathode.'® 


VI. ARGON PLUS CARBON DIOXIDE MIXTURES 
PHOTON QUENCHING 


Argon plus carbon dioxide mixtures have been studied 
in the apparatus described under III, at pressure rang- 
ing from 150 to 1000 mm Hg. The results obtained with 
concentrations lower than 5X 10~ are reported here. 


(a) Experimental Results 


Multiplication curves and pulse shapes have been 
observed for different voltages and for different mixture 
concentrations. Figure 2 shows a number of these 
multiplication curves. The curves corresponding to the 
same pressure have a common part where they are 
coincident within the experimental accuracy, of the 
order of 20 percent. 

The pulse shapes show that at high multiplication 
values, each ionizing particle gives rise to a pulse suc- 
cession of the same kind as described for pure argon 
(Figs. 8 and 9). The ratio of the pulse succession in- 
creases with the multiplication factor as usuai until 
the divergence is reached. In these mixtures a value 
for this ratio of 1 or over 1 has been observed without 
a stable corona discharge in the counter. 

A detailed discussion of the behavior of the counter 
at the divergence threshold will be given in Sec. VII. 

We are now interested in the study of Ns, the multi- 
plication factor at the divergence threshold (by di- 
vergence threshold is meant the voltage value V's where 
the ratio of the pulse succession is 1). Ng values ob- 
tained versus the carbon dioxide percentage X at 
various pressures are shown in Fig. 10. Vs is shown to 
increase almost linearly with X, and the slope of the 
straight lines .Vs(X) is found to be steeper for low 
values of pressure. 


(b) Discussion 


From the fact that in the proportional zone the same 
N value corresponds to the same voltage for different 
carbon dioxide concentrations, we can deduce that the 
structure of the Townsend avalanche does not depend 
on small carbon dioxide concentrations. As a conse- 
quence, the number a of excited atoms produced in 


Fic. 9. 8-pulses in argon plus 17 10~ carbon dioxide around 
the Geiger threshold. Pressure=150 mm Hg; markers=1 msec; 
RC=1 usec. 


18 We note that recently E. J. Lauer (J. Appl. Phys. 23, 300 
1952) has brought in view the presence of a process of ion cathode 
extraction in argon, using degassed nickel cathodes. 
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the avalanche per electron may be assumed to be inde- 
pendent of X. 

The pulse successions observed in all mixtures hereto 
discussed may be interpreted as being caused by the 
photoelectric effect ; the ratio of the succession is given 
by NaSyKG(1—P), which will increase with the volt- 
age. P stands for the probability of destruction of ex- 
cited atoms of argon through collisions with carbon 
dioxide molecules, without sending out photons efficient 
in photoelectric extraction. 

The threshold value Ns is determined by 


Ns=1/[aS8yKG(1—P)]. (2) 


The quantities involved generally depend on pressure 
and carbon dioxide concentration. 

It is not definitely known if y, photoelectric yield of 
the cathode, depends on X. We consider y to be roughly 
independent of X; a, 8, and K have to be considered 
constant. The strong variation of Ns as a function of 
X may therefore be attributed either to the reduction 
of G, the probability of the photons reaching the cath- 
ode, or to an increase of P. We shall now analyze these 
two cases. G could be reduced by absorption of photons 
by carbon dioxide. Jt may readily be seen that this 


Taste III. Values of ¢7/, and of ¢ deduced 
from the curves of Fig. 10. 


@Tyo ¢ 
cm? sec cm? 


Pressure 
(mm Hg) 


n,V 
+ 


n,VeTyo cm? sec 


458 Xx 107'* 
595 x 107-"6 
633 X 10-"* 


0.18 10% 187.8 X10°*! 
0.61 X 10 3.8 X10! 
1.22 10 6.33 X10 


150 33,820 
500 14,507 
1000 7720 


process should produce an exponential dependence of 
Ns on the total amount of carbon dioxide contained in 
the counter. The experimental results disagree with this 
conclusion, the dependence of Ns on X being linear 
and the dependence of Ns on total pressure going in 
the opposite direction to that expected. This, as a 
consequence, will exclude photon absorption as the 
main process controlling the Vs reduction. We can say 
that G=1 even for the mixtures discussed here. 

Let us now consider the P variation. In this case 
the collisions of the second kind between excited argon 
atoms and carbon dioxide molecules have to be taken 
into account.’ The excitation energy of the atom is 
generally transferred to the molecules concerned, which 
may dissociate or be excited or ionized. In the case 
under consideration, the most probable reaction igs as 
follows!®: 


CO.+A*—CO*+0+A+5.5 ev. 
The carbon monoxide molecule is left excited with 6 ev. 


The reaction energy is thus 11.5 ev, very close to the 
energy of the excited metastable and resonance levels 


19H. J. Henning, Ann. Physik 13, 529 (1932). 
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Fic. 10. Values of Ns versus CO: concentration X. The half- 
squares are for a pressure of 150 mm Hg; the half-circles are for 
a pressure of 500 mm Hg; and the bars are for a pressure of 1000 
mm Hg. 








of argon. This fact increases the probability of the 
process in question because of resonance.”° 

In a first approximation, let us consider the excited 
atoms existing in an excited level only, and let N* be 
their number in the counter. Under this hypothesis, 
the equation representing the decay of such atoms is 


dN*= —(N*/Ty)dt— N*n,XaVdt, (3) 


where 7% in the lifetime of the level in pure argon. 
— N*/Ty represents the exponential decay accounting 
for the destruction in argon. —N*n,XéV represents 
the destruction of excited levels by collisions on carbon 
dioxide molecules. m,X is the number of carbon di- 
oxide molecule per cm*, m4 the number of argon atoms 
per cm’, ¢ the mean cross section for the quenching 
process in carbon dioxide, and V the mean velocity of 
atoms. 

The fraction of excited atoms destroyed in argon 
with production of the useful photons is given by 


1—P=1/[1+n,VeTX]. (4) 

From Eqs. (2) and (4) and assuming G=1, we have 
Ns= (1+-n,VeT%X)/(aByK). (5) 
In this approximation the formula (5) indicates Ns 
to be a linear function of X. This formula is satisfac- 


torily verified by the experimental results, considering 
the errors of the measurements. 


% N. F. Mott and H. S. Massey, The Theory of Atomic Collision 
(Oxford University Press, London, 1949), Chapter XII. 
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Fic. 11. 6-pulses in the Geiger zone. Argon plus ~10~ carbon 
dioxide; pressure=760 mm Hg; sweep time=50 ysec; RC=1 
msec. 


From Eq. (5) and the results in Fig. 10, the Tye 
values can be obtained for various pressures, the other 
parameters being known. The values obtained, listed 
in Table III, decrease as the pressure increases, follow- 
ing a law proportional to the square of pressure. This 
result is in accordance with the law of destruction found 
by Molnar in pure argon for the metastable level. The 
é-values listed in the last column of Table IIT have 
been calculated with the aid of the (7%) values, ob- 
tained by extrapolating Molnar’s values (Table I). 

Some information on the behavior of the resonance 
and metastable levels due to the different values for 
the quenching cross section and to the transition proba- 
bilities between them, may be obtained by studying 
the quenching curves to closer approximation, par- 
ticularly the lower part where most of the excited atoms 
are destroyed. The poor accuracy of our measurements 
and the lack of information now available on these 
processes do not allow us to improve our own results. 
Therefore, the exact meaning of ¢ shown in Table ITI is 
uncertain too. 


(c) Argon Purity 


From Fig. 10, the Vs values appear to be influenced 
by carbon dioxide concentrations of the order of 10~*. 
From this we can deduce that the argon used for mix- 
tures contains less than 10~ carbon dioxide or other 
impurities having the same quenching effect. 


Fic. 12. Several superposed §-pulses in the Geiger zone. 
Argon plus 1.7 10-* carbon dioxide; pressure=1000 mm Hg; 
distance between photopulses=4.4 ysec; RC=1 psec. 
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VII. ARGON PLUS CARBON DIOXIDE MIXTURES— 
GEIGER ZONE FORMATION 


(a) Experimental Results 


We consider here the pulse shapes observed in the 
case of argon plus carbon dioxide mixtures with carbon 
dioxide concentrations less than 5X10-*, and _par- 
ticularly the pulse shapes at the djvergence threshold 
of the photoelectric process. 


(1) Pulse Shapes 


As stated in Sec. VI, the a- or y-pulses at high multi- 
plication values consist of photoelectric pulse succes- 
sions, whose ratio increases with the voltage. Examining 
the pulses obtained at pressure of 150, 500, 1000 mm 
Hg and with mixtures containing various carbon di- 
oxide concentrations, the following results are obtained: 

(1) The time distance T between the successive 
pulses of the succession decreases as the carbon di- 
oxide percentage increases. The values of T obtained 
under the said conditions are shown in Table IV. 


TABLE IV. Values of the total time 7, between photopulses, 
in argon and argon+carbon dioxide mixtures. 


Pressure 
(mm Hg) 


1000 0 

1000 10~* 
1000 3x10 
1000 9x10 
1000 17X10 


500 0 

500 10-* 
500 3X10 
500 9x10 
500 17x10 


CO: concentration 


Powe ou 


— 


= D100 


wn 


(2) The sharpness of the pulse separation will im- 
prove as the carbon dioxide percentage is increased. 
At 5X10~ carbon dioxide concentrations and 500- 
1000 mm Hg pressure, some hundred pulses are clearly 
observable in a y-pulse succession. Under these condi- 
tions, no lengthening of pulse rise times is observed. 
At 150 mm Hg pressure, the photopulses are well 
separated only at carbon dioxide concentrations higher 
than 10-* (Fig. 9). 


(2) Divergence Corona Threshold; Mixtures with Carbon 
Dioxide Concentrations less than 5X 10-4 


In these mixtures, as the multiplication value V5 
corresponding to the divergence threshold is reached, 
the‘unstable corona discharge will start abruptly. The 
y-pulses at this corona threshold consist of a very long 
pulse succession, containing even some hundred pulses. 
The succession will first go on with ratio a little lower 
than 1 and later with ratio about 1. Each y-pulse may 
be considered as a corona burst, statistically quenched. 
This unstable corona zone lasts for only a few volts, 
after which the corona discharge is stable. 
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(3) Geiger Zone Formation: Mixtures with Carbon Dioxide 
Concentrations Ranging from 5X 10~ to 5X 10 


With these concentrations, the multiplication factor 
N may reach values above Vs without the corona dis- 
charge getting started in a zone of voltage of very small 
amplitude, a few tens of volts. In this zone a particle 
gives rise to a pulse of the kind shown in Fig. 11. The 
pulse succession will go on first with divergent terms, 
afterwards with convergent terms until it is exhausted. 
The structure of these pulse groups does not depend 
on the primary ionization (Fig. 12). For this reason this 
photopulse group may be called a Geiger pulse group, 
and the divergence threshold Vs corresponds to the 
Geiger zone threshold. 

The Geiger zone is followed by the unstable corona 
zone, lasting a few volts, where the pulse groups are 
statistically quenched. Figure 13 represents the corona 
bursts where the photoelectric pulse structure is re- 
vealed by an RC of 1 usec. The amplitude of single 
photopulses oscillates periodically. 

At the end of this zone the coron discharge gets 
stable with oscillating amplitude. 


Fic. 13. Detailed bursts in unstable corona zone. Argon plus 
~10™* carbon dioxide; pressure=760 mm Hg; sweep time= 100 
usec; RC=1 usec. 


A behavior of this kind has been observed in many 
other counters 2 to 15 cm in diameter, at pressure 
ranging from 200 to 1500 mm Hg and filling mixtures 
of argon plus 0.1 percent carbon dioxide.”! Complete 
corona bursts for these counters are shown in Figs. 14 
and 15, which are taken with a high time constant. 


(a) Discussion 
(1) Time Distance between Photopulses 


As discussed in Sec. V, the time distance T between 
the photoelectric pulses is the sum of the two times T, 
and T,; T; is the decay time of the excited levels in the 
mixture and 7, the transit time of photoelectrons 
through the counter. From the considerations given in 
Sec. VII, it can be deduced that 7, is strongly reduced 
due to the effect of quenching of argon excited levels 
by carbon dioxide ;” 7, is also reduced because of the 
carbon dioxide effect of increasing the electron drift- 


21 poe "weteainie and Gatti, Phys. Rev. 80, 92 (1950); 
606 (19. 

a Ty i is P iaiad to Ns and Tf by the formula T;=(Tfo/Ns) 
-(1/aByK). 
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Fic. 14. Burst at the end of unstable corona zone. Argon plus 
~10™ carbon dioxide; counter diameter = 20 mm; pressure = 760 
mm Hg; markers=100 wsec; RC=10 wsec; The photoelectric 
pulse groups appear like single pulses, due to the high RC value. 


velocity.* The carbon dioxide percentage of 0.1 percent 
increases the drift-velocity in argon by a factor of two.® 
By the strong quenching effect shown in the curves 
of Fig. 10, T, is found to be reduced more consider- 
ably than 7,. This agrees with the fact that the 
sharpness of the separation between the photopulse gets 
better as the carbon dioxide percentage increases. 


(2) Space Charge Effect 


The pulse shapes at the beginning of the corona dis- 
charge at various mixture concentrations and the 
Geiger zone formation are readily explained by con- 
sidering the effect of the space charge accumulated on 
the wire. In the pulse succession, the delayed photo- 
electrons reaching the wire are affected in their multi- 
plication process by the space charge formed in the 
preceding avalanches. Because of that, the multiplica- 
tion factor N of the successive avalanches will be 
reduced. 

The calculation of pulse build-up taking into account 
all the successions and the spreading of the pulse along 
the wire has not been attempted because of its difficulty ; 
nevertheless, it is easily shown that the reduction of the 
multiplication factor is higher as the process of ava- 
lanche regeneration is faster and as the positive ion 
density is higher. This density is directly proportional 
to the multiplication factor, at the threshold Ns. Since 
the T values decrease and the Ns values increase as 
the carbon dioxide concentration increases, there is 
good reason to believe that the reduction effect on the 
succession ratio due to space charge is stronger at 
higher concentrations. Particularly, at concentrations 
higher than 5X10 (T<7 sec, N.s> 2000) this effect 
prevents the corona discharge from, beginningfat]V s 


Fic. 15. Bursts in unstable corona zone. Argon plus ~10-* 
carbon dioxide; counter diameter= 130 mm; pressure=760 mm 
Hg; overp time= 30 msec; RC = 200 usec. 

*B. Rossi and H. Staub, 
(McGraw. Hill Book Company, Inc., 


lonization Chambers and Counters 
New York, 1949). 
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Fic. 16. Geiger pulse in the middle Geiger zone. Argon plus 
10° carbon dioxide; pressure=500 mm Hg; markers=1 psec; 
RC=1 ysec. The discharge spreading is due to both the photo- 
electric effect and a production of electrons in the gas. 


and produces self-quenching of pulses, even though 
they have an initial ratio higher than 1. 

The pulse shape shown in Figs. 11 and 12 may be 
explained as follows. Initially, the multiplication factor 
N is higher than Ns and consequently the succession 
proceeds at increasing terms. The positive space charge 
accumulated on the wire by the first pulses reduces the 
electric field so that N is brought below Vs; this occurs 
at the maximum photopulse of the succession. After 
this, V is kept below Ns until the whole succession is 
exhausted. By means of this mechanism, the discharge 
is spread along the whole counter wire. 

The Geiger zone formation is clearly due to the space 
charge effect, which conclusion is in agreement with 
many authors.’ From our observations, however, this 
occurs only at carbon dioxide concentrations higher 
than 5X 10-4. 

The shapes of the corona bursts shown in Figs. 13, 
14, and 15 are explained by the formation and the 
migration of positive ions, causing the field on the 
wire to oscillate about the threshold value. Evidently, 
N has the value Ns at the maxima and minima of the 
succession. Under these conditions, the space charge is 
no more able to quench the pulse succession. 


(3) Geiger Zone—Slow Counters 


As said above, the Geiger zones are very small and 
therefore cannot be used as counting zones. It may be 
noted, however, that they are observed with small time 
constant values (from 1 to 200 usec) and without an 
external quenching circuit. Obviously, by using higher 
RC values or a quenching circuit, better Geiger zones 
could be obtained. 

The behavior of these counters is of the same kind as 
that of the so-called slow counters. 


(4) Other Processes 


The sharpness of the photopulse separation and their 
time correlation up to several milliseconds indicate that 
other processes play a role negligible in comparison with 
the photoelectric process on the cathode, which process 


” C. G. Montgomery and D. D. Montgomery, Phys. Rev. 57, 
1034 (1940) 


U. FACCHINI 


entirely explains the Geiger and corona zones. Par- 
ticularly, a production of electrons in the gas is not 
important at the pressures and concentrations studied. 

The electron extraction from the cathode by ion im- 
pact was not found to be efficient in our counters. This 
process should produce electrons after a time interval 
from the first avalanche corresponding to the ion transit 
time in the counter, which ranges from 2 to 8 msec, 
approximately, in the various conditions. Further, in 
the argon plus carbon dioxide mixtures, at concentra- 
tions between 5X10-* and 5X10-* where the Geiger 
zone is present, we have the following evidence against 
the ion-cathode process : 


(1) The end of the Geiger zone is determined by the 
photoelectric process itself. 

(2) In the corona bursts the single photopulses are 
clearly observable and correlated up to times corre- 
sponding to the ion transit time. A prominent electron 
production is not detectable here. 

(3) The maxima of the corona bursts occur at a 
time smaller than the ion transit time. 

(4) In the Geiger zone self-quenching separated 
pulses are observed. The total charge contained in a 
Geiger pulse is ~10* electron charges. From this it 
can be deduced that the ion-cathode process yield is 
less than 107. 


VIII. ARGON PLUS CARBON DIOXIDE MIXTURES— 
FAST COUNTERS 


In the case of mixtures with carbon dioxide per- 
centage higher than 0.5 percent only a few observations 
have been made. 

At pressures of 500 and 1000 mm Hg and 1 percent 
carbon dioxide percentage the photoelectric process will 
act at high multiplication values. The time interval 
between photopulses is about 2 usec and the Vs value 
is about 20,000-40,000; here we have the beginning of 
the Geiger zone, which lasts a few hundred volts. In 
the first part of the Geiger zone the pulse shape is like 
Fig. 12 and its amplitude increases with voltage. Fur- 


Fic. 17. Several superposed fast pulses at the end of the Geiger 
zone. Argon plus 10 carbon dioxide; pressure=500 mm He 
markers=1 ysec; RC=1 ysec. The discharge will spread solely 
by the process producing electrons in the gas body. 
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thermore, as the voltage increases the sharpness of the 
separation between photopulses gets worse until the 
Geiger pulse looks like Figs. 16 and 17. At 150 mm Hg 
pressure, the Geiger zone begins at an Ns value of 
about 80,000 and the Geiger pulses already at the 
threshold look less discontinuous as in Fig. 16. 

With 10 percent carbon dioxide percentage, at the 
Geiger threshold, the pulses immediately take the 
continuous shapes shown in Fig. 17 at all pressures 
used, and there are no photoelectric pulses. Because of 
this, the threshold multiplication factor is difficult to 
measure. 

The Geiger zone and the pulse shapes described 
above are of the kind obtained in the case of argon plus 
organic vapor mixtures. 

The continuous shapes and the short durations of the 
observed Geiger pulses suggests a process of secondary 
electron production in the gas which is in accordance 
with the present knowledge on the discharge spreading 
mechanism in fast counters.”> The high speed of the 
process both at the cathode and in the gas makes the 
quenching effect of the space charge very efficient and 
allows the formation of longer Geiger zones. 

At the Geiger zone end, there are multiple pulses as 
in the argon plus alcohol counters. The corona discharge 
is started by these multiple pulses. The nature of these 
pulses has been investigated by many authors. How- 
ever, the processes responsible of their formation are 
not known definitely at present.”® 

IX. ARGON PLUS MERCURY VAPOR MIXTURES 

This section deals with the results obtained in argon 
contaminated with mercury vapor at 1.2X10-? mm 


N 
10° 














1500 2000 2500 Volrs 


Fic. 18. Multiplication curves for argon plus mercury mixtures. 
Mercury at 20°C vapor pressure; (}—pressure=200 mm Hg; 
X—pressure = 600 mm Hg; O—pressure=900 mm Hg. 


*8 Processes of this kind may be caused by the argon atoms 
excited in the upper levels (~15 ev), which may produce electrons 
by means of a reaction, for instance, 

A*+A->(A2)* Art +e7, 

recently studied by Molnar and Hornbeck [J. A. Hornbeck, Phys. 
Rev. 84, 615 (1951); J. A. Hornbeck and J. P. Molnar, Phys. Rev. 
84, 621 (1951) ], or by means of ionizing collisions on atoms or 
molecules of a suitable gas. Under these conditions, the discharge 
spreading may be favored by the diffusion of the excited atoms in 
a small zone surrounding the wire, due to the imprisonment effect 
suffered by the resonance photons emitted by the highly excited 
atoms. 

% DP. Willard and C. G. Montgomery, Rev. Sci. Instr. 21, 52 
(1950). 
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Fic. 19. a-particle pulses in argon plus mercury vapor at the 
corona threshold. Pressure=1000 mm Hg; markers=1 usec; 
RC=1 usec. The slow decay is due to production of electrons in 
the gas. 


Hg pressure, corresponding to room temperature. This 
study has been carried out in an apparatus similar to 
that described under Sec. ITT. 

The multiplication curves for three pressures are 
shown in Fig. 18. At the Vs values the corona dis- 
charge will abruptly start. The corresponding N s values 
are much smaller than for pure argon without mercury 
vapor. 

At low pressures (200-500 mm Hg) no photopulse is 
detectable in the pulse shapes at the corona threshold, 
when observed by a 1 usec time constant. The pulse 
shape at 1000 mm Hg pressure is shown in Fig. 19. 
Here the bump superposed on the continuous slope is 
due to the photoelectric effect on the cathode. The 
continuous slope drops more slowly than the time con- 
stant of the electronic circuit. 

The results may be easily explained by the discussion 
of Secs. V and VI, after taking into account the Penning 
effect’ ; this effect is the ionization of mercury atoms by 
collision on the argon excited atoms. The ionization 
energy of mercury, 10.4 ev, is lower than the excitation 
energy of the first four argon levels. During their life- 
time in the gas, the excited atoms may ionize by colli- 
sion the mercury atoms; the free electrons created by 
this process will start the discharge again. 

Our results in argon plus mercury vapor show that 
at low pressure this process of discharge restarting is 
more important than the photoelectric one; on the con- 
trary, the contribution of the Penning effect is of the 
same order of the photoelectric effect at 1000 mm Hg 
pressure. 

The pulse shapes at the corona threshold shown in 
Fig. 19 are in accord with this description of the mecha- 
nism controlling the corona discharge, due to the fact 
that the continuous slope of the pulses indicates a 
process of electron production in the gas. 

Argon plus 0.1 percent carbon dioxide plus mercury 
vapor mixtures have also been studied. In this case the 
counter behaves as if filled with argon plus 0.1 percent 
carbon dioxide only. We observe that in these mixtures 
the quenching effect of carbon dioxide will reduce the 
lifetime of excited levels in the gas and consequently 
will reduce the collision probability on mercury atoms 
until the mercury ionization becomes negligible. 
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X. CONCLUSION 


In those mixtures where the photoelectric effect is 
the main process acting in the discharge build-up, the 
contribution to the pulse formation caused by the 
Townsend avalanche can be separated from the con- 
tribution caused by secondary processes. Consequently, 
it is possible to study the secondary process of electron 
production and measure its efficiency. 

From our results the photoelectric process on the 
cathode is found to be responsible for the formation of 
the Geiger and corona zones in mixtures of argon plus 
carbon dioxide at concentrations less than 5X10- at 
any pressure used. 

The same accuracy cannot be used in the study of 
mixtures where a process of electron production in the 
gas body will operate, as in the case of argon plus carbon 
dioxide, at percentage higher than 5X10~*. However, 
these processes are very interesting due to their fast 
spreading. 
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Furthermore, the photons acting in the photoelectric 
effect on the cathode are found to be emitted by the 
first excited levels of argon. These photons are produced 
in collisions leading to destruction of these levels, and 
are not resonance photons. The values obtained for 
the lifetimes of these levels are roughly in accordance 
with the extrapolation of Molnar’s values at the pres- 
sure used. More direct measurement of these lifetimes 
at pressures ranging from 10 to 1000 mm should be 
very interesting in order to investigate this effect 
further. 
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G. Bolla and Professor B. Ferretti for assistance re- 
ceived during this work, Dr. F. M. Penning for his 
interest and valuable discussions, Dr. Molnar and Dr. 
Hornbeck for notifying us of their results, and Dr. 
E. Gatti for helpful discussions. We finally wish to 
thank Professor L. Loeb for his interesting critique 
and for the useful suggestions offered to us. 
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Range Distribution of Sea-Level Mesons at Low Geomagnetic Latitudes* 


L. pEL Rosario AND J. DAviLa-APONTE 
Physics Department, University of Puerto Rico, Rio Piedras, Puerto Rico 
(Received July 31, 1952) 


Seven points of the meson differential spectrum at sea level have been obtained at a geomagnetic latitude 
of 29°N. The method used was that of delayed coincidences and anticoincidences, and the range interval 
covered has been from about 10 to 320 g/cm? of air equivalent. In this interval our spectrum curve is found 
to be nearly flat; that is, it does not show a clear maximum around 200 g/cm? air equivalent, as indicated 
by several authors working at geomagnetic latitudes around 45°N. 


I. INTRODUCTION 


HE range and the momentum distribution of sea- 
level ordinary mesons (u-mesons) have been in- 
vestigated in the past years by several authors! working 
at geomagnetic latitudes around 45°N. Various tech- 
niques have been employed for this purpose: coinci- 


* This investigation was sponsored jointly by the ONR and 
by a grant-in-aid from the Research Corporation. 

'M. H. Shamos and M. G. Levy, Phys. Rev. 73, 1396 (1948) ; 
A. Rogozinski and M. Lesage, Compt. rend. 227, 1027 (1948); 
B. G. Owen and J. G. Wilson, Proc. Phys. Soc. (London) 62, 600 
(1949); E, W. Kellerman and K. Westerman, Proc. Phys. Soc. 
(London) A62, 356 (1949); W. L. Kraushaar, Phys. Rev. 76, 
1045 (1949); M. Sands, Phys. Rev. 77, 180 (1950); M. Conversi, 
Phys. Rev. 79, 749 (1950) ; L. Germain, Phys. Rev. 80, 616 (1950) ; 
Glaser, Hamermesh, and Safonov, Phys. Rev. 80, 625 (1950); 
Caro, Parry, and Rathgeber, Nature 165, 688 (1950); M. G. 
Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) A64, 404 
(1951); B. G. Owen and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 417 (1951); J. L. Zar, Phys. Rev. 83, 761 (1951); C. M. York, 
Phys. Rev. 85, 998 (1952). For work previous to 1948, see 
B. Rossi, Revs. Modern Phys. 20, 537 (1948) ; articles by G. Puppi 
and N. Dallaporta and by George in Progress in Cosmic Ray 
Physics (North-Holland Publishing Company, Amsterdam, 1952). 
An investigation on the spectrum of high range mesons has been 
recently published by Brini, Rimondi, and Filosofo, Nuovo ci- 
mento 9, 505 (1952). 


dence, anticoincidence, delayed coincidence, and mag- 
netic deflection methods. 

Although it is quite well known that only a very 
small percentage of the charged particles at sea level 
are protons, as yet little information is available on the 
energy distribution of these protons. For this reason, 
and also in order to get rid of the electronic component, 
without uncertainty, even at very low energies the 
method of delayed coincidences (which yields the com- 
plete separation of the mesons at rest taking advantage 
of their instability) appears to be the most suitable to 
investigate the low energy end of the meson spectrum. 
This technique has also the advantage of being much 
simpler and less expensive than the one based on the 
use of a Wilson chamber in a magnetic field. It cannot 
be profitably used, however, for an accurate deter- 
mination of the absolute number of the observed me- 
sons, since it is in general difficult to evaluate the effi- 
ciency of the apparatus for the detection of the elec- 
trons resulting from the decay of the stopped mesons. 

To overcome this point, delayed coincidences and 
anticoincidences have been recorded simultaneously in 
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Fic. 1. Diagram of apparatus. The mesons actually recorded were those which, after crossing the counter omewe oy 5 were stopped 
in the graphite absorber and decayed between about 1.2 and 7 usec into electrons discharging counters 


recent experiments.” In this way the efficiency of the 
apparatus for the detection of the decay electrons can 
be directly derived from measurements taken under 
suitable conditions. 

In the present experiment we have employed this 
method, though not much attention has been devoted 
to obtain a fully efficient anticoincidence system, since 
we were interested more in the spectrum shape than 
in the absolute numbers of mesons. Besides, apart from 
minor changes (see next section) we have employed 
the same apparatus designed and used by Conversi,? 
for which an accurate determination of the efficiency 
for the detection of the decay electrons was made in 
Chicago. 

Actually the method used in the experiment reported 
in this paper yields the number of u-mesons stopped in 
a given thickness of material (graphite) after crossing 
a certain variable amount of dense material, under the 
assumption that local production of 7-mesons can be 
neglected. At the present stage of our knowledge, this 
assumption is certainly very reasonable at low alti- 
tudes, and, in particular, in the case of our experiment. 

We thought that it might be of some interest to 
measure accurately a few points of the low range end 
of the meson spectrum at Rio Piedras, Puerto Rico, 
in view of (a) the fact that the agreement among the 
results so far obtained by the various workers is not 
always very satisfactory, and (b) the possibility of 
comparing the shape of the meson spectrum at the 
relatively low geomagnetic latitude of our station 


2M. Conversi, Phys. Rev. 79, 749 (1950). 


(29°N) with that obtained in Chicago using essentially 
the same apparatus. 

The range interval covered in our measurements was 
from about 10 to 320 g/cm? of air equivalent. The corre- 
sponding intervals in energy and momentum, as de- 
duced from the conventional relationships’ presumably 
valid for u-mesons (rest energy = 110 Mev), are from 45 
to 620 Mev and from 110 to 720 Mev/c, respectively. 


II. EXPERIMENTAL PROCEDURE 


As stated above, the apparatus used in the present 
experiment was essentially the same one employed in 
the experiments reported in reference 2. There is only 
a slight difference in the geometry, because we have 
preferred to use mostly 1-inch-diameter counters, as 
shown in the cross-sectional views of the disposition 
of the counters and absorbers reported to scale in 
Fig. 1. 

All counters were of the all-metal type, had a 0.08- 
cm thick wall, and were filled with the usual argon- 
alcohol mixture. Counters with the same symbol and 
subscript were connected directly in parallel. The 
counters of group C were connected to a mixer circuit 
in order to mix their pulses and have each of them 
uncoupled with respect to all the others. 

The following double coincidences were formed and 
then mixed together: (A;, Bi+B:2), (Ao, Bz), and 
(A3, Be rt Bi). Thus, apart from random events, each 


°G. C. “Wick, Nuovo cimento 1, 302 (1943); D. J. X. Mont- 
gomery, Cosmic Ray Physics (Princeton University Press, Prince- 
ton, 1949). 
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of these double coincidences was caused by a particle 
whose direction crossed in general counters C (see 
Fig. 1). This was done, as it will be seen later, in order 
to reduce to a small fraction the number of random de- 
layed coincidences. In what follows, all of the above 
double coincidences will be indicated as (AB). The 
coincidence circuit employed to obtain any of the co- 
incidences (AB) had a resolving time of approxi- 
mately 2ysec. 

Counters C were at the same time in delayed coin- 
cidence and in anticoincidence with respect to any of 
the coincidences (AB). An event was actually recorded 
as an anticoincidence (AB—C) if no counter C fired 
within about 1 usec before, to 8 usec after, the time of 
occurrence of a double coincidence (AB). If, instead, 
one of the counters C fired within about 1.2 to 7 usec 
after the time of occurrence of a double coincidence 
(AB), the event was recorded as a “delayed’ coin- 
cidence” in one of the four channels of the electronic 
equipment. 

More precisely, each of these channels had a “‘time 
width” @ of about 2.8 usec, while the “time distance” 
between each of them and the next one was 0.96 usec. 
In this manner, four points of the decay curve, corre- 
sponding to the mesons stopped in the graphite ab- 
sorber after crossing the material placed above counters 
B, could be obtained simultaneously. 

The pulse forming circuit triggered by counters C 
had a recovery time of 12 usec. Consequently, random 
delayed coincidences could occur only when a single 
discharge of one of the counters C followed after a 
short time the instant of arrival of a particle producing 
a coincidence (AB) but failing to discharge counters C. 
If the counting rate of the latter events is indicated by 
n(ap—c) and nc is the counting rate of counters C, the 
number of spurious delayed coincidences recorded per 
unit time in each channel is given by 

V,=n(ap—cync. (1) 


4 


This is found to be very small under the conditions 
of our measurements (see below). For further details 
about the pulse recording circuits and for the final 
calculation of the numbers of mesons stopped in the 
absorber the reader should consult Conversi’s paper.” 

To obtain the various points of the range distribu- 
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Fic. 2. The differential range spectrum of sea-level mesons at 
Rio Piedras, Puerto Rico—geomagnetic latitude 29°N. The abso- 
lute number of mesons per sec sterad g is represented as a function 
of their range expressed in g/cm? of air equivalent. 
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tion of the meson component, measurements have been 
taken with seven different thicknesses of material in, 
or above, the apparatus. Part of the measurements have 
been performed in a shelter on the roof of our building, 
with only about 3 inch of wood and } inch of roofing 
board over the apparatus, corresponding approxi- 
mately to 3 g/cm? of air equivalent. Alternately 0-, 
2-, and 4-inch thick absorbers of lead were placed be- 
tween counters A and B in order to obtain three points 
of the meson spectrum. 

For the other four points, corresponding to the higher 
energy region of the distribution curve, the apparatus 
was placed on the top floor of the building, quite close 
to the ceiling. A large box holding sand was prepared 
over the roof, directly over the apparatus. The box 
measured 9 feet by 9 feet and had a depth of 1 meter 
of sand. The apparatus underneath was covered with a 
6-inch thickness of lead, placed between the ceiling and 
the top of the frame. With this arrangement the total 
solid angle of the counters was completely covered by 
the sand and by the lead. 

The total amount of material (1 m of sand plus 6 
inches of lead), which, during this part of the experi- 
ment, was kept over the apparatus, was equivalent to 
about 200 g/cm? of air. The additional four points of 
the meson spectrum were obtained in these conditions 
by putting alternately 0-, 2-, 4-,and 6-inch thicknesses of 
Pb absorbers between counters A and B. 

The thicknesses of air equivalent, corresponding to 
the seven points of the distribution curve investigated 
in the present experiment, have been obtained using 
Wick’s calculations.* One must also add 8 g/cm? of air 
equivalent (corresponding to the half-thickness of the 
graphite absorber) in order to obtain the average 
amount of air equivalent crossed by an incoming verti- 
cal meson before stopping and being observed. Thus, 
the thicknesses for such mesons are found to be 11, 44, 
110, 215, 250, 285, and 320 g/cm? of air equivalent. 
These figures are not given with a greater accuracy be- 
cause our results show that the intensity of the observed 
mesons is nearly constant in the range interval in- 
vestigated (see Fig. 2). 

As stated in Sec. I above, we were more interested in 
the shape of the meson distribution curve than in the 
knowledge of the absolute numbers of mesons. For this 
reason the anticoincidence counters employed in the 
present experiment did not include the D counters 
used in the measurements taken with the same appara- 
tus in Chicago.‘ The lack of a full efficiency of the anti- 
coincidence system does not allow us to properly utilize 
the (AB—C) counting rates, in order to get the abso- 
lute numbers of mesons through a sufficiently accurate 
determination of the efficiency of the apparatus for the 
recording of the decay electrons. The anticoincidence 
counting rate m(4s—c) has been measured during the 
experiment merely to introduce the correction for the 


* See reference 2, Fig. 1. 
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spurious events, V,, which becomes appreciable when 
no lead, or a small amount of lead, is placed between 
counters A and B. 


Ill. RESULTS AND DISCUSSION 


The seven points of the differential range spectrum 
of the sea-level mesons have been obtained through 
1685 hours of effective observation. Each of these points 
was actually found by adding the results of a few (three 
or four) series of measurements performed in identical 
conditions, each partial series corresponding to a period 
of around 70 hours. 

The results of the partial series were compared among 
themselves and their internal consistency was always 
found to be satisfactory. The recording of the delayed 
coincidences in four distinct channels allowed us to 
make, for each series of measurements, an evaluation 
of the meson lifetime r. The values thus obtained for r 
were found always to be in agreement with the best 
determination of this constant.® 

It must be mentioned, however, that in part of our 
experiment only the delayed coincidences recorded in 
the last three chainels have been considered, since un- 


fortunately during these measurements the first channel 


of the electronic equipment did not work properly. In 
some of the partial series of measurements, therefore, 
not a very high accuracy was obtained in the deter- 
mination of the number of stopped mesons and of their 
lifetime. 

During the entire period of the performance of the 
experiment, checks were frequently made of the count- 
ing rate of the various groups of counters. In particular, 
the counting rate of the C group, which was necessary 
for the determination of the number V, of random 
delayed coincidences, was recorded at the end of each 
individual measurement, namely, about four times per 
day. Frequent checks were also made of the pulse shape 
of the coincidence pulses and of other important points 
of the registering set, by means of a syncroscope. 

The results of our measurements are summarized in 
Table I. In the first column of this table is reported the 
amount of material placed above the apparatus, plus 
that located between counters A and B, plus the half- 
thickness of the absorber, the total amount of ma- 
terial being expressed in g/cm? of air equivalent. As 
stated above, this represents the average range of the 
observed mesons (see Sec. II). The second column of 
the table contains the total time interval during which 
the corresponding data were obtained. The total number 
of spurious delayed coincidences occurring, within the 
time width of the channels, in the time interval specified 
in the second column, is reported in the third column. 

For the sake of simplicity we are not reporting the 
numbers of counts recorded in each channel, but only 
the numbers of “‘extrapolated delayed coincidences,” 

5.N. Nereson and B. Rossi, Phys. Rev. 64, 199 (1943). Also, 


see reference 2, and W. E. Bell and E. P. Hincks, Phys. Rev. 84, 
1243 (1951). 
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Taste I. Results of measurements on the differential range 
distribution of sea-level mesons at a geomagnetic latitude of 
29°N. 


Coince./hr from 

mesons decay- 
g/cm? Spurious ing within 
of air counts 0-2.8 psec 
equiv Hours N; (No 


10* Xnumber of 
mesons per sec, 
g sterad 


4.07+0.13 
4.15+0.13 
4.3140.13 
4.08+0.11 
4.48+0.11 
4.40+0.11 
4.25+0.11 


5.1+0.16 
5.2+0.16 
5.4+0.16 
5.1+0.14 
5.6+0.14 
5.5+0.14 
5.3+0.14 


11 212 

44 210 
110 210 
215 263 
250 264 
285 263 
320 263 


corrected for the spurious counts .V,. These numbers, 
which we have indicated as No and reported in counts 
per hour, appear in the fourth column of the table. 
They have been obtained by fitting through the points 
corresponding to the counting rates recorded in the 
channels, the “most probable” decay curves of 2.2 usec 
lifetime. They represent, therefore, the most probable 
numbers of mesons stopped in the absorber and decay- 
ing between 0 and @ (@=2.8 usec) into electrons which 
discharge at least one of counters C. 

The statistical accuracy of the numbers Np indicated 
in the table is based on the standard deviations of the 
numbers of counts recorded in the four channels. The 
errors relative to the Vo’s do not include the error in the 
determination of the minimum delay for which a delayed 
coincidence can occur. This minimum delay, as stated 
in Sec. II, was found to be nearly 1.2 usec and its error is 
supposed to be smaller than the statistical errors of the 
N»’s. Similarly, the statistical uncertainty of the random 
delayed coincidences, V,, has not been taken into con- 
sideration because it is very small and cannot appreci- 
ably affect the precision of our results. In the evaluation 
of the .Vo errors, allowance has been made, of course, for 
the fact that the channels are partially overlapping. 

Also, in the determination of the extrapolated de- 
layed coincidences and of their errors, we have closely 
followed the method described in reference 2, where 
the reader can find further information. 

If p represents the average value of the probability 
that the decay electron of a meson stopped in the ab- 
sorber discharges one of the C counters, then the total 
number of mesons stopped per unit time in the graphite 
absorber is given by 


M = N/p[1—exp(—6/r) ] 


(2) 


If, according to the determination of the constant p 
made in Chicago,? we assume p=0.28, we find that 
M=5No. At 110 g/cm? of air equivalent this yields, 
according to the results of Table I, about 27.5 mesons 
per hour stopped in the 10-cm thick graphite absorber. 
In the same conditions 37 mesons per hour had been 
found in Chicago.” This corresponds to a ratio of about 
1.35 between the intensities of mesons having ranges in 
the neighborhood of 100 g/cm? at the latitudes of 
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Fic. 3. A plot of most of the results obtained after 1948 on the 
differential meson spectrum. The dashed line represents the spec- 
trum given by Rossi (see reference 6). 


Chicago (46°N) and of Rfo Piedras (29°N). This ratio 
is smaller, but only slightly, than the ratio found for 
the same mesons and between the same latitudes at 
30,000 feet above sea level. Nevertheless, no great 
significance may be given to this comparison, on ac- 
count of the relatively large statistical errors and also 
because the geometry of the apparatus was not exactly 
the same at the two stations where the observation 
have been made. 

Again, following Conversi’s paper, the absolute 
numbers of mesons (per sec steradian g) have been ob- 
tained by multiplying the results contained in the 
fourth column of Table I by 5 and then by the factor 
16.X 10-7. These absolute numbers are reported in the 
fifth column of the table. They have been used in the 
graphical representation of our results, which have been 
plotted in Fig. 2. This figure gives, in a semilogarithmic 
plot, the differential range spectrum of the mesons ob- 
served at Rio Piedras. 

For the purpose of comparison we have reported in 
Fig. 3 the results obtained by a number of authors in 
works performed after 1948, at geomagnetic latitudes 
around 45°. Where necessary, conversion has been 
made from momentum into range of air equivalent by 
means of the nomograms reported in appendix E of 
Montgomery’s book.’ All the results have been nor- 
malized so as to give approximately the same number 
of mesons around a range of 100 g/cm® of air. This 
number has been chosen as equal to 6X10~® meson 


® See Fig. 2 of reference 2. Professor Conversi has pointed out 
to us that the errors represented in this figure include also the 
error relative to the determination of the constant p. By this 
data the latitude ratio at 30,000 feet between 28.5°N and 40°N 
geomagnetic latitude is found to be 1.45+0.1 
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per sec steradian gram, a figure which is supported by 
the results of various experiments.’ The results previous 
to 1948 have not been included in the figure because 
they were already analyzed by Rossi,’ who gave the 
spectrum which we have also represented, by a dotted 
line, in the same figure. In the plot we have not shown 
the results obtained by Owen and Wilson and by 
others, because they refer to momentum higher than 
1 Bev/c and are out of the range interval in which we 
are interested in relation with the present experiment. 

Figure 3 shows that most of the recent results seem 
to be in agreement, within their statistical errors (not 
shown in the figure) with the general shape of the 
spectrum given by Rossi. This is actually true with the 
exception of Germain’s work whose final data, however, 
were obtained by introducing very large corrections, 
which for greater ranges increased considerably the 
intensity of the recorded events. The results reported 
in Fig. 3 indicate the presence of a broad maximum 
around 200 g/cm? of air equivalent, and show that the 
spectrum decreases, but slowly, for lower ranges. 

The spectrum, obtained by us, instead, does not show 
any maximum in the range interval explored. The 
number of mesons seems, in fact, to be constant, within 
the statistical errors which are rather small, between 
about 10 and 320 g/cm? of air (Fig. 2). 

A possible shift of the maximum of the spectrum 
towards greater ranges may be qualitatively accounted 
for in terms of a latitude effect. In fact, the average 
energy of the meson spectrum should increase with 
decreasing latitudes since the magnetic field of the earth 
is more effective for the primaries of lower energies. 
However, this fact should also cause a depletion in the 
low energy end of the spectrum at low latitudes, whereas 
it seems from the comparison of Figs. 2 and 3 that the 
differential spectrum obtained at 29°N geomagnetic 
latitude is even flatter than that deduced by measure- 
ments performed at high latitudes. 

Further data should be collected, nevertheless, before 
drawing any definite conclusion from this slight differ- 
ence. As a matter of fact, there is enough agreement be- 
tween our results and those obtained at high latitudes 
with similar techniques (Kraushaar, Sands, and Con- 
versi) to make us think that the cause of this apparent 
difference lies rather in the diversity of the methods 
employed than in an actual change of the meson spec- 
trum with latitude. 

We are indebted to Professor M. Conversi for sug- 
gesting and directing the research in its beginning dur- 
ing his short sojourn in Puerto Rico. We wish also to 
express our sincere appreciation to Professor S. K. 
Allison, Director of the Institute for Nuclear Studies 
of the University of Chicago, who made possible the 
loan of the main apparatus previously used by Dr. 
Conversi in Chicago. 


7 B. Rossi, reference 1. 
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Several derivations of the expression for the index of refraction of neutrons are discussed and difficulties 
recently raised are cleared up. The theory is extended to cover cases involving absorption (through capture 
or incoherent scattering). Formulas for the scattering due to disorder in crystals are used for the deter- 
mination of scattering amplitudes of isotopes in agreement with direct experiments. It is shown how the 
polarization of neutrons scattered under small angles can be used to obtain information about the structure 
of mixed crystals. The problem of primary and secondary neutron extinction is also discussed in the light 


of a recent publication. 


I. ON THE INDEX OF REFRACTION OF NEUTRONS 
IN MAGNETIC MATERIALS 


N expression for the index of refraction of neutrons 
including the case of magnetic refraction and of 
rotation of the plane of polarization was first given in 
the form! 
NY? NXP 4erul 
—(dn4_)=—d,+——. (1) 


ny—1= 
? 20 2x 2E 


In (1) N denotes the number of scattering centers per 
unit volume, A the neutron wavelength, a, the coherent 
scattering amplitude of the nucleus, » the magnetic 
moment of the neutron, £ its kinetic energy, and J the 
density of magnetization of the ferromagnet traversed ; 
a» stands for the suitably defined (see reference 8) 
amplitude of magnetic scattering in the forward direc- 
tion. The formula was later applied to devise a method 
for the production of polarized neutron beams by total 
reflection; an experimental approach of this kind was 
shown to allow a direct measurement of the neutron 
spin (as distinguished from the neutron’s magnetic 
moment) and a study of the interaction function of the 
neutron’s magnetic moment with the magnetic moment 
of the atom. It was also pointed out that, in general, 
4nrI would have to be replaced by B, the magnetic induc- 
tion, to take into account the influence of a possibly 
present over-all magnetic field and its dependence on 
the shape of the magnetized body. 

Equation (1) has been confirmed by a large series of 
experiments. While the well-known investigations by 
Fermi’ and his collaborators on total reflection of neu- 
trons dealt mostly with the nonmagnetic case, several 
papers by Hughes‘ and his associates took up the 
problem as formulated for the presence of a magnetic 
field and verified (1) in several cases. By studying 
polarization effects produced by double refraction, as 
suggested by the author,’ Hughes and his collaborators 
could also obtain, as predicted, information concerning 
the interaction function. 


1 Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941). 

20. Halpern, Phys. Rev. 75, 343 (1949) ; 76, 1130 (1949). 

3 See, e.g., E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 

‘See, e.g., D. J. Hughes and M. T. Burgy, Phys. Rev. 81, 
498 (1951). 


The derivation of (1) for the general case followed 
the well-known classical procedure used in optics. This 
mode of approach was the more justified, since n—1 is 
very small compared to 1, so that no questions of dif- 
ferentiation between the real and exciting field need to 
be discussed. The wave propagated in the medium was 
the sum of the incident wave and all scattered wavelets 
coming from points reached before the point of observa- 
tion. This procedure could be carried out following the 
well-known approach of Fresnel. After carrying through 
the integration, it was found in agreement with optics 
that the scattering amplitude of the elementary scatterer 
in the forward direction determined essentially the 
index of refraction. 

Lately, criticism® has been raised against our deriva- 
tion of (1). It was claimed to be in error because a de- 
tailed calculation of the magnetic scattering amplitude 
in the forward direction gave for it the value 0. The 
conclusion was drawn that the classical method breaks 
down for long-range forces like magnetic interactions. 
A modified derivation,® on the other hand, led to our 
results for the index of refraction and also confirmed 
our predictions,’ experimentally verified by Hughes, 
concerning angular effects and the interaction function. 
No attempt was made to explain the surprising agree- 
ment of a supposedly wrong derivation with the “new” 
theory or the experiments. 

This criticism has been taken up in some recent 
papers by Lax,’ who obtained our results with an 
operational method but failed to give any reason for 
the apparent validity of a wrong proof. 

The theoretical importance of this question as well 
as the various experimental confirmations of our theory 
may :justify perhaps a few remarks intended to clear 
up these apparent contradictions. Summarizing in 
advance the results of the reasoning to be presented, we 
want to state that the criticisms raised are without any 
basis, that our derivation and the results obtained are 
correct and are, in fact, identical with the differently 
worded derivation given by Lax.’ The origin of this 


5H. Eckstein, Phys. Rev. 78, 731 (1950). 

*H. Eckstein, Phys. Rev. 76, 1328 (1949). 

™M. Lax, Phys. Rev. 80, 299 (1950); Revs. Modern Phys. 23, 
287 (1951). 
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untenable criticism is to be found, in our opinion, in a 
formalistic misunderstanding’ of a very simple physical 
situation. 

That the magnetic scattering amplitude for 8=0 
vanishes as especially proven in reference 5 is correct, 
but was known to us and is contained in formula (4.05) 
of an early investigation*® in which the form of the 
interaction function has been studied carefully. For- 
mula (4.05) of reference 8 shows that the magnetic 
scattering amplitude for all values of 3>0 is a con- 
tinuous function of the angles but has a (completely 
immaterial) discontinuity for =0 at which it vanishes. 
This (completely immaterial) discontinuity has its 
origin in the fact that the vector potential of the neu- 
tron’s magnetic field was for simplicity’s sake permitted 
to have a singularity of the form 1/r?. Forming a matrix 
element with this vector potential, an ambiguity arises 
for ’=0, since the infinite result of integration over the 
radius vector is canceled by the factor 0 coming from 
the integration over the angles. 

This discontinuity at d=0 is called by us completely 
immaterial, since there does not exist a physical state- 
ment in which the wave function (or its square) has to 
be known at one point. In all cases of physical interest, 
one is concerned with integrals over domains (how- 
ever small). We considered well known, and therefore 
failed to call attention to, the results of elementary cal- 
culus that show no integral is changed by changing the 
value of the integrand by a finite amount at one point 
(or, for that matter, at a suitably infinite number of 
points). Therefore, the expression for the magnetic 
scattering amplitude was made continuous at the 
point d=0. (4.06 of reference 8.) 

It is, of course, this scattering amplitude made con- 
tinuous which enters rigorously into the expressions for 
the index of refraction. As shown in detail in reference 
1 and as mentioned in this introduction, the index of 
refraction arises through an integration over all ele- 
mentary wavelets contributing to the eigenfunction at 
a specified point. Integrating over these wavelets and 
using partial integration, the value of the integrand is, 
of course, determined by the scattering amplitude made 
continuous and not by the, in principle, completely 
arbitrary value of the eigenfunction at #=0. 

The procedure by Lax’ follows in operational lan- 
guage exactly our classical procedure of summing the 
elementary wavelets contributed by all scatterers. It 
is not surprising that he arrives at our results. There is, 
of course, no need to discuss anomalous conditions aris- 
ing from long-range magnetic forces, since there are 
no anomalies to be explained and since the classical 
method applies without any deviations. 


Il. THE INFLUENCE OF ABSORPTION PROCESSES 
ON TOTAL REFLECTION 


As known from optics, the presence of an index of 
absorption affects the refractive processes, particularly 


$0. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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the phenomenon of total reflection. Although in the 
case of neutrons the index of absorption is, as a rule, 
not only very small by itself but also small compared to 
n—1, it will turn out that absorptive processes have 
still a very characteristic effect.? Precision determina- 
tions of the coherent scattering amplitude made with 
the aid of measurements of the critical angle will be 
seen to depend in a noticeable amount on the presence 
of an absorption cross section. 

Absorptive processes are, for the present purpose, 
not only produced by pure capture but equally by any 
incoherent scattering process that may occur. The 
incoherently scattered beam constitutes, as far as re- 
fractive processes are concerned, simply a loss to the 
original beam; for the formal treatment, capture cross 
section and incoherent cross section enter quite sym- 
metrically.® 

To account for such general absorption processes in 
the Schrédinger equation, we write it in the form 


Ay+ky+ivyky=0. (2) 
The expression y stands for the sum 
y=NactN ai. (3) 


In (3), we have denoted by o, and o; the cross section 
of capture or incoherent scattering and by N; and N, 
the number of particles per unit volume possessing 
these cross sections. Since it is always true that y<k, 
the solution 

y=e ikze—hyz (4) 


of (2) gives for the density of the neutrons the ex- 
pression ~e~7*. We see that the exponential damping 
has the right coefficient which justifies the addition of 
the imaginary part of the Schrédinger equation. 

If we now study the reflection of a neutron wave in- 
cident under the glancing angle ¢<1 on a medium with 
the index of refraction m and the damping term y, we 
find from the boundary condition at «=0 the following 
relations: 


kz + hy? = k(n?+ ‘y/k) = k(1—25+iy/k), 
1—n=6<1, 

k,' =k, =k cosp=k(1—¢*/2), 
keh? — kh (25—ty/ kk (ge? — 256+ iy/k) 
~(k,"/¢")(¢?—25+47/k), (8) 
|e—(¢?—26+iy/k)!|? 


——_—_—_—___—__—_] , (9) 
let (¢y?—25+iy/k)!] 


k,’—kz|? 


r= |——_| = 
k.'+k, 
where r= coefficient of reflection. 


In the absence of absorption, the reflection coefficient 
for values of ¢= go(1+ p), where 


¢o°= 26, 


°O. Halpern and C. B. Shaw, Phys. Rev. 78, 88 (1950). 
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can be shown to be given by 
r=1—(32p)!, (p<1). 
It is well worth remembering that according to (10) 
the reflection coefficient differs from unity by about 10 
percent if p is as small as 3X 10~. 
In the presence of absorption, the reflection coeffi- 
cient at the angle 


(10) 


¢’=26 


(which would correspond to the critical angle in the 
absence of absorption) amounts to 


ro= 1— (2y/k5)!. (11) 


Here we have assumed that 
y/ki<K1. 


(11) is always valid except perhaps in the neighborhood 
of absorptive resonances as they may occur, for ex- 
ample, in Cd and Mn. 

If we choose for illustrative purposes the values 10~* 
and 10~ for the ratio 2y/ké, we find that rp becomes, re- 
spectively 0.9 and 0.97. 

Equation (9) shows that the angle = go(1—g), 


y/8ki<g<1, 
has to be used to obtain a reflection coefficient of about 
r=1—(y/kd)[1/(2g)!]. (12) 


If the ratio y/kd=10~ then one obtains for g=1/30 
the value r~0.96. 

The case of H and its components deserves special 
mention. Here the large incoherent scattering cross 
section gi~80b makes the ratio exceptionally favor- 
able for the discovery of the influence of “absorption” 
processes on total reflection. 


III. SCATTERING DUE TO DISORDER 
IN CRYSTALS 


It has been shown! that an otherwise ideal crystal 
composed of two randomly distributed constituents 
which have respectively the scattering amplitude, a, 
and dz, has a cross section of disorder scattering of the 
amount 


o = 490 1€2(a;— a2)’. (13) 


Here c, and cz denote the percentages of the two con- 
stituents. This formula has, among other things, been 
applied to the study of the scattering amplitudes of two 
isotopes constituting a single crystal." 

Lately,’® this method has been used to determine 
the scattering amplitudes of mixed crystals, in par- 
ticular NiMn. After determining the coherent scatter- 
ing amplitude of the element Ni, a rather large disorder 
cross section was found for the mixed crystal, which 
fact constituted convincing proof that the scattering 


10 P. J. Bendt and I. W. Ruderman, Phys. Rev. 77, 575 (1950). 
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amplitudes of the elements Ni and Mn have opposite 
sign. 

The authors,’® in evaluating their data, have not 
paid attention to some additional information con- 
tained in them which does not seem to be without 
interest. They observed a disorder scattering cross 
section for pure Ni of the magnitude of ~4b. Keeping 
in mind that the percentages of the two dominant Ni 
isotopes are ~70 percent and 30 percent, one obtains 
for the coherent scattering cross section of Ni** and 
Ni®, respectively, the values 


os3=25b; o¢o= 1b. 


This result is somewhat surprising, since the two 
isotopes appear to have probably the largest and small- 
est coherent scattering cross sections known so far. 
Still, our result seems to be confirmed by measure- 
ments" on Ni in which one or the other of the isotopes 
was enriched, which led to the result of 27b and 1b, 
respectively.” 

The study of the neutron polarization effect upon 
lisorder scattering may in some cases lead to a deeper 
knowledge of the composition of a mixed crystal. 

Consider the behavior of a mixed crystal or poly- 
crystal, one component of which shall be, e.g., Fe. 
The mixed crystal shall be magnetized close to satura- 
tion. Denote the nuclear coherent scattering amplitude 
of Fe by a;, its magnetic scattering amplitude, which, 
of course, depends on the direction of the spin of the 
incident neutron, by a,, and the coherent scattering 
amplitude of the second component by a2. To obtain 
insight into the effect which this admixture will have 
upon polarization phenomena we proceed as follows. 

Imagine all atoms of the second component replaced 
by Fe atoms; also add at the places occupied by the 
atoms of the second component anti-Fe atoms, that 
means Fe atoms with inverted sign of the nuclear and 
magnetic scattering amplitude. We then have first a 
complete crystal (polycrystal) containing saturated Fe 
and, in addition to it, at random places an equal 
number of coincident atoms 2 and anti-Fe atoms. 
Their scattering amplitude will, therefore, be 


(14) 


Since they are distributed randomly, they will scatter 
isotropically as far as the nuclei are concerned and with 
the form factor of a,, as far as the magnetic scattering 
is concerned. They will add to the polarization effect 
of the Fe crystal (polycrystal) provided that a:<a, 
since then the relative sign of nuclear and magnetic 
scattering is the same as it is in Fe and will diminish 
it if a2> a}. 

" Koehler, Wollan, and Shull, Phys. Rev. 79, 395 (1950). 

1 When the author described his result for Ni during a lecture 
course at Brookhaven National Laboratory in the summer of 1950, 
Professor M. Goldhaber pointed out that the values theoretically 
obtained were confirmed by some recent Oak Ridge measurements 


(reference 11). We want to thank Professor Goldhaber for calling 
our attention to these results. 


d@=d2— d,— Am. 
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The result just now obtained was essentially based on 
a random distribution of the atoms 2. But the method 
just discussed permits us, without too great difficulties, 
to discover experimentally a possible case in which the 
atoms 2 are not randomly distributed among the Fe 
atoms but form microcrystalline aggregates among 
themselves; these in turn may be randomly located 
among the Fe atoms. 

The case just mentioned falls into a category dis- 
cussed to some extent in Paragraphs VI and VII of an 
earlier investigation.’ We proceed again by filling all 
spaces occupied by atoms 2 simultaneously with Fe 
and anti-Fe atoms, thus obtaining a complete iron 
crystal (polycrystal) and in addition randomly dis- 
tributed microcrystals, the elements of which have 
again the scattering amplitude d. We learn now from 
reference 13 that these randomly distributed micro- 
crystals will essentially scatter into an angle of the 
order of magnitude \/dZ"*, where d is the lattice dis- 
tance; their integral cross section is proportional to 
@Z**, where Z denotes the total number of atoms con- 
tained in a microcrystal. If now the transmitted beam is 
analyzed with the aid of a counter subtending different 
angles, one can separate the small angle contribution 
arising from the presence of the microcrystals and, in 
particular, measure, without extreme difficulty, the 
influence of magnetization. Any polarization effect can 


be expected to be rather large because the form factor 
of the magnetic scattering amplitude will be close to 1; 
it is well known that at the angle at which the first 
Debye-Scherrer rings occur in Fe, the magnetic form 
factor is smaller than 3. Experiments of this kind would 
permit direct study of possible agglomerations of the 
second component in ferromagnetic mixed crystals. 


IV. NEUTRON EXTINCTION PHENOMENA 


In a recent note, R. J. Weiss" discusses extinction 
effects in the transmission of neutrons through poly- 
crystalline material; absence of extinction shows itself 
in the proportionality of the effective cross section 
with the cross section of the isolated nucleus. He ar- 
rives at the conclusion that the treatment of this ques- 
tion which for neutrons was first given in reference 1 
(and later extended to the case of polyatomic lattices 
by Fermi, Sturm, and Sachs'*) is insufficient in both 
papers ; he claims that only his investigation shows how 
information concerning grain sizes and the length of the 
constitutive microcrystals (mosaic blocks) can be ob- 
tained. The position taken by Weiss" is not acceptable 
to us. 

What follows is largely a paraphrased version of p. 
984, the right column of p. 987, and the left column of 
p. 989 of reference 1. The discussion there given has 


8. Halpern and E. Gerjuoy, Phys. Rev. 76, 1117 (1949). 
4 R. J. Weiss, Phys. Rev. 86, 271 (1952). 
16 Fermi, Sturm, and Sachs, Phys. Rev. 71, 589 (1947). 
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apparently not been appreciated, to judge especially 
by the last paragraph of reference 14. 

One talks about primary extinction if the cross sec- 
tion of a microcrystal (mosaic block) calculated by 
Born approximation is comparable with its geometric 
cross section. Similarly we say that secondary extinc- 
tion is present if the cross section of the grain compares 
with its area. 

If one assumes that the microcrystals (due to dis- 
order within the grain) scatter incoherently so that 
their intensities add, then the grain cross section obvi- 
ously reaches its maximum if the microcrystals, though 
disordered, are still so well aligned that the incident 
radiation can strike all of them approximately under 
the Bragg angle. For the estimate of the maximum 
cross section of the grain we had explicitly’ introduced 
this assumption. 

Denoting by .V; the number of scatterers along one 
linear dimension of the microcrystal, by Ny, the same 
number for the grain, by a the nuclear scattering ampli- 
tude, and by d the length of the unit cell, we found [see 
Eqs. (2.9) to (2.12) of reference 1] the following condi- 
tions for the absence of primary and secondary ex- 
tinction, respectively: 


(14a) 
(14b) 


Nia/d<1; 
NiN .@/P<1. 


We showed numerically that for a typical case of Fe 
primary and secondary extinction are small; we also 
pointed out that for larger sizes of the constituents 
extinction may well be present and actually seems to 
have been observed, for example, with Cu. 

After some deliberations which we were not quite 
able to follow, Weiss" also accepts our assumption that 
primary extinction is generally absent; his condition 
agrees with our (14a) after allowance is made for the 
new meaning of V in his Eqs. (6), (7) which now denote 
the number of scatterers per unit volume. Similarly his 
condition for the absence of secondary extinction oT<1 
is equivalent with (14b). This is not surprising since we 
both are dealing with conventional x-ray theory applied 
to neutron diffraction. The lengthy and comprehensive 
formulas quoted by Weiss from the monograph of 
Zachariasen reduce, of course, for the limiting cases 
discussed, to the simple expressions underlying our 
treatment. 

Weiss! points out that particularly near the cut-off 
wavelength strong diffraction occurs over a wide angu- 
lar range in the neighborhood of the Bragg angle. He 
therefore concludes (rightly) that this case is most 
favorable for secondary extinction since it is then likely 
that the microcrystals are better aligned than this 
angular spread around the Bragg angle; to have over- 
looked this fact is his principal accusation against the 
earlier treatments.''® But he has missed the point that 
for the purpose of making our condition for the ab- 
sence of secondary extinction most stringent we have 
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just assumed! such a behavior of the microcrystals 
within a grain to occur, even far away from cutoff. 
Very clearly his condition for the absence of secondary 
extinction in the most unfavorable case is no more re- 
strictive than ours. 

But there exists a physical difference between x-ray 
and neutron diffraction in the case of a ferromagnet 
which leads to the well-known transmission effects due 
to polarization. We have laid! great emphasis on the 
fact that marked extinction would show itself in a 
radical reduction of these transmission effects. Obvi- 
ously if the cross section of the grain is no longer pro- 
portional to the cross section of the elementary scatterer, 
then a slight change of the latter, produced by mag- 
netization, will not affect the total transmission very 
much. A study of the transmission effects therefore 
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permits insight into extinction effects even if sharp 
spectral resolution is not feasible. 

In this connection an extinction problem deserves to 
be mentioned which is not treated in any exposition 
based on conventional x-ray theory. For wavelengths 
very near the cutoff it may occur that the angular width 
of the beam is larger than the deviation of the Bragg 
angle from 2/2. This is contrary to the assumption 
underlying all x-ray theories; these x-ray treatments 
are realistic since one can see by a closer study that the 
case mentioned before can be established experimentally 
only with great difficulty. Still, it constitutes at least 
a mathematical problem which perhaps at some future 
time will find its experimental counterpart. 

The author appreciates the cordial hospitality ex- 
tended to him by the Brookhaven National Laboratory. 
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The angular correlations between alpha-particles and gamma-rays in transitions between states of Ne” 
and the low excited states of O'* have been studied at the 669-, 874-, and 935-kev resonances for proton 
capture in fluorine. The alpha-particle groups were separated magnetically from each other and from 
scattered protons. The results lead to definite assignments of spin and parity to the nuclear states involved, 
and show that the first four excited levels of O"* are consistent with a simple alpha-particle model for this 
nucleus. Where interference between states occurs in the reaction, the phase differences are in accord with 


the predictions of modern dispersion theory. 


I. INTRODUCTION 


HE level structure of O'* has been the subject of 

many experimental and theoretical studies, and 
particular interest has been directed at those states 
which can be reached by the F"(p,a) reaction. (See, 
for example, the review article by Hornyak ef al.') The 
resonance levels in Ne”® formed in this reaction decay 
predominantly by alpha-particle emission; besides the 
transition to the ground state of O'*, four distinct 
alpha-particle groups have been observed, associated 
with transitions to the first four excited states of O"*. 
Much of the interest in these levels in O"* lies in the 
attempt to identify them with the low states of excita- 
tion of a bound system of four alpha-particles (Wheeler* 
and Dennison*). It is known that the first excited state 
of O'* (6.05 Mev) has spin zero and even parity [de- 
noted by (0,+)] (Devons and Lindsey‘) and that the 
second excited state (6.13 Mev) has the designation 
(3,—) (Barnes et al.'), These do in fact correspond 


' Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

2 J. A. Wheeler, Phys. Rev. 52, 1083 (1937). 

3D. M. Dennison, Phys. Rev. 57, 454 (1940). 

4S. Devons and G. R. Lindsey, Nature 164, 539 (1949). 

5 Barnes, French, and Devons, Nature 166, 145 (1950). 


(though in reversed order) to the first two excited 
states predicted by Wheeler and Dennison for a tetra- 
hedral arrangement of alpha-particles, and the experi- 
ments described in this paper were carried out with 
the aim of extending the comparison to higher levels. 
The levels in Ne*® formed by resonance capture of 
protons in fluorine seem to be of two kinds, namely, (a) 
those that can decay by emission of long-range alpha- 
particles to the ground state of O'*; (b) those that emit 
short-range alpha-particles followed by gamma-rays. 
(From all levels of type (a) one also observes transitions 
to the well-known pair emitting state of O'* at 6.05 
Mev.) It is usual to ascribe the absence of long-range 
alpha-particle emission for type (b) to a strict selection 
rule arising from the need to conserve total angular 
momentum (/) and parity (P) in the transitions; this 
is achieved by supposing that the Ne” levels concerned 
have odd J with even P, or even J with odd P. A full 
discussion is given by Chao.* The present work was 
confined to levels of this type, and consisted of a study 
of angular correlations between the various alpha- 
particle groups and their associated gamma-rays. 


®C. Y. Chao, Phys. Rev. 80, 1035 (1950). 
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Fic. 1. The three-stage process. 


II. PLAN OF THE EXPERIMENTS 


The reaction with which we are concerned is essenti- 
ally a three-stage process, with two well-defined 
intermediate states: 


Ne*0'*+4a, O'0'6+ 7, 


It is thus possible to observe three types of angular 
correlation, which we can denote by (p,q), (p,7), and 
(a,y), respectively. In the usual experimental arrange- 
ment with a fluorine target and a collimated beam cf 
protons the first two types correspond to straight- 
forward angular distribution measurements. The third 
type must involve coincidence measurements in order 
to define a unique direction for the emitted alpha- 
particles. The three angular distribution functions are 
clearly related, since they are determined by the spins 
and parities of the nuclear states and by the orbital 
angular momenta of the captured and emitted particles, 
and it may be necessary to study all three types of 
correlation in order to obtain an unambiguous analysis 
of. the process. 

The proton capture resonances suitable for a com- 
plete study of this sort are those at 340-, 669-, 874-, and 
935-kev proton energy, if we restrict attention to 
energies below 1 Mev (the highest energy available to 
us). These resonances are fairly narrow and have 
sufficiently large cross sections; the branching of the 
competing alpha-particle emissions to the gamma- 
emitting states of O'* (denoted in the usual way by a, 
a, and a; in ascending order of excitation) changes 
markedly from one resonance to another. At the lowest 
resonance (340 kev) nearly all the transitions are to the 
a, level of O'* at 6.13 Mev. Studies at 340 kev of the 
(a,,y) correlation (Amold? and Barnes et al.5) and of 
the polarization of the gamma-rays (French and 
Newton*) have shown that the gamma-rays are electric 
octupole, and also that the compound state in Ne”? is 
(1,4) and is formed by s protons. The observed 
isotropy of both alpha-particles (Van Allen and Smith’) 
and gamma-rays (Devons and Hine’®) with respect to 
the protons supports these conclusions. 

We have used the definite assignment (3,—) for the 


p+ Fs »Ne2*, 


7W. R. Arnold, Phys. Rev. 79, 170 (1950); 80, 34 (1950). 

8 A. P. French and J. O..Newton, Phys. Rev. 85, 1041 (1952). 

9 J. A. Van Allen and P. Smith, Phys. Rev. 59, 501 (1941). 

1S. Devons and M. G. N. Hine, Proc. Roy. Soc. (London) 
A199, 56 (1949) 
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6.1-Mev level in O'* to find spin values for the higher 
resonances in Ne” by observing their (a,7) correlations. 
Measurements of the (a2,7) and (a3,y) correlations at 
these resonances have then enabled us to find the spins 
of the 6.9- and 7.1-Mev levels in O*, with supporting 
evidence from the corresponding (p,a) and (p,7) 
angular distributions. 


Ill. THEORY OF THE METHOD 
(a) Statement of the Problems 


Before describing the experiments we shall give a 
brief outline of the theory of a three-stage process as 
it applies to the present problem. Let the incident 
proton define a z axis, and let the compound state in 
Ne” be denoted by C,. Suppose that C, breaks up with 
the emission of an alpha-particle at an angle 0. to the 
proton beam, leaving an excited state of O'® denoted 
by C,. Emission of a gamma-ray from C, then takes 
place at an angle 6, to the proton beam and in a plane 
at an angle g, to the plane defined by the proton and 
alpha-particle directions. This is illustrated in Fig. 1. 
The differential cross section for emission of an alpha- 
particle into a solid angle dQ, at 0. and a gamma-ray 
into dQ, at (@,,¢,) when the proton bombarding 
energy is E£ is then given by 
do(E, 8a, 91, ey) 

(A | H,|C,C,| H2|C.C.| H| B)|? 
ena fon 
r8 E-E,+h7, 


where the numerator inside the modulus is a product 
of three matrix elements representing the formation 
and break-up of C, and C,. These matrix elements can 
then be resolved into an unknown factor depending on 
the specifically nuclear properties of the process and a 
transformation coefficient which describes the combi- 
nation of angular momenta and is precisely known 
(Condon and Shortley"). 

In the F°(p,ay) reactions it is reasonable to assume 
that only one excited state of Ne’ and one excited 
state of O'* are involved for a given type of transition, 
but a summation must be made over (a) the spin states 
of the participating nuclei and (b) the various possible 
orbital momenta of the incoming protons and the 
outgoing alpha-particles. Since the final state in O'* has 
zero spin, only one type of multipole transition is 
possible for the gamma-radiation from a state of given 
spin and parity in the excited O'*. To take the analysis 
further it is convenient to discuss the three types of 
angular correlation separately. 


(b) (p,a) Correlations 


In this case we are not concerned with the direction 
of emission of the gamma-ray, and the function de- 


4 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Specira (Cambridge University Press, Cambridge, 1935 and 1951). 
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scribing the angular distribution of alpha-particles 
relative to protons becomes 


W(O)= LLL POG, je; 


jis Jen 1 


XL fl, FitFe Jos; l’, m’')Y 
v 


1, O| Je, Ja) 
™’ (Ba, 0)|* 


=D LIL (A+1) FG, G25 1, Ol Ivy Irs)|? 


iije Jen 1 


x Lift’, Faltu Fails m')V v™' (Ba, 0) * 
Vv 


Here j is the resultant spin (0 or 1) of the F™ nucleus 
and a proton, and J,, J, are the total angular momenta 
of the excited Ne”® and O"*, respectively. f,(J) and f,(l’) 
are complex factors describing the probability ampli- 
tudes associated with the different orbital momenta. 
Y,™ is a spherical harmonic. (It should be noted that 
the Ne? levels with which we are concerned can arise 
only from the spin state 7=1.) 

In the present reaction it is sufficient to consider the 
two lowest possible values of / and /’. (For the latter 
only one value is in fact allowed for some transitions 
by the conservation rules for total angular rnomentum 
and parity.) 


(c) (p, y) Correlations 


In this case we must integrate the differential cross 
section over all directions of the outgoing alpha-particle. 
Since the alpha-particle wave is described by a super- 
position of spherical harmonics, which are orthogonal, 
the integration eliminates interference between the 
different /’, and the angular distribution of gamma-rays 
becomes 


WO,= DX X( (20+-1)*fe)(J, Jest, O| Jr, Ira) 


iis Um’ 
X fell’ Try Sea| Tay Jes; U', m') Es,7*(8,, ey) |? 
+ y 2d | L(+ 1)'fr Qj, Js; 4, 0| Js Je)? 


iia Ulm 
x | fl’), Fea| Fes Suits m’) |? 
X | Ev.7*(6,, gy) |?. 


Ey,” is the matrix element for the radiative transition 
to the ground state of O'*. All other quantities have 
the same meaning as before. 


(d) (a, y) Correlations 


Since we are now interested in the angular distri- 
bution of the gamma-rays relative to the alpha-parti- 
cles, it is convenient to use the alpha-particle direction 
to define a new axis of z. Let us call it 2’. The problem 
can then be stated as follows: We quantize the system 
C, along an axis which is the direction of an incident 
proton. We then wish to quantize it again along the 
direction z’ before going through those transformations 
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that correspond to the break-up processes. A compound 
state characterized by given values of J and J, with 
respect to the original < axis is then described as a 
coherent superposition of states of the same J but with 
all possible values of J,, between +J and —J, and 
the probability amplitude associated with a given J, 
is given by a transformation coefficient Cy,,/.". In our 
experiments 2’ is at right angles to z, so that Cy, J, 
can be written as the amplitude associated with J, in a 
scheme in which J, is diagonal. Once one has set up 
the matrix of J, (e.g., Schiff”) the C’s can be very 
easily found ; they are solutions to equations of the type 


(J 2] Je— WC ie t2-1+(Se| Jet 1)Ci, Jet =I Cia Sz 
The angular correlation function is then given by 


Wa, (O)= DL | L(+ LOY, je5 4, O| Ivy Ire) 


ide 8 


KX ES Cired ee (2 +1) 6,0) 


Tran 
XS ey Feet | Je) Jaz U, 0) Es,7'(8, g)|?. 


Here @ represents the angle between alpha-particle 
and gamma-ray, and g, the angle between the p-a 
plane and the a-y plane. An equivalent treatment is to 
transform to the z’ axis before considering formation 
of the compound Ne”. (We are grateful to Mr. G. A. 
Jones for suggesting this method.) In this case an 
incident proton wave described by P;(cos@) can be 
expressed as a coherent superposition of the (2/+-1) 
spherical harmonics Y,"'(6’, gy’), where angles @ are 
measured relative to z and (6’, y’) relative to 2’. The 
transformation coefficients are the spherical harmonics 
Y,™ (82, 0) (see, for example, Smythe"). By this method 
the (a,y) correlation in a plane perpendicular to the 
proton beam is given by 


Wa r@= LX |X f)¥i"'(x/2, 0) 


iis im 


Xj, je5 bm’ |Ty Jee (+I fA’) 
- 
K (Ivy Tre | Sey Tea 5 UY, O)Es,7 (8, g)|*. 


(e) Tabulation of the Formulas 


In Table I we have set out the explicit formulas for 
(p,a), (p,v), and (a@,y) correlations for those quantum 
states of Ne”® and O'* that are of possible relevance to 
our experiments. Where two angular momenta of 
protons or alpha-particles contribute to the reaction, 
we put 


fAl+2)/f(Q=Ae*, fll’+2)/f.0)= 


Thus, @ and £ represent the phase differences between 


Be*®, 


2L. I. Schiff, Quantum “pg (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p 

BW. R. "Smythe, Static and yal Electricity (McGraw-Hill 
Book Company, Inc., New York, 1949), p. 151, 
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Taste I. Theoretical angular correlation patterns. [Note: In transitions from (2,—) levels of Ne® the (a,7) pattern depends 
on the angle ¢ (Sec. III(d)) since /#0. The formulas given are obtained for g=90°. } 
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ANGULAR CORRELATIONS IN 


interfering states of the system, A and B their relative 
amplitudes. One simplification has been made in 
setting up the table, namely, the restriction of / (but 
not /’) to its lowest value only in the formulas for (a,7) 
correlations. This has some justification (see Sec. VI 
below). All angular distributions are expressed for 
brevity in powers of x=cos*@; the absence of odd powers 
of cos@ comes from our initial assumption that there is 
no interference between different states in Ne”® and O"*. 


(f) Evaluation of Phase Shifts 


According to the modern dispersion theory (Wigner 
and Eisenbud") the intrinsic widths of nuclear levels 
are real, so that the phase shifts a and 8 (apart from 
an uncertainty of +) are due entirely to the Coulomb 
and angular momentum barriers. In our problem there 
is no relative phase shift associated with the resonance 
denominator (E— E,+4iI,) since it remains the same 
for all orbital momenta, only one nuclear level in Ne”® 
or O'* being involved. 

The phase shift associated with an orbital momentum 
lin a Coulomb field is given (e.g., Bloch et al.'*) by 


6,:= —tan-"(F,/G))—n log(2kR)+0.—4lx, 


where the quantities have their usual significance, viz., 
F,, G, are the regular and irregular solutions of the 
Coulomb wave equation; n=(Z,Z2e?/hv); k=uv/h, p 
being the reduced mass of the system; R=nuclear 
radius; and o,=argI'(/+1+ 7»). 

In the present reaction the proton and alpha-particle 
energies are well below the respective barrier heights, 
so that F;<G,, and the phase difference between two 
waves of orbital momenta /, /+2 becomes 


6,142= C142—-01- 8 


n n 
= tan~\—__+ tan“'—_— f. 


+1 


The numerical values of cosa and cos@ are therefore 
determined by the energies and orbital momenta of the 
protons and alpha-particles, and do not depend on a 
choice of nuclear radius. Thus, the only parameters at 
our disposal in fitting an observed correlation are the 
magnitudes of A and B and the signs of cosa and cos@. 


IV. EXPERIMENTAL METHOD 
(a) Angular Correlations 
(1) Detectors 


At the 340-kev resonance, the a-particles have a 
longer range than the scattered protons, so that measure- 
ments on the (ai,y) and (p,a:) correlations can be made 
with a proportional counter or ionization chamber with 
a thin window to exclude the protons. For the higher 
= E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

16 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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Fic. 2. Alpha-particle spectrum at 935-kev proton energy. 


resonances, all three alpha-particle groups have shorter 
ranges than the scattered protons, and some form of 
energy analysis becomes necessary. The most con- 
venient method, also allowing complete separation of 
the alpha-particle groups from each other, is to use a 
magnetic spectrometer. 

In the early stages of the work an analyzer with 60° 
inflection focusing was used. It had a resolution of 4 
percent in energy and a solid angle of 1/5000 of a 
sphere. In the (a,y) angular correlation measurements 
alpha-particles emitted at 90° to the incident proton 
beam were observed; the detector was a thin zinc 
sulfide screen with photomultiplier. In conjunction 
with this, a liquid scintillation counter was used to 
detect the gamma-rays. The phosphor was a 2 percent 
solution of terphenyl in toluene which subtended a 
solid angle of 1/25 of a sphere at the target, and had a 
counting efficiency of 10 percent for 7-Mev gamma-rays. 
With this arrangement it was possible to study angular 
correlations for the more intense alpha-particle groups. 

A substantial improvement in the experiments was 
effected later when a 180° double focusing magnetic 
analyzer for the alpha-particles and a sodium iodide 
scintillation counter for the gamma-rays became avail- 
able. The magnet was designed by Dr. J. M. Freeman 
and is of the type described by Snyder et al.'* It has a 


6 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
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Fic. 3. Schematic diagram of experimental arrangement. 


solid angle of 1/1500 sphere with a resolution of 4 
percent in energy. Figure 2 shows a typical alpha- 
particle spectrum obtained with this analyzer and 
serves to demonstrate the complete separation of the 
groups. 

Figure 3 shows the general arrangement. The alpha- 
and gamma-detectors were placed so as to measure the 
angular correlation in the plane perpendicular to the 
proton beam. The gamma-photomultiplier G was 
mounted along the axis of the proton beam, and was 
not moved during the measurements. The phosphor P 
could be rotated about this axis and the scintillations 
were conveyed to the photomultiplier by a curved 
Perspex rod R of 1” diameter enclosed in a light-tight 
brass case. This construction was adopted to avoid 
changes of gain of the photomultiplier which would 
result from moving it in the stray magnetic field. The 
angular aperture of the gamma-phosphor was about 
35°; this was obtained in the later arrangement with a 
1} in.X1} in. mosaic of sodium iodide crystals placed 
2} in. from the target. The large angle of the gamma- 
detector, together with an intrinsic detection efficiency 
of 35 percent, helped to compensate for the small solid 
angle of the alpha-particle detector. 

Although the main use of the improved apparatus 
was to study the weaker reactions, the work on the 
more intense reactions was repeated for the sake of 
completeness, and all angular correlations illustrated 
in this paper were obtained with the new system. 


(2) Coincidence Circuits 


The outputs of the alpha- and gamma-photomulti- 
pliers were amplified and fed into a coincidence circuit 
of conventional design having a resolving time of 
9.3 wsec. The amplified pulses from the gamma-detector 
were delayed by about 0.15 ysec before being put into 
coincidence, in order to compensate for the time of 
flight of the alpha-particles in the spectrometer. As the 
fraction of random coincidences in the total coincidence 
count was appreciable, the random coincidence counting 
rate was continuously monitored: The alpha-particle 
pulses were delayed by 2 usec and put into coincidence 
with the gamma-ray pulses in a second and identical 


coincidence unit. (This method is described by Lit- 
tauer.'’) 


(3) Experimental Procedure 


In all the experiments the target was a thin CaF, 
layer (5 kev for 500-kev protons) evaporated on a 
copper foil 0.004 inch thick. The proton beam current 
was continuously monitored and was maintained at 
about 1 to 2 wA so as to secure a real to random coinci- 
dence ratio of at least unity. Besides the real and 
random coincidence rates, the individual alpha- and 
gamma-counts were measured. After a desired alpha- 
particle group had been selected with the magnetic 
analyzer, alpha-gamma coincidences were measured for 
15-minute periods at a series of angles between 90° and 
180°. An average of six measurements was made for 
each angle, and observations were made at 15° intervals 
in most of the correlations. 

The alpha-particle counting rate with the later 
arrangement varied from about 100 per minute (a at 
935 kev) to 3000 per minute (a; at all resonances). 
The corresponding real coincidence rate was between 
i and 50 per minute. It is perhaps of some interest to 
note that in the most favorable cases a correlation 
could be established to a few percent in 1} hours. At 
the other extreme the (as,y) correlation at 935 kev 
took 25 hours, the a group having an intensity of only 
3 percent of the main group (see Fig. 2). 


(b) Angular Distributions 
Measurements were made at the 874-kev resonance 
on the angular distributions of the alpha-particle 
groups. This work was done with the 60° magnetic 
analyzer at three angles only (90°, 120°, 135°). The 
arrangement was far from ideal, but the results were of 
value in establishing the level schemes. 
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Fic. 4. (a,7) correlations. 
17 R, M. Littauer, Rev. Sci. Instr. 21, 750 (1950). 
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Vv. RESULTS 
(a) (m,y) Correlations 


Figure 4 shows our results for the (a;,7) correlations 
at the 669-, 874-, and 935-kev proton resonances in Ne”. 
The 340-kev curve, from Barnes ef al.,° is inserted for 
comparison. The full curves in (a), (b), and (d) represent 
the modification by the finite geometry of the apparatus 
of a pure octupole pattern: 


1(@)=1+-111 cos*@— 305 cos‘é+ 225 cos*#. 


It can be seen that in each case the curve is a good fit 
to the experimental points. Following the analysis 
given by Barnes ef al.,5 we can infer with certainty 
that the Ne®® resonance levels at 669- and 935-kev 
proton energy have spin 1 and even parity. This was 
suspected previously (Chao*) because of the isotropy 
of the gamma-rays relative to the protons at these 
resonances (Devons and Hine,!® Day et al.'*). More 
recent work by Sanders on the angular distributions 
of the gamma-rays has shown that they are separately 
isotropic at 935 kev, so that it is probable that this 
level is formed mainly by s protons. 

From curve (c) of Fig. 4 it is apparent that the 
874 kev level is not (1,+). Possible alternatives are 
(2,—) and (3,+), and the latter is unlikely since the 
(a1,y) correlation due to it would be very strongly 
anisotropic. Assuming that the level is (2,—) and is 
formed by ? protons, the theoretical correlation in a 
plane at an angle ¢ to the proton beam is given by 


1(6, ¢)~(25+ 46 cos’@—55 cos*é) 
+cos?¢(1— 131 cos?0+355 cos*?— 225 cos*#) 
+ (4/10) B cosp[ (10—151 cos?6+ 440 cos@— 315 cos*#) 
+cos?¢(—1+131 cos?@— 355 cos?+ 225 cos*#) | 
+ (5/2) BL (4+ 109 cos*@— 236 cos‘#+ 189 cos*@) 
+cos?g(1—131 cos?6+355 cos#@— 225 cos*?) ]. 


B and 8 give the relative amplitude and phase of alpha- 
particles having /’=4 and 2, respectively. The full 
curve in the figure is calculated for A=0, B=0.54, 
cos8= —0.245, and is corrected for the spread in @ and 
¢ due to the finite geometry of the apparatus, the 
average value of ¢ being 2/2. The size of cos@ is 
obtained theoretically [Sec. III(f) ], and its sign and the 
value of B are chosen to give the best fit to the experi- 
mental points. 

We consider that these assignments for the Ne”? 
levels [(1,+) at 669 kev, (2,—) at 874 kev, (1,4) at 
935 kev) ] are almost certainly correct, and we shall 
now use them in discussing the transitions to the third 
and fourth excited levels in O'*. 


(b) (ey) Correlations 


Figure 5 shows the (a2,7) correlations obtained at 
the 874- and 935-kev resonances in Ne”. (The correla- 


18 Day, Chao, Fowler, and Perry, Phys. Rev. 80, 131 (1950). 
1 J. E. Sanders, Phil. Mag. 43, 630 (1952). 
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tion at 669 kev could not be attempted because of its 
very low intensity.) The broken curve of Fig. 5(b) is the 
expected pattern (allowing for finite geometry) for a 
pure quadrupole correlation given by 


1(0)=1—3 cos*6+-4 cos*é. 


Despite the rather poor statistics, one can see that the 
curve is a reasonable fit to the experimental points. 
This pattern can only arise if the a» particle is emitted 
with 2 units of orbital momentum and is followed by 
an electric quadrupole gamma-ray. The a level in O'* 
would therefore be (2,+). 

Strong supporting evidence for this assignment is 
provided by the (a2,y) correlation at 874 kev [Fig. 
5(a) |. If our level assignments are correct, Table I 
indicates that the pattern will be dominated by a term, 


1(0, x/2)=1—# cos’6, 


due to p-wave alpha-particles, and that the presence 
of f-wave alpha-particles will reduce the anisotropy. 
The full curve of Fig. 5(a) is obtained by putting A =0, 
B=0.35, cos8=—0.244, and correcting for the finite 
geometry as for the (a,7) correlations. The phase angle 
B is again obtained from the Coulomb wave functions. 
Further support for these values comes from the (p,a2) 
angular distribution at 874 kev [see Sec. V(d) below ]. 


(c) (a,y) Correlations 


Figure 6 shows the (a;,7) correlations at 669, 874, 
and 935 kev. The curves at 669 and 935 kev can be 
well fitted by the formula 


1(0)=1+-cos*6. 
This suggests that the a; level is (1,—), although the 
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pattern could also be obtained with a (2,—) level in 
O"* if B were small (see Table I). The (a3,7) correlation 
observed at 874 kev, however, confirms the former 
assignment, for which the theoretical pattern is 


T(6, ¢)=cos’6 sin?’y+cos*¢. 


A satisfactory fit to the 874-kev correlation could not 
be obtained by assuming the az level to be (2,—), even 
with an arbitrary choice of a and £8 and the introduction 
of terms due to alpha-particles having /’= 4.* 

All three curves of Fig. 6 are obtained by correcting 
the theoretical curves for the finite geometry of the 
apparatus, assuming A =0. 


(d) (p~,a) Angular Distributions 


The alpha-particle angular distributions at the 874- 
kev resonance are given in Fig. 7. The full curves are 
those calculated assuming that the 874-kev level in 
Ne”? is (2,—) and that the aj, a2, and a; levels in O'* 
are (3,—), (2,4), and (1,—), respectively, with the 
values of B and cos$ deduced from the (a,y) correla- 
tions. The (~,a3) curve has special interest because the 
shape of the distribution is very sensitive to the value 
of A. Taking | cosa] =0.439 as given by the Coulomb 


* (Note added in proof: We have since measured the (a;,y) 
correlation in the plane ¢=0 at 874 kev. The result was isotropic 
within +10 percent, thus supporting the (1,—) assignment.) 
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functions, we find the value of A to be 0.1+0.1. This 
is our justification for setting A=0 throughout our 
calculations. It would clearly be desirable to measure 
these angular distributions in more detail. 


(e) (p,y) Angular Distributions 


Sanders has used a deuterium chamber to separate 
the 6.1-Mev gamma-rays (71) from the mixture (y2+7s) 
and has measured the angular distributions of these 
two groups at 874 and 935 kev. As we have mentioned 
previously, the 935-kev y-rays appear to be separately 
isotropic. At 874 kev, Sanders found the (p,71) distri- 
bution to be again isotropic within 5 percent, and 
using our values of A, B, and cosf, the expected 
angular distribution is 


1,(@)=1+0.04 cos’, 


which agrees well with his results. 

To compute the theoretical angular distribution for 
(yetvys) at 874 kev, we have taken the relevant 
parameters from our fitting of the (a,y) correlations, 
and have assumed that the over-all intensities of 7:2 
and 7; are in the ratio 3:1. This approximate figure is 
obtained from our measurements of alpha-particle 
yield, taking account of the angular distributions, and 
the computed (y2+7s;) curve is 


T+,3(0)=1+4-0.36 cos*6, 
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whereas Sanders found 
T243(0)=1+-0.32 cos*6, 
which agrees within the errors of the observations. 


VI. DISCUSSION 


The results described above have suggested a com- 
plete level scheme for the reactions F(p,ay). It is 
illustrated in Fig. 8. The theoretical analysis has been 
given very briefly so as not to obscure the main argu- 
ments, and it may seem at first sight that several other 
level schemes could fit the experiments. When the 
detailed comparison with Table I is carried out, how- 
ever, one finds that the choice of levels is very limited. 

The identification of the states taking part in a given 
transition has been made in the first instance from the 
(a,y) angular correlation pattern. One can see from 
Table I that when a mixture of two orbital momenta 
for the alpha-particles is possible the shape of the 
pattern may be strongly modified. Despite this compli- 
cation, any one correlation measurement usually gives 
the parity of a given level in O'* without any ambiguity, 
and limits the choice of angular momentum (/) to two 
or, at most, three values. The combined evidence from 
our total of nine angular correlation measurements 
then leads to a unique value of J for each level in O'. 
The experiments are not accurate enough to establish 
the precise values of the amplitude and phase factors 
(A,a) and (B,8), but at 874 kev, where we have evidence 
for the (p,a) and (p,y) correlations as well as the (a,7), 
the same set of values of B, together with the theoretical 
phase shifts, will fit all three measurements for a given 
level in O'*, 

We have mentioned earlier (Sec. III) that we have 
not considered more than one orbital momentum for 
the incoming protons in obtaining the theoretical 
expressions of Table I for (a,y) correlations. This is on 
the whole justifiable for a correlation observed in a 
plane at right angles to the proton beam, as the essential 
features of the pattern are not affected by a contribution 
from higher / values. (We have checked this in indi- 
vidual cases.) No such simplification can be made for 
correlations observed in a plane containing the proton 
beam direction, nor, of course, for the angular distri- 
butions of alpha-particles and gamma-rays relative to 
the protons. One drawback of our simplified scheme is 
that the quantities (B,8) must now serve to describe 
the mixing both of incoming proton waves and of 
outgoing alpha-particle waves. Their physical signifi- 
cance is thus slight unless the reaction is dominated by 
the lowest possible orbital momentum for the protons, 
which does seem to be the case in the present reaction. 

Certain features of the results may be specially noted. 
So far as one can tell, there is no difference in properties 
of the 669- and 935-kev resonance levels in Ne”®. Both 
the (a:,y) and the (a3,y) correlations are identical 
within the accuracy of the measurements. The occur- 
rence of radiative capture at 669-kev proton energy 
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and not at 340 or 935 kev (Devons and Hereward”®) is 
therefore rather surprising, if indeed the capture 
gamma-ray comes from the same state as the alpha- 
particles. A careful study by J. E. Sanders (private 
communication) has failed to reveal any difference be- 
tween the excitation functions for the two processes. 

The difficulty of drawing reliable conclusions from 
considerations of potential barrier penetrability is well 
known. In the present reaction it is interesting to 
compare the observed branching ratio between the 
alpha-particles with what one would expect for the 
orbital momenta involved. To make the comparison we 
have computed the penetrabilities by simple barrier 
theory (WKB method as presented by Bethe*) for the 
orbital momenta suggested by our analysis, and have 
normalized them so that the sum of all three alpha- 
particle intensities at a given resonance is unity. The 
experimental branching ratios are taken from the 
results of Freeman,” corrected for angular distribution 
according to Fig. 7 of the present paper and normalized 
in the same way. The results are given in Table II. 
It may be seen that there is a rough correspondence 
between theory and experiment except for the a; 
group at 874 kev and the a, group at 669 and 935 kev. 
These last modes of decay seem to be strongly dis- 
couraged. 


Taste II. Branching of competing alpha-particle emissions. 
The upper figure of each pair is the computed branching ratio. 
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20S. Devons and H. G. Hereward, Nature 162, 331 (1948). 
1H. A. Bethe, Revs. Modern Phys. 9, 177 (1937). 
2 J. M. Freeman, Phil. Mag. 41, 1225 (1950). 
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It is perhaps worth remarking on the successful 
application of modern dispersion theory to predict 
phase differences between interfering states. The 
present reaction is especially amenable to a comparison 
with the theory because the levels are narrow and 
clearly separated, and the particle energies are well 
below the barrier heights. 


VII. THE ALPHA-PARTICLE MODEL OF O' 


The development of the alpha-particle model by 
Wheeler? and Dennison* was carried out when little 
was known of the spins and parities of individual 
nuclear states. The link between theory and experiment 
was provided essentially by some rather indefinite 
evidence on the resonant scattering of alpha-particles 
in helium (Wheeler™) and by the discovery of the pair- 
emitting state of O'* (Fowler and Lauritsen™). This, 
together with a knowledge of the binding energy of one 
alpha-particle in the nuclei C® and O" in their ground 
states, made it possible to advance plausible values for 
the rotational and vibrational energies of an alpha- 
particle system. The symmetry of the system then 
imposed limitations on the quantum numbers of the 
excited states, and tentative level schemes could be 
set up. 

The picture of O'* as a regular tetrahedron implies 
that it has characteristic frequencies for pulsation, 
twisting, and flattening; these are usually denoted by 
w}, w2, and ws, respectively, and are in the ratio of 
approximately 2:1:V2. The lowest nonrotational state 
allowed by the symmetry is a pulsating mode with 
energy /iw;, zero total angular momentum, and even 
parity. It thus reproduces the properties of the pair 
state very well. On the other hand, one would expect 
the lowest rotational state, with no vibration, to lie at 
a lower energy than the pair level at 6.05 Mev. Sy- 
metry requires that it should have the designation 
(3,—), and a conventional figure (~4X10-" cm) for 
the nuclear radius, on which the energy alone depends, 
would place such a level at about 2 Mev. 

Since there is almost certainly no excited state of 
nonzero spin below 6.05-Mev excitation in O'%, it 
seems reasonable to identify the 6.13-Mev level with 
this pure rotational state, and to make use of this 
identification to deduce an effective moment of inertia 
for the oxygen nucleus. The corresponding nuclear 
radius is 2.5X10~-" cm. This is less than the accepted 
value by about the range of nuclear forces, and might 


* J. A. Wheeler, Phys. Rev. 59, 16 (1941). 
™ W. A. Fowler and C. C. Lauritsen, Phys. Rev. 56, 840 (1939). 
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perhaps represent the mean distance of nuclear particles 
from the center of the nucleus. 

If we take the first two states in O'* as defining the 
parameters for the higher rotational-vibrational levels, 
we find that the next three levels would be a doublet 
(2,+; 2,—) and a singlet (1,—) in ascending order. 
The splitting of the doublet is due to an inversion 
mechanism, and its size cannot be accurately predicted, 
although according to Dennison’ it should be small. It 
is satisfactory that the (2,4+-) and (1,—) levels do occur 
in the predicted order, but the absence of the (2,—) 
level remains an anomaly. 

The treatment given by Dennison® does not assume 
that w:; is exactly twice w2. One might therefore use 
the following relations to establish the energies of the 
various modes in O'*: 

Pair state: hw, =6.05 Mev, 
(3,—) state: 6h?/I =6.13 Mev, 
(1,—) state: (17h?/8/)+hws3=7.11 Mev. 


With these assumptions it is possible to estimate the 
approximate level density for higher excitations of an 
alpha-particle structure. In the region 12- to 13.5-Mev 
excitation the predicted level spacing in O'* agrees 
fairly well with that found by Schardt ef a/.** in a study 
of the N'*(p,av), N'°(p,a), and N!°(p,y) reactions. Other 
regions of excitation have not been studied in sufficient 
detail to make an extensive comparison possible. 


VIII. CONCLUDING REMARKS 


This study of the F'(p,ay) reaction seems to bear 
out the usefulness of the alpha-particle model as a 
description of the low states of O'*. It is certainly 
rather difficult to describe all first four states in terms 
of the shell model. 

Although it is unlikely that the alpha-particle model 
will remain valid above the first few excited states, it 
would be interesting to carry the comparison of theory 
with experiment to higher levels in this nucleus, particu- 
larly those in the region between 8 and 12 Mev, which 
has not yet been thoroughly studied. One might also 
hope to obtain fuller information about the level struc- 
ture of Be* and C”, and to find whether these related 
systems can be incorporated within the same theoretical 
framework. 

One of us (J.S.) is indebted to the Department of 
Scientific and Industrial Research for the tenure of a 
research grant over the period in which this work was 
performed. 
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Part I of this paper presented an analysis of the experimentally observed interactions of 300-400 Mev 
protons and neutrons with the nuclei of G-5 emulsion. General evidence for the nucleonic cascade mecha- 


nism of interaction was deduced from these results. 


Goldberger had previously calculated the interaction of high energy nucleons (~90 Mev) with heavy 
nuclei on the basis of an internal nucleonic cascade generated in a Fermi nucleon gas. However, the experi- 
mental test of these calculations by Hadley and York was indecisive. 

Calculations basically similar to the Goldberger type were performed for these interactions, employing 
the Monte Carlo method to treat the rather complicated cascades involved. The theoretical and experi- 
mental results are compared in detail and found to be essentially in agreement within error limits. Hence it 
s concluded that the nucleonic cascade mechanism can satisfactorily explain these interactions. 


1. INTRODUCTION 


ART I' of ‘this paper presented the phenomeno- 

logical analysis of the nuclear interactions pro- 
duced in nuclear 8-sensitive emulsions by high energy 
nucleons, i.e., by protons and neutrons of energy 300 
400 Mev. Since it was demonstrated that at least 80 
percent of the observed interactions were due to colli- 
sions of an incident nucleon with the nuclei of the 
heavy component of the emulsion (AgBr), the ob- 
served events should exhibit the general features of the 
interactions of 300-400 Mev protons and neutrons 
with the nucleus A ~ 100. 

The light element interactions could be approxi- 
mately subtracted from the results by applying the 
data of Blau «and Oliver? obtained using stratified 
emulsions. However, the differences in light and heavy 
element events are not sufficiently great that the small 
percentage of light element events included in the 
data changes the results appreciably within the sta- 
tistical and other error limits. 

For reasons given in the introduction of Part I,' it 
was felt that these experiments could provide a sensi- 
tive test of thé nucléon-nucleus collision model previ- 
ously proposed by Goldberger.’ This paper will report 
the results of Goldberger-type Monte Carlo calculations 
for these interactions and compare them with the 
experiments. 


Il. THE NUCLECN-NUCLEUS INTERACTION MODEL 


The heavy nucleus was represented by the usual 
Fermi statistical gas theory. In this approximation one 
considers the ground state of the nucleus as composed 
of ideal zero temperature noninteracting fermion gases 
of neutrons and protons bound in a uniform potential 


* Jointly sponsored by the ONR and AEC. 
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—|V| for r<nuclear radius, 
0 for r>nuclear radius. 


The resulting Fermi-momentum distribution depends 
upon the effective density of nucleon matter and the 
temperature. 

The simple cubical well solution for the momentum 
distribution was considered sufficient for these crude 
calculations and was employed. It can be represented 
by a sphere of radius equal to the maximum Fermi 
mornentum : 


(1) 


where p is the effective nucleon density, i.e., number of 
nucleons per unit volume. The probability that the 
Fermi momentum of a nucleon will lie in any volume 
element of the sphere is proportional to the volume. 
The nuclear radius was calculated from the relationship 


R=1.4A!X10-" cm. (2) 


Prnsz = (3h* Sar) ‘(p) - 


Since the numbers of neutrons and protons in the 
nucleus A=100 are approximately equal (5:4) and 
Pax depends only on p, the value for the average 
Pmax=22 Mev was employed for all nucleons. The 
average binding energy —|a| per nucleon was assumed 
to be —9 Mev. Hence the average potential well depth 


is 
(3) 


The Coulomb barrier for protons was calculated to be 
about 8 Mev. 

The collisions of the incident high energy nucelon 
(E2 50-100 Mev) with the nucleus were treated ac- 
cording to the Serber* point of view. Since the DeBroglie 
wavelength Anuclear radius, the concept of a definite 
classical trajectory relative to the nucleus was em- 
ployed. Because the effective ranges of high energy 
nucleon-nucleon scattering forces are small in com- 
parison with the mean free path in nuclear matter, it 
was assumed that the general features of the inter- 


*R. Serber, Phys. Rev. 72, 1114 (1947). 


V =Pinaxt |a| =31 Mev. 
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action are determined by a series of single nucleon- 
nucleon scattering collisions. Precisely in this approxi- 
mation the process is represented as a cascade of free 
nucleon-nucleon scatterings. The influence of the other 
nucleons is felt only through the potential barrier, the 
initial Fermi-momentum distribution, and the Pauli 
exclusion principle which forbids collisions correspond- 
ing to final states already filled by other nucleons. 
Furthermore, the scattering collisions inside nuclear 
matter are described by asymptotically measured free 
nucleon-nucleon scattering cross sections. 

The Fermi gas nucleus is assumed to remain in the 
ground state during the development of the internal 
nucleonic cascade. This is equivalent to stating that 
the many-body wave functions describing the nucleus 
are not appreciably affected by the binding forces 
during the cascade collision time. The cascade proper 
is considered to continue until either the moving nu- 
cleons reach the edge of the nucleus with energy greater 
than the nuclear (plus Coulomb) barrier and escape, or 
as a result of a collision the cascade nucleons are de- 
graded in energy below the barrier and are then con- 
sidered thermally captured. The cascade stage then 
ends, and the excited nucleus is considered to enter the 
thermal evaporation stage which will be described by 
the Weisskopf theory.® 

This treatment of the problem would clearly become 
more and more justified as the density of nuclear 
matter were progressively decreased by an expansion 
of the nuclear volume. However, as long as the incident 
nucleon in a collision is characterized by a A (DeBroglie 
wavelength) much less than the nuclear diameter, and 
a mean free path in nuclear matter long compared to 
the effective scattering ranges, this treatment could 
perhaps be expected to predict at the very least the 
gross statistical features of a large number of inter- 
actions. This is likely even though each individual cal- 
culation was appreciably in error, since the quantum- 
mechanical departures from this simple semiclassical 
cascade (which probably corresponds to the mean be- 
havior) would tend to average out when one groups 
together a large number of interactions. Chew and 
Wick® have considered the errors involved in these 
assumptions in their treatment of the impulse ap- 
proximation and have concluded that, at least for 
nucleons of energy greater than 50 Mev, multinucleon 
scattering corrections are not too large. Hence, at least 
for the faster nucleons, these assumptions may appear 
reasonable. For those below 50 Mev they certainly be- 
come less valid; however, one can hope that the im- 
portant characteristics of these collisions will still 
correspond, in general, to the single nucleon-nucleon 
collision. 

In any case the treatment of so complicated an inter- 
action by a simple and crude model cannot possibly 
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be justified analytically, and one will have to decide its 
usefulness in the last analysis simply by comparing pre- 
dictions with experiment. 


III. THE GOLDBERGER MODEL CALCULATIONS 
A. The Goldberger Work 


Goldberger developed the Serber ideas on high energy 
nucleon-nucleus interactions into a detailed model for 
calculating these interactions on the basis of the genera- 
tion of a semiclassical internal nucleonic cascade in a 
Fermi gas nucleus. 

To treat complex cascades of this type and retain 
all the natural statistical fluctuations he employed the 
Monte Carlo method.’ His original evaluations were 
performed for the interactions of 90-Mev neutrons with 
a Pb nucleus. An experimental check of Goldberger’s 
calculations by Hadley and York® was interpreted to 
be at best only in partial qualitative agreement. 

For reasons previously given (see the Introduction 
of Part I), it was decided that the interaction of 300-400 
Mev protons and neutrons, with the Ag-Br nuclei 
(A = 100) of 8-sensitive emulsion would provide a sensi- 
tive test of the model at these higher energies, where it 
would be expected to be intrinsically more reliable. 
Some general evidence for the internal nucleonic cas- 
cade was deduced from the experimental results de- 
scribed in Part I.' In this paper detailed calculations of 
the Goldberger type for these interactions will be de- 
scribed and the results compared with the experimental 
data. 


B. The Monte Carlo Method 


The Monte Carlo Method’ is a generally valid pro- 
cedure for treating an ordered sequence of processes 
(A, B, C--+-) each of which is characterized by its own 
statistical distribution. One divides each statistical 
distribution into equally probable intervals, and then 
starting with a random choice for A chooses in se- 
quence at random equally probable events for B, then 
for C, etc., until one finally arrives at the end state. 
It is obvious that for sufficiently fine intervals what 
one does is to merely naturally reproduce the process, 
and hence the inherent statistical fluctuations in the 
final state distribution curves should be the same for 
N Monte Carlo calculations as one obtains for results 
based on .V experimentally observed events. Of course, 
this assumes that the statistical distribution curves 
put into the calculations are correct and completely 
describe what happens. The manner of application of 
the method to the present problem will be made clear 
by a description of the procedure. 


7S. Ulam and J. VonNeumann, Bull. Am. Math. Soc. 53, 1120 
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C. The Mean Free Path in Nuclear Matter 


The cross section for p—p scattering has been ex- 
perimentally investigated from 18 Mev to 340 Mev.*-" 
It was found to be essentially isotropic in the c.m. system 
at all energies, to be essentially constant in magni- 
tude from 340-120 Mev, to increase more slowly than 
a 1/energy law between 120 and 31 Mev, and to 
follow a 1/energy law from 31 Mev to 18 Mev. The 
circled points of Fig. 1 represents the experimental 
points, and the solid curve down through them repre- 
sents the variation with energy assumed for these 
calculations. 

The n—p cross section has been investigated from 
40-270 Mev."-" It was found to be anisotropic in the 
center-of-mass system, and characterized by a rather 
flat valley around 90° with symmetrical sharp peaks in 
the forward and backward directions. The effect of 
these peaks is sharply reduced inside nuclear matter 
by the Pauli exclusion principle, which discourages 
small momentum transfer collisions. Hence it was felt 
that a simplification could be introduced by replacing 
the n—p cross section by an equivalent isotropic cross 
section chosen so as to yield the same average energy 
transfer as the actual anisotropic cross section. It was 
found in all cases that the equivalent isotropic cross 
section differed only slightly in magnitude from the 
average height of the valley in the region of the n—p 
scattering curve around 90°. This demonstrates that 
the energy transfer characteristics are mostly deter- 
mined by this region and are not much affected by the 
forward and backward peaks. 

The total cross section of the equivalent isotropic 
curve was reduced by at most 30 percent from the 
original. The actual reduction after taking into account 
the Pauli exclusion principle would be much smaller. 
The equivalent isotropic n— > cross section as a func- 
tion of energy is given by the dashed curve in Fig. 1. 
The circled points were fitted by a smooth curve of the 
form 1/E*, where 0<a<1. The extrapolation of the 
p—p curve to higher energies (~400 Mev) is fairly 
reliable since the curve is constant over the large region 
120-340 Mev, and it is unlikely that it would change 
suddenly. The n—p extrapolation is not so reliable, 
but it is a reasonable guess. 

The mean of the p— p and n— p curves is represented 
by the dash-dot curve of Fig. 1. At the higher energies 
the mean is quite close to the individual cross sections, 
but at the lower energies the separation of the n—p 
and p—p curves becomes appreciable. It is generally 
assumed that nuclear forces are charge independent; 
therefore, one should expect that o,_,~ap~». Inelastic 

® Chamberlain, Segré, and Wiegand, Phys. Rev. $1, 661 (1951) 
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Fic. 1. The nucleon-nucleon scattering cross sections as a 
function of energy. 


cross section measurements with high energy neu- 
trons'*'® generally agree with this assumption. Further- 
more, the similarity of the neutron stars to the proton 
stars, as reported in Part I, is further evidence for this 
assumption. 

The calculations are greatly simplified if one treats 
a nucleonic cascade of nucleons without regard to their 
charge identity. Since the shape of the differential 
cross sections is considered the same (i.e., isotropic), 
the number of neutrons and protons is roughly equal, 
and the mean total cross-section curve does not differ 
too drastically from the individual curves, one can 
approximately replace the neutrons and protons by a 
single type of nucleon whose cross section is equal to 
the mean cross section and whose density is equal to 
the mean nucleon density. This ‘approximation will be 
expected to give reasonable results for the characteris- 
tics of all nucleons, that is, neutrons and protons taken 
together, but will lead to uncertainties in the ratio of 
protons to neutrons. This point will be considered later, 
and it will be shown that it is probable that the emitted 
nucleons are roughly half neutrons and half protons. 

The mean cross section given in Fig. 1 as a function 
of the moving nucleon energy must of course be aver- 
aged over the Fermi sphere. The probability W; of a 
collision with a nucleon in a volume element of the 
Fermi sphere dV; is 


W ,=consto(Pr,) PridVj, (4) 


where Pr; is the momentum of the incident nucleon 
relative to the target nucleon. 

With the exception of the low energy region the mean 
cross section varies in a manner not too different from 


— Leith, Wouters, and MacKenzie, Phys. Rev. 80, 23 
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Fic. 2. A work diagram used in the two-dimensional calcula- 
tions, illustrating the actual development of an interaction. The 
circle represents the cross section of a nucleus of mass number 100. 
Its radius is taken to be R= 1.40A!X10~" cm. 


a const/ Pr, law. Hence, 
o(Pr;)PrdV,;=constdV ;= W,, (5) 


and, therefore, the average cross section over the 
Fermi sphere is the same as the mean cross section for 
the incident energy. In the low energy region the mean 
cross section varies like a 1/energy law, and it can be 
easily shown that in this case also the average cross 
section over the Fermi sphere is the same as the mean 
cross section for the incident energy. Hence, the mean 
free path is a function of energy, 


\(E) = 1/pa(E), (6) 


where £ is the energy of the moving nucleon inside the 
nucleus, p is the density of the nucleons, and ¢(£) is 
the mean cross section as a function of energy given in 
Fig. 1. 

The path length distribution inside the nucleus is 
obviously given by the following distribution law: 


g=en2B), (7) 


where g is the probability of a collision not having oc- 
curred in a distance x inside the nucleus. The distribu- 
tion of path lengths is taken into account by dividing 
qg into 1000 equally probable intervals and picking one 
at random. To each interval, of course, there corre- 
sponds a particular value of «/A(E) given by Eq. (6). 
Evaluating \(£) from Eq. (6) yields the particular path 
length. 


D. The Two-Dimensional Geometry 


One is concerned here with the interaction of a 
parallel beam of high energy nucleons with a spherical 
nucleus of uniform density. The momentum distribu- 
tion of the nucleons inside the nucleus is spherically 
symmetric and characterized by a Fermi sphere. The 
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experimentally determined nucleon-nucleon scattering 
cross sections all possess polar symmetry around the 
line of mutual approach in the center-of-mass system. 
Therefore, it is obvious that there must be a polar 
symmetry around the incident beam direction for all 
final distribution curves. This polar symmetry around 
the incident beam direction suggests that the problem 
might be considerably simplified by an appropriate 
two-dimensional treatment. This is necessary, as a 
three-dimensional treatment would be prohibitively 
lengthy. Let us replace the three-dimensional spherical 
nucleus with a two-dimensional great circle, of which 
a diameter is chosen to be along the incident beam 
direction. A three-dimensional factor which we must 
incorporate in our two-dimensional treatment is that 
segments of this circle formed by a series of chords 
parallel to the beam direction must be weighted pro- 
portionately according to the ring area they present 
normal to the incident beam. The division of half the 
circle of nuclear radius into ten such weighted seg- 
ments is shown in Fig. 2. Only half a circle was used for 
convenience since the final distributions are symmetrical 
around the beam direction. By considering equal num- 
bers of incoming nucleons incident upon each of the 
ten segments, one weights the initial geometry according 
to the true three-dimensional case. 

The three-dimensional Fermi sphere was transformed 
into a two-dimensional circle of the same radius, such 
that the two-dimensional polar angle corresponds to 
the original three-dimensional polar angle relative to 
the incident nucleon direction. However, the two- 
dimensional polar angle now has positive and negative 
values in order to take into account the fact that the 
resultant vector momentum can be directed toward 
the center of the two-dimensional nucleus or away 
from it. The resultant two-dimensional area elements 
are weighted according to the three-dimensional volume 
elements corresponding to their rotation about the in- 
cident beam direction. 

The division of the three-dimensional Fermi sphere 
into 1000 equal volume elements is given in terms of 
this correspondingly weighted two-dimensional repre- 
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Fic. 3. The Fermi momentum sphere. The Fermi sphere used 
in the calculations contained 1000 volume intervals; the above 
sphere contains only 80 for illustrative purposes. 
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sentation in Fig. 3. When a collision takes place, the 
relative probability for the target nucleon to lie in the 
volume element dV; of the Fermi momentum sphere is 
seen from Eq. (5) to be proportional to dV, for all but 
the low energy region. Therefore, equal volume ele- 
ments represent equal collision probabilities, and hence 
the appropriate choice of a collision partner for the 
moving nucleon is a random choice of one of the equal 
1000 volume elements represented by Fig. 3. The low 
energy region would require a different weighting of 
the Fermi sphere; but this only affects the tail end of 
the nucleonic cascade, and it is felt that the results will 
not be affected much by the use of the same Fermi 
sphere weighting throughout. 

This procedure insures that the kinetics of the scat- 
terings such as energy transfer and relative angle be- 
tween the two nucleons involved in a collision will be 
preserved in these two-dimensional calculations. 


E. The Scattering Calculation 


From the directions and momenta of the incident 
nucleon and the target nucleon, one calculates the 
kinetic relations in the center-of-mass system before 
the collision. All differential cross sections are assumed 
to be isotropic; hence, the appropriate division of the 
scattering angle @ into equal probability intervals is 
according to equal cosine @ intervals. 

The choice of a scattering angle interval at random 
then enables one to calculate completely the angles and 
energies of the scattered nucleons. Relativistic calcula- 
tions were used for an incident energy > 150 Mev. Non- 
relativistic calculations were used for energies below 
150 Mev. If the final energy of either scattered nucleon 
was less than 22 Mev (top of the Fermi sphere), the 
collision was forbidden by the Pauli exclusion principle 
and was assumed not to have taken place. The use of 
the mean free path for free nucleons, the subsequent 
calculation of the scattering collisions, and then finally 
the application of the Pauli principle is merely a matter 
of calculatory convenience. It can be shown that the 
appropriate reduction of the scattering cross section 
to only those parts which lead to allowed collisions 
yields the same results as the above procedure. 


F. The Barrier 


In Sec. II it was shown that the average nuclear well 
depth is 30.6 Mev and the Coulomb barrier is 8 Mev 
for protons. Since we are treating average nucleons in 
this calculation, the average Coulomb barrier is about 
4 Mev. Therefore, the total average nuclear barrier is 
about 35 Mev. Hence, it is assumed that if, after any 
collision, a nucleon has an energy of less than 35 Mev, 
it is thermally captured. A nucleon which reaches the 
edge of the nucleus must for consistency lose a kinetic 
energy equal to the well depth (31 Mev) upon escaping. 
Reflection and refraction by the barrier are neglected. 


OF HIGH ENERGY 


NUCLEONS 


G. The Working Procedure 


Figures 2 and 4 are replicas of actual work diagrams. 
Equal numbers of 400-Mev nucleons were considered 
incident upon each of the ten ring area weighted seg- 
ments shown in the figures. Upon entering the nucleus 
the 400-Mev nucleons gained the 31-Mev nuclear po- 
tential. The mean free path for 431-Mev nucleons was 
calculated according to Eq. (6), Sec. II-C. A random 
number table was used for all random choices. A three- 
place random number was chosen to select one of the 
1000 equally probable intervals for x/A(Z), given by 
Eq. (7). Having already calculated \(Z), x was ob- 
tained, and the incoming nucleon trajectory was ex- 
tended a distance x beyond its entrance point. If x fell 
outside the nucleus, this was considered to represent 
the phenomenon of nuclear transparency. If x fell in- 
side, a collision was assumed to attempt to take place 
at x. 

A second random number was chosen to select one 
of 1000 equally probable Fermi momentum intervals 
(shown in Fig. 3). The Fermi momentum and direction 
together with the incoming nucleon momentum and 
direction were used to calculate relativistically the 
kinetic characteristics in the center-of-mass system 
before the collision. A third random number was chosen 
to select a scattering angle interval. The scattering 
angle was introduced, and the calculation was com- 
pleted relativistically to yield the final angles and 
energies of the scattered nucleons. These were plotted 
on the diagram as shown in Figs. 2 and 4. If the final 
energies of either nucleon fell below 22 Mev (the top 
of the Fermi sphere), the collision was assumed not to 
have occurred and the incident nucleon was given a 
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Fic. 4. Another work diagram used in the two-dimensional 
calculations, illustrating the actual development of an interaction. 
The circle represents the cross section of a nucleus of mass number 
100, Its radius is taken to be R= 1.40A!X 10™ cm. 
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ANGLE OF PRONG PROJECTION RELATIVE TO BEAM DIRECTION 


Fic. 5. A comparison of the calculated and experimental: 
(a) gray (>100 Mev) nucleon angular distribution; (b) sparse 
black (30-100 Mev) nucleon angular distribution; (c) black (<30 
Mev) nucleon angular distribution. 


new path length (chosen at random) along the original 
direction. 

In Figs. 2 and 4 the first collision occurred. Each of 
the two moving nucleons resulting from the first colli- 
sion was then given a path length (at random) along 
their plotted directions. The appropriate \(Z) for each 
energy was used. 

The previous procedure for the incident nucleon was 
followed for all products of the cascade until either 
they reached the edge of the nucleus and escaped with 
a loss of 31 Mev, or their energy fell below the nuclear 
barrier (35 Mev) and they were considered captured 
(as illustrated). The circles along the trajectories in- 
dicate positions were collisions attempted to take place 
but were forbidden by the Pauli principle. 

As previously discussed, due to symmetry, only the 
magnitude of the angles of the emergent prongs rela- 
tive to the incident beam direction has significance. 
The sign is meaningless, 
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H. The Thermal Excitation 


One can write the conservation of energy equation 
for these interactions as 


N 
400=¥ E,+ja|(N—1)+U, (8) 


n=1 


where NV is the number of emergent nucleons, |a! is 
the nucleon binding energy, and U is the thermal ex- 
citation. The 400 on the left side represents the incident 
energy. The term )-E, on the right side represents the 
sum of the kinetic energies of the VV emergent nucleons, 
and |a|(V—1 represents the binding energy of the 
emerging nucleons. The —1 is due to the fact that the 
incoming nucleon is not bound. Hence, it is clear that U 
must represent the thermal excitation. Solving for U, 
one has 


N 
U=400-—> E,—|a|(N—1). (9) 

n=l 
The thermal excitation so defined represents the sum 
of two effects. These are the direct contribution of 
thermally captured nucleons, and the excitation energy 
represented by the holes left in the Fermi distribution 
by the directly ejected target nucleons. These two 

effects are roughly comparable in magnitude. 


I. Interpretation of Results 


The two-dimensional treatment used in the calcula- 
tions suggests that probably a reasonable comparison 
of the calculated angular distributions and the experi- 
mental projected angular distributions can be made. 
Of course, the two angles do not correspond in any 
exact manner, but they both have similar two-dimen- 
sional characteristics and it is reasonable to expect that 
the important features of the distributions would be 
common to both. 

The calculations performed give the numbers of 
neutrons and protons emitted lumped together as a 
total number of nucleons. The estimation of the ratio 
of emitted protons to neutrons is a rather difficult one 
to make. This ratio depends in a complex way upon the 
charge of the incident nucleon, the relative values of 
p—p, n—n, and n—p scattering cross sections, the 
relative numbers of neutrons and protons, and the 
number of collisions inside the nucleus. The average 
ratio of protons to neutrons is about 5:4 and could be 
roughly considered equal to 1. The assumption of charge 
independence of nuclear forces is made, and therefore 
On-n*Op—p- Figure 1 shows that over the high energy 
regions On—p~Op—p. Hence, on p=op—p™On—n- 

One would expect the ratio of fast protons to neu- 
trons to be statistically weighted in favor of the in- 
coming charge after the first collision. A very rough 
estimate of this factor would be about 3:1, since only 
half of the n— > cross section (the exchange half) yields 
fast neutrons, while most of the p— p cross section and 
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the nonexchange half of the n—p yield fast protons. 
After a few collisions (estimated 2-3), the ratio would 
begin to approach 1, since this statistical factor is very 
rapidly reduced by the inherent symmetry of our 
assumed cross sections. Furthermore, the excess number 
of neutrons and the faster rise of the n— p cross section 
with decreasing energy than the p—/ would also tend 
to reduce this ratio. 

Since the average number of nucleon-nucleon colli- 
sions found per interaction in the calculations is about 
4.5, it is reasonable to assume that approximately equal 
numbers of protons and neutrons are ejected in these 
interactions. 

The similarity of the neutron and proton induced 
interactions reported in Part I provides direct experi- 
mental evidence for the validity of this assumption. 


IV. COMPARISON OF GOLDBERGER CALCULATIONS 
WITH EXPERIMENTAL RESULTS 


A. Introduction and Terminology 


The results described in this chapter are based on 90 
incident 400-Mev nucleons, of which 60 resulted in in- 
elastic events and 30 went through the nucleus without 
interacting. Within statistics this division agrees with 
the expected calculated reduction of the geometric 
cross section by about 35 percent due to nuclear 
transparency. 

In order to compare the results with the experi- 
mental proton and neutron star data, the same ter- 
minology was used in classifying the emitted nucleons 
as gray, sparse black, or black corresponding to kinetic 
energy greater than 100 Mev, between 100 and 30 Mev, 
and less than 30 Mev, respectively. To correspond to 
the experimental terminology, “prong” is used as a 
synonym for “emitted nucleon.” 


B. Angular Distributions 


The comparison is made directly with projected ex- 
perimental angles as discussed under “Interpretation of 
Results” in Sec. III. Figure 5(a) is a comparison of the 
calculated gray prong angular distribution with the 
experimental proton and neutron star gray prong 
angular distribution. Figure 5(b) is a comparison of the 
calculated sparse black prong angular distribution with 
the experimental proton star sparse black prong angular 
distribution. The agreement in both cases is reasonable 
within statistical limits. However, there seems to be a 
tendency for the experimental gray curve to be some- 
what lower, and the experimental sparse black curve 
to be somewhat higher, in the forward half plane. This 
could represent a real experimental technique effect due 
to the erroneous inclusion of some border gray prongs 
in the sparse black region. 

Figure 5(c) presents the directly ejected black prong 
angular distribution. An exact comparison with the ex- 
perimental results was not possible in this case, since 
the evaporation and light element star components are 
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included in the experimental curve. However, if one 
normalizes the experimental curve to the same total 
number [this was done in Fig. 5(c)], one can see a 
general agreement in the shapes of the curves. The 
additional isotropic component in the experimental 
curve is what one would expect as due to the evapora- 
tion and light element star components. 


C. Mean Prong Numbers 


The experimental results for neutron and proton in- 
duced interactions have already been compared in 
Part I' and shown to be in reasonable agreement within 
the energy differences involved and the added difficul- 
ties in detecting small neutron events. Since the proton 
interactions are the ones on which the actual calcula- 
tions were based and are also the most complete, the 
comparison will be made with their results. 

Table I, line (a), lists the mean numbers per inter- 
action of directly ejected sparse black and gray nu- 
cleons. In Sec. III of Part I, it was concluded that a 
reasonable assumption for the fraction of emitted nu- 
cleons which are protons is }. Using this factor, line (b) 
of Table I is an estimate of the mean number of directly 
ejected sparse black and gray protons per event. Line (c) 
is the experimentally determined mean number per 
proton star. 

The agreement is reasonable for the statistical limits 
given. However, there seems to be a systematic tend- 
ency for calculated values to be slightly higher than 
experimental values. This is what one expects due to 
the loss of zero prong stars in the area scanning which 
are rich in fast prongs. A correction for this could have 
been applied and would have led to an even closer 
agreement. However, this was not considered worth 
while, since one is already within statistical and other 
error limits. 

This systematic experimental underestimation of 
fast prongs will of course operate in all comparisons. 

The black prongs require special considerations, as 
one must add the estimated evaporation contribution 
to the mean number of directly ejected protons. Fur- 
thermore, the conclusions reached about the black 
prongs will be expected to be less reliable than those 
pertaining to the faster nucleons, for several reasons. 
First, the general validity of the model becomes ques- 
tionable at these low energies, since the range of free 
scattering forces becomes larger than the nucleon 
radius, and hence, the effects of multiple interactions 


TaBLe I. Comparison of experimental and calculated 
mean numbers of gray and sparse black protons. 


Line Sparse black Grey 


(a) Mean No. of directly 
ejected nucleons 

(b) Estimated mean No. 
of protons 

(c) Experimental mean No. 
of protons 


0.83+0.16 1.2 +0.22 


0.42+0.1 0.6 +0.12 


0.42+0.04 


0.35+0.04 
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II. Comparison of experimental and calculated 
mean numbers of black prongs. 


TABLE 


Mean No. of directly ejected 
black nucleons 

Estimated mean No. of 
directly ejected protons 
Estimated mean No. of 

evaporation prongs 1.5 +0.2 
Estimated Mean No. of 

visible black prongs 2.1 
Experimental mean corrected 
value 


1.15+0.22 
0.58+0.12 


+0.4 


2.5 +0.2 


with more than one nucleon can be important. Re- 
flection and refraction effects at the nuclear surface, 
which are neglected, can also be important and change 
the results appreciably. It is also doubtful whether a 
moving nucleon of kinetic energy close to the well 
depth can be considered as interacting with a free 
particle gas of nucleons in the potential well. Further- 
more, in treating the evaporation contribution to the 
black prongs, one is confronted with the lack of knowl- 
edge of the relation between nuclear temperature and 
entropy, and must rely on empirical results for the 
relation between excitation and number of evaporation 
prongs. These are not too reliable, due to inherent 
mixing of knock-ons and evaporation prongs; and also 
the effects of the Coulomb barrier at low excitations 
cannot be estimated well due to lack of knowledge of the 
temperature. In addition, it is very doubtful that tem- 
perature equilibrium can even be established in an 
evaporating Fermi nucleus, due to the relatively weak 
coupling for the statistical sharing of energy. 

Nevertheless, it can be hoped that these difficulties 
will not be too serious, and it is worth while to attempt 
to take the calculations seriously even for the black 
prongs and see what results one gets. As we shall see 
shortly, even the black-prong-predicted results seem to 
agree with the experimental determinations. 

The mean number of directly ejected black nucleons 
is given in line (a}of Table II. The estimated mean num- 
ber of black protons is given in line (b). The calculated 
average thermal excitation for all interactions is 50 
Mev. To estimate the number of black prongs corre- 
sponding to this average excitation, we shall use the 
value of 35-Mev excitation per black prong experi- 
mentally determined by Bernardini et al.'* from similar 
cosmic-ray stars. Undoubtedly there were appreciable 
numbers of knock-ons in the spectrum used. Also, we 
are extrapolating to lower excitation energies perhaps 
without justification. However, it is the best estimate 
that can be made at the present time. A thermal ex- 
citation of 50 Mev would then be expected to yield a 
mean evaporation contribution of 1.5 black prongs per 
interaction. One should also include a statistical error 
due to the limited number of interactions. This ex- 
pected evaporation mean prong number is given in 


‘© Bernardini, Cortini, and Manfredini, Phys. Rev. 79, 952 
(1950). 
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line (c) of Table II. The sum of lines (b) and (c) is given 
in line (d) and is the theoretical prediction for the mean 
observed prong number. The experimental mean value 
is given in line (e), and is in reasonable agreement. 
From Table II, lines (b) and (d), one can can calculate 
the percentage of visible black prongs which are knock- 
ons. The result is that 28 percent+7 percent of the vis- 
ible black prongs are expected to be knock-ons. In Part 
I,! the experimental result was that at least 25 percent of 
the black prongs are knock-ons. Hence, the results 
seem to agree. However, the experimental value was 
determined by assuming that the isotropic component 
of the black prong distribution curve was entirely due 
to evaporation and did not contain any isotropic 
knock-on component. An inspection of Fig. 5(c) re- 
veals that there is an isotropic component in the 
knock-ons. The value of this isotropic component is 
difficult to estimate because the statistics are very 
limited ; and secondly, the shape of the directly ejected 
black prong distribution curve cannot be considered 
too reliable, since refraction effects, etc., at the edge of 
the nucleus could change the distribution considerably. 
Considering the ordinate in the extreme backward 
direction of Fig. 5(c) as the average knock-on isotropic 
ordinate, the predicted percentage of forwardly pro- 
jected knock-ons is about 20+5 percent, and is still in 
reasonable agreement with the experimental estimate. 


D. Distribution of Interactions with Gray or 
Sparse Black Protons 


The distribution of stars as a function of the number 
of fast (gray or sparse black) prongs provides a sensitive 
test of the nucleonic cascade mechanism. It has already 
been demonstrated from their angular distributions 
(see Part I') that they are definitely knock-ons, and 
hence their frequency distribution should be expected 
to reflect the nature of the type of internal nucleon 
cascade involved (i.e., single nucleon-nucleon scatter- 
ings or scatterings involving several nucleons). 

The angular distributions, and mean prongs number 
have already been found to agree with the single nu- 


TABLE III(a). Comparison of experimental and calculated dis- 
tribution of gray proton interactions. (b) Comparison of experi- 
mental and calculated distribution of fast proton interactions. 


(a) 
% of interactions 
experimental 
result 


“ ot interactions 


calculated 


46+11 
48+11 
7+4 


b 


No. of gray 
protons 


© of interactions 
experimental 
result 


of interactions 
calculated 


No. of fast 
protons 


30+7 
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cleon-nucleon scattering hypothesis. Tables III(a) and 
(b) list the experimentally determined percentages of 
events with various numbers of outgoing gray protons, 
and fast (gray plus sparse black) protons. As previously 
discussed, the appropriate assumption for estimating 
the numbers of emitted protons is that of equally prob- 
able proton or neutron emission. Using this relation, 
the estimated distributions of gray proton events and 
fast (gray plus sparse black) proton events are also 
given in Tables III(a) and (b) and are in reasonable 
agreement with the experimental results. 


E. The Energy Spectrum 


The energy spectrum of the directly ejected nucleons 
is given in Fig. 6(a). The mean number of gray, sparse 
black, and black nucleons has been shown to be in 
agreement with the experimental results in Sec. C. The 
characteristics of G-5 plates allowed only an energy 
determination for the gray prongs which was reported 
in Part I.! The experimentally determined gray prong 
spectrum is compared to the calculated one in Fig. 6(b) 
and is in reasonable agreement. It should be noted 
that the large peak of the knock-on nucleon spectrum, 
which occurs in the black prong region (0-30 Mev), 
is suspiciously similar in appearance to the type 
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Fic. 6(a). The energy spectrum of the knock-on nucleons 
directly ejected. (b) A comparison of the calculated and experi- 
mental gray (>100 Mev) nucleon spectrum. 
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Fic. 7(a). The distribution of interactions as a function of 
thermal excitation and the experimental black prong distribution 
curve are given. The relationship of 35 Mev per black prong (as 
explained in text) was used to convert thermal excitation to num- 
ber of black prongs. (b) The average number of directly ejected 
black nucleons as a function of thermal excitation. 


of spectrum interpreted in cosmic-ray stars by Le 
Couteur"’ and others as an evaporation spectrum. 

The percentage of the black prongs which are caclu- 
lated to be knock-ons is about 30 percent. Therefore, 
it is clear that the knock-on black prongs are approxi- 
mately comparable in number and are probably similar 
in energy characteristics to the evaporation prongs. 

It is possible in our interactions to separate most of 
the knock-ons from the evaporation prongs by the 
difference in angular distribution. However, an inspec- 
tion of Fig. 5(c) shows that the knock-on black prong 
angular distribution is approaching isotropicity except 
for the extreme backward direction. When one selects 
large stars, such as Le Couteur,!’ who treated 7-14 
prong stars, it is expected, on this model at least, that 
the black prong angular curve will become practically 
isotropic. This is so because large stars mean large 
nucleonic cascades, in which the preference for the in- 
coming direction is lost by many collisions. For in- 
stance, in the present calculations the largest events 
corresponded to 16 nuclear collisions. In the case of 
large stars there is probably no experimental way of 
separating the knock-ons from the evaporation protons. 


F. The Thermal Excitation Distribution 


Figure 7(a) represents the distribution of events 
versus thermal excitation in Mev. One should notice 
that the average thermal excitation of 50 Mev is only 
a small fraction of the incident 400 Mev. The maximum 
excitation was found to be only about 200 Mev. This is 


4K, J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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a result of the high transparency of the nucleus to the 
incoming nucleon and its collision products. 

One expects, on the basis of the Weisskopf thermo- 
dynamical model, that the average number of black 
prongs emitted is roughly linearly proportional to the 
thermal excitation (see LeCouteur'’). Therefore, one 
would expect the horizontal axis to be roughly propor- 
tional to the emitted black prong number. (Using 
Bernardini’s'® value of 35 Mev per black prong, the 
cutoff of the thermal excitation curve at 200 Mev would 
correspond to about 6 black prongs.) The shape of the 
prong distribution curve due to evaporation would be 
expected to be similar to the thermal excitation dis- 
tribution curve of Fig. 7(a) if the horizontal axis were 
relabeled in terms of black prongs, with each 35 Mev 
of excitation corresponding to an additional black prong. 
This would disagree with the shape of the experimental 
black prong distribution [also plotted in Fig. 7(a)], 
which is seen to be flatter in the region of 1 to 4 black 
prongs (corresponds to 35-160 Mev excitation) and to 
decrease more gradually thereafter. 

Consider Fig. 7(b) plotted above the thermal ex- 
citation distribution. Figure 7(b) represents the average 
number of directly ejected black nucleons as a function 
of thermal excitation. On the average, half of these 
will be protons, and this increasing number of directly 
ejected protons as a function of thermal excitation (or 
equivalently mean prong number) is just what is 
needed to flatten the black prong distribution curve in 
the region of 1-4 prongs and to extend its tail appro- 
priately. In particular, the stars corresponding to 200- 
Mev excitation have an expected mean prong number 
of about 6. The average number of ejected protons is 
1.5 in this region. Therefore, the effective cutoff (neg- 
lecting fluctuations) would be expected at about 7.5 
black prongs, which is reasonable compared with the 
experimental results. The addition of these two effects 
(evaporation plus knock-on), together with a reason- 
able allowance for the fluctuations, seems to present 
a mechanism which in a very crude way would repro- 
duce the essential features of the black-prong dis- 
tribution curve. 


V. CONCLUSIONS 


A detailed comparison of all the experimentally 
measured characteristics of the interactions of 300-400 
Mev protons and neutrons and the Goldberger model 
calculations has been made. The results were all in 
reasonable agreement within the error limits, and hence 
it appears safe to assume at the very least that the 
internal nucleonic cascade mechanism is useful as a 
calculatory tool for high energy interactions ~400 Mev. 

Furthermore, the very nature of the results very 
strongly implies the necessity of this mechanism for 
their explanation. Consider the gray (>100 Mev) and 
sparse black (30-100 Mev) protons. It has already been 
experimentally demonstrated by their angular dis- 
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tributions that they are definitely almost exclusively 
knock-ons. Hence, the only question that remains is 
whether the cascade in which they originated essen- 
tially consists of single nucleon-nucleon scatterings or 
some sort of multiple nucleon scatterings. 

Our results are that the angular distributions, mean 
numbers, energy spectrum, and the frequency of inter- 
actions as a function of the numbers of these fast 
knock-ons are all in agreement with the single nucleon- 
nucleon cascade hypothesis. Since these calculated 
cascades are rather large (average number of collisions 
=4.5, maximum number=16) one should definitely 
expect any multiple nucleon type of internal cascade 
to have entirely different characteristics. Furthermore, 
(see arguments given in Part I' under Discussion) the 
abundance of black knock-on prongs (at least 25-40 
percent), the steady transfer of energy from the fast 
nucleons to the black nucleons as star size increases, 
and the similarity of the properties of proton and neu- 
tron induced interactions all strongly imply the nu- 
cleonic cascade mechanism. 

In order to determine whether the model breaks 
down at lower energies (~100 Mev) as perhaps implied 
by the Hadley and York® results, a similar investiga- 
tion is being carried out for the interactions of 150-Mev 
protons with the emulsion nuclei. Preliminary. results 
have indicated that it is quite reliable even at these 
lower energies. At higher energies (in the Bev range) 
it is obvious that inelastic processes such as meson 
production and their subsequent interaction with the 
nucleus will drastically alter this simple mechanism. 
However, it is possible that the inclusion of these 
processes in the calculations (provided they are known 
and are sufficiently simple) will still make this type of 
approach useful. 

One should point out that since their discovery in 
cosmic ray by Blau and Wambacher,'* the nuclear 
stars have been submitted to a very large number of 
experimental and theoretical analyses. The general 
tendency was to consider them mostly as an evapora- 
tion process following a very high internal excitation of 
the evaporating nucleus. This tendency was emphasized 
by the early type of plates used like Ilford C-2 which 
were insensitive to the more energetic prongs. The re- 
sults of the analysis presented in this paper imply 
that the residual nuclear excitation responsible for 
evaporation is quite low and that the essential process 
which determines the characteristics of the stars is the 
internal nucleonic cascade generated. The evaporation 
contribution is only more or less a by-product of the 
cascades. 

The authors are indebted to Mr. Leon Landovitz and 
Mr. Jack Leitner for their excellent work in performing 
the Monte Carlo computations. 


‘8M. Blau and H. Wambacher, Sitzber. Akad. Wiss. Wien, 
Math.-naturw. KI. Abt. Ila, 146, 259, 469, 622 (1937). 
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Averaged and internally consistent values of atmospheric pressure, density, and temperature from the 
ground to an altitude of 219 km have been determined and compiled by the United States groups active in 
upper-atmospheric research by rockets. Additional relevant data by similar groups engaged in research on 
meteors and on the anomalous propagation of sound are also included, particularly in a brief discussion of 
variations with time and with place of these three atmospheric parameters. 





I, INTRODUCTION 


INCE the first V-2 rocket was fired on April 16, 1946 
by the U. S. Army Ordnance at the White Sands 
Proving Gound at Las Cruces, New Mexico, a number 
of research groups have contributed an enormous 
amount of work to the determination of pressures, 
densities, and temperatures in the upper atmosphere. 
Firings of 68 V-2 rockets, 63 Aerobee rockets, and 7 
Viking rockets have in most cases carried complicated 
and short-lived instrumentation for such measurements. 
The present paper presents a brief summary of the 
data so obtained, combines these data into an average 
smoothed representation of pressure, density, and tem- 
perature as a function of altitude to 220 km, and briefly 
discusses variations in these quantities as a function of 
geographical posiiion and time on the basis largely of 
nonrocket methods of measurement. 

These current results represent the efforts of a large 
number of investigators, no one of whom should be 
credited individually for the group effort. Hence, this 
paper is presented by the Upper Atmosphere Rocket 
Research Panel whose members and their colleagues 
have done the research. Almost all of the funds for the 
various investigations have been provided by the 
United States Department of Defense. 

The Rocket Panel hopes that the averaged results 
here presented will not be considered as a “standard 
atmosphere”’ but simply as a representation of the com- 
bined results to January, 1952. So many problems 
remain unsolved, or partially solved, that the rocket 
investigations of the upper atmosphere must be con- 
tinued for some time if we are to master scientifically 
this domain such a few miles distant. 


Il. THE BASIC DATA 


Since the physical measurements lead to determina- 
tions of ambient pressure p, ram pressure (leading to 


* The Upper Atmosphere Rocket Research Panel. The member- 
ship of this unofficial research group in January, 1952 consisted of 
the following: Chairman: Dr. J. A. Van Allen, State University 
of Iowa; Secretary: Mr. G. Megerian, General Electric Company; 
Dr. L. ’A. Delsasso, Ballistics Research Laboratory; Professor 
W. G. Dow, University of Michigan; Dr. M. Ference, Jr., Signal 
Corps Engineering Laboratory; Dr. C.F. Green, General Electric 
Company; Dr. H. E. Newell, Jr., Naval Research Laboratory ; 
Dr. M. D. O’Day, A. F. Cambridge Research Center; Dr. W. H. 
Pickering, California Institute o! Technology; and Dr. F. L. 
Whipple, Harvard College Observatory. 


density p), Mach number M, and the velocity of 
sound »,, at various altitudes and times, the observa- 
tional data are most readily combined in terms of 
derived “temperatures” based upon an assumed con- 
stant mean molecular weight yu of 28.966 g/mole for the 
atmosphere. These temperatures will be indicated by 
T2. A short study of the perfect-gas laws discloses that 
pressure, density, Mach number, and the velocity of 
sound can all be interrelated theoretically and numeri- 
cally without inclusion of u. Hence, » cannot be deter- 
mined from measures of these quantities, while the 
temperature 7 can be evaluated from them only with 
ue as an assumed direct proportionality factor. 

Table I contains the rocket derived temperatures 
T29 in degrees Kelvin from the various groups, at steps 
of 5 or 10 km in sea-level altitude h, the adopted weights 
(in parentheSes) of these determinations, the weighted 
mean values of 729, and the finally adopted values of T 29 
after smoothing. The sources and methods of observa- 
tion and the system of weights will be described in the 
following paragraphs. 


TaBLeE I. Observed and adopted temperatures (°K, «= 28.966). 








Weighted 


UMAFe mean 


230(6) 
238(6) 
271(6) 
272(6) 
268(6) 
258(5S) 
238(S) 
209(5) 
189(5) 
185(S) 


UMSCé¢ 


227(S) 
234(5) 
253(5) 
278(5) 


Height 
hAkm SCEL» 
235(9) 
249(9) 
260(9) 
264(9) 
260(9) 
252(9) 
243(9) 
238(9) 
218(9) 
227(9) 
213(5) 


NRL* 


232(12) 
35 249(12) 
264(12) 


Adopted 


231.7 





231.7(32) 
244.6(32) 
262.5(32) 
271.1(32) 
270.7(27) 








* NRL =Naval Research Laboratory. R. Havens, R. Koll, and H. Lagow. 
> SCEL =Signal Corps Electronic Laboratory, U.S. Army, M. Ference. 
*UMAF = Ss. anaes N. W. Spencer, and W. G. Dow, University 
of Michigan. Air For: 
4UMSC =U niversty of Michigan, Signal Corps. 
* See text for basis. 
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TaB.e II. Adopted atmospheric data. 








Temp. 
(4 =28.966) 
°K 


Pressure 
logio 
dyn/cm? 


Density 
logio 





291.0 
282.0 
272.6 
260.0 
245.0 
230.8 
219.5 
211.6 
208.0 
209.0 
212.8 
216.7 
220.9 
225.1 
228.5 
231.7 
235.7 
241.2 
248.1 
255.6 
262.5 
267.6 
270.5 
271.7 
271.6 
270.8 
269.7 
267.6 
263.7 
258.6 
252.8 
246.5 
239.0 
231.0 
223.2 
218.0 
213.6 
210.5 
207.9 
205.8 
205.0 
205.8 
207.7 
210.3 
213.5 
217.0 
220.7 
225.0 
230.0 
235.0 
240.0 
245.0 
250.0 
255.0 
261.0 
270.0 
300.0 
330.0 
360.0 
390.0 
419.0 
447.0 
475.0 
503.0 
531.0 
560.0 
618.7 
676.9 
734.9 
792.5 
849.8 
906.6 


5.945 


The NRL (Naval Research Laboratory) data in 
Table I by Havens, Koll, and Lagow! were obtained 
from pressure measures at the surface of the rocket 
at a carefully selected point such that the surface and 
ambient pressures are known to be equal when yaw is 
absent. Results from six firings were used by the Rocket 
Panel to derive temperatures by measuring the slopes 
at various heights on a mean curve of logiop versus h. 
The temperatures so derived were appreciably greater 
than those previously derived by Havens, Koll, and 
Lagow. Additional measures by these investigators of 
the ram pressure at the nose of the rocket in four firings 
transform into density measures at various heights, up to 
h=156 km on March 7, 1947, and 219 km on August 7, 
1951. The NRL temperatures in Table I are based 
entirely on these density determinations for #> 122 km. 
In the range from 61 to 73 km the densities derived 
from the ambient pressure measures are somewhat 
smaller than those derived from the ram pressure. In 
the region around h=80 to 90 km, the adopted tem- 
peratures, which depend mostly upon NRL data, have 
been increased appreciably to allow for the systematic 
larger values given by the ram pressure (density) 
measures and to insure that the NRL data are reason- 
ably well fitted at greater heights. 

The SCEL (Signal Corps Electronic Laboratory, 
U.S. Army) temperatures of Table I were provided by 
Ference.2 They were obtained from determinations of 
the vertical velocity of sound measured by the dif- 
ferential time lags in sounds received at the ground from 
grenades exploded at various heights near Aerobee 
rockets. Results from five firings are represented, and 
the height intervals over which the velocities have been 
averaged range from 5 to 12 km. All firings were made at 
night, in contrast to the daylight firings of NRL. It is 
believed that the possible systematic errors, including 
the effects of averaging in height, are small, of the order 
of only 4°K (except for the measures at h=75 and 80 
km). 

The UMAF data of Table I were provided by 
Sicinsky,’ Spencer, and Dow of the University of 
Michigan, under a contract with the U. S. Air Force. 
Two Aerobee firings are represented. Measures of the 
surface pressure on the conical nose of the rocket were 
made directly at the tip and a short distance from the 
tip. Application of the Taylor-Maccoll theory for 
conical projectiles, as tabulated by Z. Kopal, led to a 
determination of the Mach number and hence to the 
ambient air temperature. In cases of large yaw angle 
the corrections to the theory are troublesome. 

The UMSC data of Table I were provided by a 
second University of Michigan group under a contract 


1 Havens, Koll, and Lagow, J. Geophys. Res. 57, 59 (1952). 

2M. Ference, J. Meteorol. (to be published). 

*H. S. Sicinsky, Sci. Rept. No. 4, Engineering Research In- 
stitute, University of Michigan (January, 1952) (unpublished). 
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with the U. S. Army Signal Corps.‘ In one V-2 firing 
an array of probes near the nose of the rocket measured 
the angle of the shock wave and hence the Mach 
number. 

It will be seen that four (or five) essentially inde- 
pendent methods were used in the determinations of 
upper atmospheric temperature recorded in Table I. 
In determining the relative weights of the various deter- 
minations, a weight of 4 was given to each method and 
roughly 1 to each firing represented. The true or ab- 
solute weight decreases more rapidly with height than 
the relative weight tabulated because most methods 
become less precise at lower atmospheric pressures. 

Below a height of 30 km the values of 725 in Table II 
were adopted from the radiosonde balloon measures 
made from the White Sands Proving Ground by De- 
tachment 19-14Z of the U. S. 19th Weather Squadron, 
and by the U. S. Army Signal Corps. Near the ground 
the tabulated values of T are consistent with the mean 
yearly ground pressures but are not mean temperatures. 

The smoothing of the adopted values of T25 versus h 
(Table I and Table II) was carried out in an arbitrary 
manner so as to make functions of T 29, logiop, and logiop 
numerically integrable to an accuracy of about three 
significant figures for steps of 2 km in A. Certain of the 
“standard atmospheres” suffer from discontinuities in 
dT/dh that render them useless in some problems, 
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Fic. 1. Basic temperature data. 


‘Bartman, Liu, and Schaefer, An Aerodynamic Method of 
Measuring the Ambient Temperature of Air at High Altitudes, 
Engineering Research Institute, University of Michigan (July, 
1950) (unpublished) ; and unpublished progress reports. 
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Accel. Mean free 
gravity path 
cm/sec? cm 


979.2 x10-* 
978.0 
976.5 
974.9 
973.4 
971.9 
970.4 
968.9 
967.3 
965.8 
964.3 
962.8 
961.3 
959.8 
958.4 
956.9 
955.4 
953.9 
952.4 


Temp. Scale 


Height Adopted 
(s varies) height 
°K km 


sea level mol. wt. 
km g/mol 


1.216 28.97 
5 28.97 
10 28.97 
15 28.97 
20 28.97 
25 28.97 
30 28.97 
35 28.97 
40 28.97 
45 28.97 
28.97 

55 28.97 
28.97 

28.97 

28.97 

28.97 

28.97 

28.23 

27.52 

26.86 

26.22 

25.03 

23.95 

22.50 

21.21 

20.06 

19.34 

18.10 

17.26 

16.50 

15.79 

15.15 

14.55 
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291.0 8.53 
276.8 7.83 
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without annoying modifications. The third difference in 
a 2-km tabulation of T25 exceeds 1° only three times 
above h=30 km. Table II is rougher than this below 
30 km, but the known atmosphere is largely to blame. 

The measured and adopted temperatures of Tables 
I and II are plotted versus height in Fig. 1. No correction 
has been applied to the temperatures for the decrease 
in mean molecular weight above 80 km that probably 
arises from the dissociation of O2. Nor has a correction 
for seasonal effects been applied. The differences among 
the various observed curves are believed to represent 
largely the differences dependent upon method and 
instrumentation rather than upon variation in the 
atmosphere, although the latter factor may be appre- 
ciable. Figure 1 indicates that a significant degree of 
uncertainty still remains in the observed mean de- 
pendence of temperature upon height. 

The dotted curve above 80 km in Fig. 1 includes an 
arbitrary correction for a uniform dissociation rate from 
zero to completion for O2 between 80 and 120 km and 
for Nz between 120 and 220 km. 


Ill. THE CALCULATIONS 


Table II, which presents values of T29(°K), logiop 
(dynes cm~*), and logiop (g cm~*) at intervals of 2 km 
to 110 km, 5 km to 160 km, and 10 km to 220 km, is 
given with much more than the observational accuracy 


ADSENSE RR ONE 








1030 


in order to expedite numerical integration involving the 
fundamental! data. Above 160 km the temperatures and 
pressures become increasingly uncertain. They are based 
on the NRL observation of p=1.0X10-" g cm~ at 
219 km during the firing of August 7, 1951. It is impos- 
sible to reconcile this value of p at 219 km with p=1.5 
x 10-" g cm~ at 156 km by means of a constant tem- 
perature gradient between the two heights. Thus, the 
adopted value of log;op at 219 km is too small by about 
0.14. The variations from 160 km to 220 km are based 
upon a constant gradient in scale height. It must be 
emphasized that the results are highly uncertain in this 
region. 

Table III presents arbitrarily assumed mean molecu- 
lar weights, derived temperatures based upon the 
adopted 72, combined with these molecular weights, 
scale heights, accelerations of gravity, and mean free 
paths, all as functions of sea-level heights at intervals of 
5 and 10 km. This table is intended as a ready reference 
table for these auxiliary atmospheric quantities. 

At any height the adopted temperature of Tables I 
and II can be reduced to a gas temperature correspond- 
ing to any adopted value of mean molecular weight » 
by the linear correction factor u/28.966. Changes in the 
mean molecular weight of the atmosphere to an altitude 
of about 70 km have been observed to be negligible, 
although a slight effect is definitely observed near the 
70-km level. L. M. Jones and E. A. Wenzel of the Uni- 
versity of Michigan, under an Army Signal Corps 
contract, have succeeded in sending up and recovering 
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Fic. 2. Pressure vs height. 
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three steel sampling bottles which were filled at altitudes 
from 64 to 72 km. These air samples have been analyzed 
by Chackett, Paneth, Reasbeck, and Wiborg.’ They 
find that the He/N; ratio is increased by about a factor 
of two at these altitudes and find a correspondingly 
small increase in the Ne/N: ratio and a decrease in the 
A/N: ratio. Hence, in view of the high uncertainty con- 
cerning diffusive separation in the higher atmosphere 
and no precise knowledge concerning the dissociation, 
the mean molecular weights in Table III were obtained 
on the assumption that the dissociation of O, begins 
at 80 km and proceeds uniformly to completion at 120 
km. It is further assumed that the Ne dissociation 
begins at 120 km and proceeds uniformly to com- 
pletion at 220 km altitude. At these greater altitudes 
and higher, the mean molecular weight of the atmos- 
phere is almost completely unknown. Undoubtedly, 
diffusion effects, as well as dissociation effects, are im- 
portant. For example, the assumption of the pure He 
atmosphere would reduce the adopted temperature by 
a factor 0.138 to give the actual gas kinetic temperature. 

The pressures p in Tables II and III are based upon 
the adopted temperature T25 and are obtained by nu- 
merical integration (at 2-km intervals) of the equation 


d \Inp/dh= —1/H, (1) 
where the scale height H (see Table III) is given by 
H=RT/gu. (2) 


Numerically the mean molecular weight » equals 
28.966 g/mole; the gravity g is based upon the inverse 
square law from the earth’s center with g equal to 
979.15 cm/sec? (see Table III) at White Sands, 1.2165 
km above mean sea level; the gas constant R equals 


8.31436 10" ergs deg“! mole; the temperature T 
equals 273.16° at 0°C; the mean pressure at White 
Sands p equals 1.3332 dyne cm~*. The observations 
were made at lat. 33°N, long. 106°W. 

The densities p of Table II are calculated from T2 
and p by Boyle’s law, 


p=pup/RT. (3) 


The values of mean free path in Table III are based 
upon a mean free path of 7.37X10-* cm in standard 
atmospheric conditions. The mean free path is assumed 
to vary inversely as the number of particles per cm!; 
all effects of ionization are neglected. 


IV. COMPARISONS WITH OBSERVATION 


The adopted and measured temperatures are com- 
pared in Fig. 1, the adopted pressures and those meas- 
ured by NRL and UMAF in Fig. 2, and the adopted 
densities and those measured by NRL in Fig. 3. 

The systematic trends shown by the various tem- 
peratures measures in Fig. 1 appear largely to stem from 
asst” Paneth, Reasbeck, and Wiborg, Nature 168, 358 
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methodological differences. This is particularly true of 
the NRL versus the SCEL data, where several firings 
are involved in each mean curve. Quite possibly part 
of the effect arises from the fact that the NRL data 
were obtained in daylight hours, the SCEL data at 
night. A priori, one might expect somewhat higher 
temperatures during the daylight hours, although there 
is no clear evidence to support this expectation. 

On the other hand, the SCEL observers found marked 
differences in temperatures from two firings separated 
only a few hours on the same night (December, 1950). 
Hence, the differences between the two sets of data ob- 
tained by the two groups from the University of 
Michigan may be appreciably affected by the peculiar 
atmospheric characteristics at the times of the few 
firings involved. However, when such differences are 
measured in pressure instead of temperature (for ex- 
ample, see Fig. 2, NRL versus UMAF), quite small 
systematic effects such as 0.1 to 0.2 in logiop can 
produce marked changes in the derived temperatures. 

The measures in density are only slightly, more sensi- 
tive to atmospheric conditions than those in pressure. 
The NRL density measures shown in Fig. 3 show a con- 
spicuous systematic deviation from the adopted curve 
between 60 and 80 km. This deviation must depend, to 
a considerable degree, upon the method of measurement, 
although the deviation is smaller when derived inter- 
nally from all of the NRL data. 

Generally, we must conclude that large variations in 
conditions of the upper atmosphere take place within 
short intervals of time but that real systematic effects 
depend upon the instrumentation and method of meas- 
urement used. 


V. VARIATIONS IN THE UPPER ATMOSPHERE 


The investigators agree that the mean conditions 
in the atmosphere above about 40 km very poorly 
represent the conditions at any given moment. The 
temperature maximum near 50 km (Fig. 1) is prob- 
ably not a smoothly rounded curve at any instant 
but is much more peaked. Probably the momentary 
maximum is not only much sharper and rises to a much 
higher temperature, but the altitude of the maximum 
may vary over 10 km or more. Furthermore, the 
maximum may possibly be double or multiple. Appro- 
priately similar remarks probably apply to the tem- 
perature minimum near 80 km. Indeed it is quite likely 
that above about 40 km the true curve of temperature 
versus height is very irregular at any given moment. 

Systematic diurnal changes in temperature, pressure, 
or density in the upper atmosphere have not yet been 
firmly established, nor have correlations with solar phe- 
nomena, aurorae, terrestrial magnetism, or ionospheric 
activity. 

Seasonal effects are not evident in the rocket material. 
On the other hand, the Harvard photographic meteor 
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Fic. 3. Density vs height. 


data® indicate higher densities in summer months than 
in winter months, the effect being more marked over 
Massachusetts than over New Mexico. The meteoric 
seasonal effect correlates directly with ground tem- 
peratures, has a maximum total amplitude of the order 
of 0.3 in logiop near 60-70 km, and decreases markedly 
by 90 km. 

An NRL rocket fired at the equator on May 11, 1950, 
indicates no systematic deviations in pressure and 
density from the mean of the 8 fired in New Mexico (see 
Fig. 2 for the comparison in log;op). On the other hand, 
the meteoric data tentatively indicate higher densities, 
of the order of 0.15 in logiop, over Massachusetts than 
over New Mexico, in the height range 70-90 km. 

Acoustical propagation studies by Crary’ for the U.S. 
Air Force Cambridge Research Laboratories have been 
made in the Canal Zone, Bermuda, and Alaska during 
the summer and in Alaska during the winter. The 
velocities of sound and wind were studied in the altitude 
range 30-60 km. Regarding temperatures Crary con- 
cludes: (a) temperatures are generally less in that 
altitude region than those given by previous observers 
who have assumed winds to be negligible; (b) the height 
of the maximum temperature layer is greatest in the 
Alaskan winter; (c) summer results in Bermuda are not 
in general accord with the other tests; and (d) no diurnal 


* Under contracts with the U. S. Naval Bureau of Ordnance 

and ONR. See Whipple, Jacchia, and Kopal, The Atmospheres of 

the Earth and Planets (University of Chicago Press, Chicago, 1949), 

pp. 149-158; and F. L. Whipple, Bull. Am. Met. Soc. 33, 13 (1952). 
7A. P. Crary, J. Meteo 7, 233 (1950), 





1032 THE 
variations of winds and temperatures in the 30-60 km 
region are evident. 

The Alaskan seasonal effect observed by Crary agrees 
in character with the seasonal effects indicated by 
meteors. The latitude effects from these propagational 
studies, if not reversed by temperature changes at 
higher altitudes than 60 km, appear to confirm quali- 
tatively the meteor results with regard to latitude 
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dependence. It is clear, however, that more data are 
required to establish definitively the dependences of 
temperature, pressure, and density in the upper atmos- 
phere with season and with latitude. Possibly some of 
the observed variations are really more influenced by 
geographical position with respect to continental masses 
and atmospheric circulation patterns than with respect 
to latitude. 
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The Pauli theory of extended source interacting with the neutral pseudoscalar field with pseudovector 
coupling has been extended to the case of the charge symmetric pseudoscalar field, and has been applied to 
the problem of the scattering of mesons by the nucleons. The results of our calculation show that the scatter- 
ing cross sections are strongly dependent upon the energy of the incoming mesons, that the cross section for 
the scattering of x* by protons is larger than that for x~ by factor 2.25 at all kinetic energies up to about 
150 Mev, and that within the scattering of x~ by protons the cross section for the scattering involving charge 
exchange interaction is larger than that with ordinary interaction by a factor which varies from 2.1 to 1.5 
as one goes from zero kinetic energy to 150 Mev. When the coupling constant (fu)* is taken to be about 0.3, 
the maximum of the theoretical cross section curve coincides with the experimental maximum if one assigns 
1.254 («=the reciprocal Compton wavelength of the meson) for the spin and isotopic spin inertia of the 
nucleon. The scattering cross-section curves for x* and #~ approximately agree with the experimental curves 





if one assigns a value 1.58 for |G(K)|, which appears in the original theory of Pauli. 


I. INTRODUCTION 


HE experimental investigation of the scattering 
of ~~ and + mesons by hydrogen! revealed the 
following three important facts: 

a. The total scattering cross sections for both mesons 
are strongly dependent upon the energy of the mesons. 
For x the total scattering cross section rises rapidly 
from 20X 10-*7 cm? at 60 Mev to a plateau of 60X 10-7 
cm®, which begins at about 150 Mev kinetic energy. 

b. The total scattering cross section of r+ is approxi- 
mately three times as large as that of ~ in the range 
of energies of the experiment. 

c. Within the scattering of m~ the total scattering 
cross section involving charge exchange interaction is 
approximately twice as large as that arising from 
ordinary (no charge exchange) interaction. 

The quantum theoretical investigations to account 
for these experimental facts have already been given 
by Brueckner* and Wentzel’ in their respective papers. 
These authors have proceeded along the line of strong 
coupling theory, which provides the possibility of iso- 
baric states of the spin and the isotopic spin of nucleon 
leading to large scattering cross sections due to the 
resonance. It was pointed out by Brueckner that the 


! Nagle, Anderson, Fermi, Long, and Martin, Phys. Rev. 86, 
603 (1952); 85, 934, 935, 936 (1952). 

2K. A. Brueckner, Phys. Rev. 86, 106 (1952). 

3G. Wentzel, Phys. Rev. 86, 437 (1952). 


isobaric state characterized by the isotopic spin } of 
the proton would make the resonance scattering of ++ 
approximately three times as large as that of w~ in 
hydrogen, when both ordinary and charge exchange 
interactions are simultaneously considered for the 
latter. This point was amply confirmed by the ex- 
periment. 

When the interaction between the meson and the 
nucleon is strong, the existence of a dense meson cloud 
in the close vicinity of the nucleon makes the quantum 
theoretical investigation very difficult, and no rigorous 
methods have yet been developed to deal with this 
problem. Under such circumstances it was thought to 
be of some interest to restrict ourselves to the classical 
approximations and investigate the possibility of ac- 
counting for experimental facts along the line of the 
classical theory developed by Pauli.‘ This approach 
has already been employed by Brueckner and Case in 
their paper on the production of neutral photomesons.§ 


II. CHARGE SYMMETRIC PSEUDOSCALAR FIELD 


We shall employ in our calculation of meson scatter- 
ing the charge symmetric pseudoscalar field with pseudo- 
vector coupling. Then, the procedure is only a slight 


4W. Pauli, Meson Theory of Nuclear Forces (Insterscience Pub- 
lishers, Inc., New York, 1946). 
5K. A. Brueckner and K. M. Case, Phys. Rev. 83, 1141 (1951). 





SCATTERING OF PSEUDOSCALAR MESONS 


generalization of the Chapters II and III of Pauli’s 
book,‘ in which the neutral field alone is considered. 

In the theory of extended source the total Hamil- 
tonian of the meson field interacting with a nucleon 
may be written 


1 
H= -f (7a? + (Vea) + Ga" dx 


+(n)'f f u(x\(o-v)rape(es (1) 


U(x) is a real function representing the spatial ex- 
tension of the nucleon, which must satisfy the condi- 
tion that the spatial integral is unity, the value that it 
would have if the nucleon were considered a point 
particle. u and f are reciprocal Compton wavelength 
and the coupling constant of the meson, respectively. 
We use units h=c=1. @ and ¢ are the spin and the 
isotopic spin vectors of the nucleon, considered in our 
classical theory as unit vectors in coordinate and charge 
space, respectively. a runs from 1 to 3, corresponding 
to the chargec| and neutral states of the meson. 

Following Pauli’s methods closely* we obtain from 
Eq. (1) 


1 
H= f ee(G(hyp(K)pa(—W) 
+ (Ro?/ G(k))qa(k)qa(— k) } 


+iflav2)™ f dk(o-k)raae(), (2) 


where ko?=k?+ 2 and G(k) = V(k)V(—k). V(k) is the 
Fourier transform of U(x) in Eq. (1). From this Hamil- 
tonian we obtain the following equation of motion of 
the meson field in momentum space: 


@qa(k)/d?+ ko’qa(k) =if(av2)'G(k)(@-k)ra. (3) 
Assuming @ and ¢ obey the classical Poisson bracket 
equations (/, m, n cyclic), 


[o1,¢m]=—2on, [11 T™m]=—2rn, 


we obtain the following equations of motion for o and 
* vectors: 


do/dt=[(H, 0 ]=— iape|ox f artka.(bre), 
(4) 
do/dt=(H, -]= —naperl ox f ba(ay(o-b)] 


Expanding o, t, and qa(k) into Fourier series in- 
dividually, we have 
o= DL we, 
c=) tye *"t, (5) 
Qa(k) = 204 Ga, »(k)em”’"s, 


6 We follow Pauli’s notation (see reference 4), except that we 
use Pq and Qq in place of his fg and Ga. 
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where frequencies v, v’, and v” take on values O, w, 
2w, «++. Substituting Eq. (5) into Eq. (3), one obtains 


Qa,» (k) = if(wv2)“"'G(k) (ko? —v"")(@,-k)ta», (6) 
where v= »+»’. Rewriting Eq. (4) in the form 
de/dt=[eXF,] de/dt=[«XF,] (7) 
and following Pauli’s procedure closely, one obtains 
Pe=if Dette eyo Noto") 
+(u?—w*)!), 
F,=3/ ) 3 ett tg, -@,)4,[N—a?—w?) 
4 +*—w)4], 


(8) 


where 


+1 for v’?>,’, v’>0 


+1 for v?<~? 
«= 
—1 for v”?>,?, <0. 


N and a are new mechanical constants introduced by 
Pauli, of which the first plays no role in the dynamics 
of the meson field, while the second is identified as the 
spin and isotopic spin inertia of the nucleon. 

In the Fourier expansions, Eqs. (5), we take at 
present only terms with O and +w frequencies, and dis- 
regard terms with higher harmonics. Since the higher 
harmonics contribute higher order effects in the scatter- 
ing of a meson by a nucleon, we assume that their con- 
tributions are small compared with those arising from 
the zero and the fundamental frequency w. Then, keep- 
ing in mind »’’=v+yv’, one obtains from Eq. (8) 


F,= Plo iwt 4, +o_.¢c'*'A_], 
F, = Pew iwt 4 ite wt'**A_], 


(9) 


where 4, =w*a!—p'+i(w*—y’)!. For scattering proc- 
esses the condition w’>y? is required. 


III. CALCULATION OF THE SCATTERING OF 
MESONS BY NUCLEONS 


The incident meson field may be written 
Ga! (X)=xpra expliK (my: x)—iwt ]+c.c., 


where nm, is a unit vector in the direction of the in- 
coming field, x the amplitude, and p; a unit vector in 
charge space representing the charge state of the in- 
coming meson. Here, K?=w’—y?, where w is the energy 
of the incoming meson. Introducing the Fourier trans- 
form of ga! into F, and F, [see Eq. (4) and Eq. (7) ], 
we obtain for the incoming field 


F,! = —if4a'V (K)mi(t0- pr) (xe7*“'—c.c.), 
F,’ = —if4e'V(K)pr(oo- mz) (xe***—.c.). 


(10) 


We now introduce Eqs. (5), (9), and (10) into Eq. (7) 
and retain terms linear in x, c+, and r+. only under 











1034 Wi. 


the assumption that the motions of o and < caused by 
the incoming field are small in comparison to their 
stationary values. We then obtain 


d 
dt 


d d 
(o.€~**') +—(o_¢**") +-— (oo) =[ooX F,"] 
dat dt 


+3 f*A,e~*"[aoXe, |+$/2A_c''[LooXe_., ]. 


Proceeding similarly for the analogous equation for ¢, 
we obtain 
o,=4n'fV(K) Kw x (20: pr)[ooX ar | 
+i§f?A,o[ooXe. ], 
tu=4rif/V(K)Kwx(o9- ny) [0X pr] 
+13 f2A,w [eo X 2. ]. 


(11) 


By solving these equations for #, and +, one obtains 
o.=B(1— R*)"{ [ooX ny ]+iR[ooX (ooX 01) |, 
t=’ (1—R*)“"{[eoX pr ]+iR[ 0X (0X pr) I, 


where 


(12) 


B=4ntf/V(K)Kwx(*0- pr), 
6’ =481/V(K)Kuo—x(oo-nz), 
R=3ftAyo. 


The scattered field can be obtained by following the 
procedure described in the Appendix in Pauli’s book: 
i eikr 


Pa'(X) =4(24/m)“"'f V(K) K— Dota, » (oy ,) + €.C. 
r 


The complex amplitude of the field with the positive 
frequency w scattered into the directions of n, and p, 
in the coordinate and charge space, respectively, is 
then given by 


(xs° Ps) =1(21/ mr) 1f V(K)K { (20: ps) (ou ms) 
+(2.°ps)(@o-n,) }. 


Introducing Eqs. (12) into (13), we obtain finally 


(13) 


(x¢2° Ps) = DxL(t0- ps)(20- pr) { (LooX nr ]-n,) 
+i(&+if)(LooX[ooX mz] ]-0,)} 
+ (o9-n,)(oo- mr) { ([*0X pr]: p.) 
+i(&+if)([eoX [0X pr] ]-p.)}], (14) 
where 
E=§(fu)* (au) e"y?— 1 uw, 


f= 2 (fu)? wu? 1) $uo, 


D=2if-K "LV (K) PL (+i). 
The square of the absolute value of Eq. (14) corre- 


sponds to the intensity of the scattered field along the 
unit vectors n, and p, due to a particular set of orienta- 
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tions of the vectors @) and to in the coordinate and 
charge space, respectively. 


IV. SCATTERING CROSS SECTIONS 


If the kinetic energy of the incoming meson is not 
too large, so that for each incoming meson only one 
meson is created in the scattering, there exists the fol- 
lowing ten different reactions between the mesons and 
the nucleons: 


(1) nt+pp+nt 
(2) r++n—-n+at 
(3) x++n—p+r° 
(4) a-+n—-n+24- 
(5) a +ppta- 
(6) m+pn+r° 
(7) 2°+n—n+7r° 
(8) r°+n—-p+r- 
(9) r°+p—p+r° 
(10) 4°+p—on+_n*. 


Of these the reactions (1) and (4) are unique in the 
sense that they have no alternative, whereas each 
of the remainder is accompanied by an alternative re- 
action. It is considered that for the reactions (1) and 
(4) the charge vector + of the nucleon does not play any 
role at all, and hence the scattering cross section for 
these can be considered to be the same as the one orgi- 
nally given by Pauli for the neutral pseudoscalar meson. 
For these reactions we must in our theory first put 
pr= p, in Eq. (14), since the charge states of the in- 
coming and out-going particle are the same. Moreover, 
since « plays no role, we must consider it fixed along 
pr or p,. Thus, we obtain from (14) 


(xe P.) ™ Dx{([ooX n; | *n,) 


+i(&+it)([ooX[ooXns]]-n,)]. (16) 


This agrees with the corresponding expression given 
by Pauli (see p. 29 of his book). The differential scatter- 
ing cross section is obtained by averaging | (x.° p.)|*/ 
|x|? over all directions of oo: 


dQ,= | D\*L4 sin’0+ (2+ ¢°)(1+7 cos?@)/15 dQ. (17) 


Here @ is the angle between n, and n, and d@ the dif- 
ferential solid angle. The total scattering cross section 
is obtained by integrating Eq. (17) over all directions 
of n, in the coordinate space: 


Qa= (8x/9)|D|21+2+ 2°), 
where one obtains from Eq. (14) 
| Dj '=4/*Kts|G(K) |*L1- §- FP +4. 
Qa given by Eq. (18) agrees with that by Pauli. 
For the rest of the reactions in Eqs. (15) in which 


ordinary as well as charge exchange interactions are 
involved, the square of the absolute value of Eq. (14) 


(18) 


(19) 





SCATTERING OF PSEUDOSCALAR MESONS 


must be properly averaged over all directions of +» and 
@ vectors. We then obtain 


| (xe* Be) |?= | D|?|x|*L{(1+2 cos*s)/15} 
X {4 sin’?6+ (2+ ¢*)(1+7 cos*@)/15} 
+ {(1+2 cos?6)/15} {4 sin*6+ (2+) 
X(1+7 cos*6)/15}+ (2/225) (2+) 
X (1—3 cos’5)(1—3 cos’6) ], (20) 


where @ and 6 are the angles between n; and n, and 
pr and p,, respectively. Let us first consider the re- 
actions (2), (5), (7), and (9) of Eqs. (15) which involve 
no charge exchange. The vector amplitude of the scat- 
tered waves along the charge vector p, of the field will 
be given by (xs: p.)ps, and its projection along the 
vector py is then given by (x.- p.)(p. py). In order to 
obtain the intensity of the scattered meson waves 
along the vector py we now average |(x.° ps) |(ps* pr)” 
over all directions of p,. The result obtained must 
further be multiplied by two, because the charge state 
of the incoming meson designated by the negative of 
the vector py is the same as that by py itself. For re- 
actions involving no charge exchange we thus obtain 
from Eq. (20) the following expression for the differen- 
tial scattering cross section: 


dQ4= 2(| (x0 Pe) |?(Dr- Bs)*)m/|x|?d2 
= (2/225) | D|*L{(13—7 cos*é)/3} 
+(#+¢*) {(29+153 cos*@)/15} dQ. (21) 


The corresponding total scattering cross section turns 
out to be 


Qv= (84/9) | D|*[(32/225) + (+$*) (48/225) J. (22) 


Let us now consider the reactions (3), (6), (8), and 
(10) in Eq. (15) which involve charge exchange. The 
projection of the vector amplitude (x,.- p.)p, on the 
plane perpendicular to the vector py will be given by 
(xe* Ps) PX pr]. The average of the square of the 
absolute value of this over all the directions of p,, 
multiplied by two, is the intensity of the scattered field. 
Then the differential scattering cross section is found 
to be 


dQ.= 2(| (x0 pe) |?| [eX pr]|®)m/|x|*d2 
= (2/225) | D|?(3(11-+cos%) 


+(#+4*) {(46+122 cos*@)/15}]d2. (23) 


The corresponding total scattering cross section becomes 


Q.= (8m/9) | D|*[ (68/225) + (#-+¢)(52/225)]. (24) 


When the ordinary interaction and the charge ex- 
change interaction are not distinguished from one 
another [reactions (2) and (3); (5) and (6); (7) and 
(8) ; and (9) and (10) ], the resultant differential scatter- 
ing cross section for each one of these sets would be 


dQ=dQ,+dQ.= (2/45) | D|*[4(7—cos*é) 


+(#+$*)(1+-4 cos’@)]. (25) 


Qg |G iK)|"? IN UNITS OF w/p? 


° 


ENERGY IN w/p 
Fic. 1. Q,|G(K)|~ in units of xu versus energy. 
The last term in Eq. (20) proportional to (J—3 cos*8) 
(l—3 cos*@) vanishes in Eq. (25), although it stays in 


the individual differential cross sections Eqs. (21) and 
(23). The sum of Q, and Q, becomes 


Q= (84/9) | Di*(11+2+97) (4/9). 
V. DISCUSSION 


(26) 


According to the experimental results! on the scatter- 
ing of r+ and ~ by protons the total scattering cross 
section of ++ is larger than that of #~ for the range of 
energy of the incoming mesons from about 50 Mev to 
150 Mev. From Eqs. (18) and (26) we find that the 
ratio of the scattering cross section of r+ to that of x- 
to be 2.25 at all kinetic energies of the incoming mesons 
up to about 150 Mev (w2u). This ratio does not 
appear to be in disagreement with the experimental 
ratio in this energy range. However, beyond this range 
of energy the effects of higher harmonics mentioned at 
the end of Sec. II are expected to begin to show up, 
causing deviations from our results. Although the effects 
of the higher harmonics have not yet been investigated, 
the experimental observation that at 180 Mev the 
ratio of the scattering cross section for + over that 
for x~ is somewhat larger than the ratio at lower en- 
ergies may perhaps be ascribable to these effects. 

From Eq. (18) and Eq. (19) one obtains 


Qa= (32/9) (fu) "wa *(wu*— 1)*(1+ +5") 
x (1-2 —$)*+-4" (ey) |G(K)|*. (27) 


Here, zu~ is the geometrical area of the nuclear force 
range, and is equal to 62 10-*” cm? for -mesons. Figure 
1 shows the curves of Q,|G(K)|~* in units of ru at 
various energies of the incoming mesons for different 
values of the spin inertia a~'; namely, the curve (1) for 
au= 0.40, (2) for 0.60, (3) for 0.80, (4) for 1.0, and (5) for 
2.0. For the coupling constant we take for convenience 
the value (/u)?=0.318, or (fu)*=0.100. Assuming that 
the factor |G(K)| does not vary appreciably within the 
range of energy considered, it appears that there is a 
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Fic. 2. Q./Q versus energy (au=0.8). 


general tendency that the maximum point lowers and 
shifts to the right in the direction of increasing energy 
as the values of the parameter ay are increased. If one 
takes au=0.8, the theoretical maximum point of the 
scattering cross-section curve occurs at about 160 Mev 
(w/u=2.17), which is also the approximate experi- 
mental maximum. Hence, we may tentatively take 
an=0.8 or a'=1.25u as the spin and isotopic spin 
inertia of the nucleon. 

The experimental observations also indicate that in 
the case of the scattering of x~ by protons the total 
cross section involving the charge exchange interaction 
is about twice as large as the one involving no charge 
exchange interaction. From Eqs. (22) and (24) we ob- 
tain for this ratio 


Q-/Qo= [17+ 13(F +9) / [8+ 12(2+8°) J. 


Figure 2 shows the variation of Q./Q, with the energy 
of the incoming mesons. Since (¢+¢?) increases with 
the energy moderately fast, it appears that the two 
cross sections tend to equalize when the energy of the 
mesons is sufficiently high. 

The parameter |G(K)| is now determined from the 
experimental observation that the maximum value of 
the total scattering cross section for m~ equals the 
geometrical area of the nuclear force range, namely, 
mu-?= 62 10-*7 cm’. It turns out from Eqs. (19) and 
(26) that the maximum of the calculated cross section 
can be made equal to the above experimental value if 
one takes |G(K)|=1.58, which value may be theo- 
retically not unreasonable. It is easily seen that 
|G(K)|=1, if the nucleon were considered a point 
particle. In the theory of extended source all that is 
required is that |G(K)|~1. Figure 3 gives the curves 
of the total scattering cross section of + and a by 
protons obtained from Eqs. (18) and (26), respectively, 
with |G(K) | =1.58. 

In this manner it appears that the classical theory of 
meson dynamics involving the Pauli theory of extended 
source for the nucleon is capable of approximately ac- 
counting for the principal experimental facts in the 
scattering of m+ and w~ by the protons mentioned in 
Sec. I. 

Another experimental fact’ that the scattering cross 
sections of r+ and w~ for deuterium at about 60 Mev 


7 Isaacs, Sachs, and Steinberger, Phys. Rev. 65, 803 (1952). 
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are approximately equal to each other may approxi- 
mately be discussed from Eqs. (15), (18), and (26); 
namely, the cross sections for r++p—p+t and 2 
+n—n-+7n- are given by Qa, those for r*+n-—-n+2* 
and x-+p—>p+7- by Qs, and those for ++n—p+7r° 
and r-+ pon+f° by Q.. 

As to the resonance in the scattering discussed by 
Brueckner? and Wentzel,? we may give its analog in 
our classical theory in the following manner. Fixing our 
attention on the denominator of Eq. (27); namely, 
wf (1— #—¢)?+4¢7], it is seen that ¢ can be regarded 
as expressing the effects of radiation reaction of the 
meson field. This is due to the fact that it reduces to 
w*, the radiation reaction term for a Maxwell field, 
when u is allowed to vanish (see Bhabha‘). In the ab- 
sence of this term the scattering cross section Q, of 
Eq. (27) becomes infinite when ¢=1, or at the energy 
of the meson w given by the equation [see Eq. (14) ] 


3(fu)®{ (au) Aeop-!— 1} ues = 


SCATTERING CROSS SECTION IN 102? cm? 
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Fic. 3. Scattering for cross-section curves for x*+ and 
a” for au=0.8, (fu)*=0.10 and |G(K)| =1.58. 


The effect of the radiation reaction term ¢ is to make 
the value of the scattering cross section finite even at 
this energy. This may be considered roughly as the 
resonance in our classical theory. 

The classical treatment of the interaction of the 
meson field with nucleons disregards the momentum 
properties of individual field quanta. However, like the 
case of the classical electrodynamics, the classical 
meson dynamics is expected to give approximately 
correct results for range of energies in which momenta 
of individual mesons are small compared with the 
mass of the nucleon.’ This certainly covers the range of 
energies up to a few hundred millon electron volts 
with which we are primarily concerned. Thus, within 
this range of energies the classical theory is also ex- 
pected to be applicable to the process of photomesonic 
production.® 

The author wishes to thank Professor K. A. Brueckner 
for valuable discussions. 


~ 9H. J. Bhabha, Proc. Roy. Soc. (London) A172, 384 (1939). 
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Field Emission from Photoconductors 
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Field emission current was drawn from sharp needles of the photoconductors CdS and CdSe. It increased 
greatly when light that excited photoconductivity was incident on the emitting area. Possible mechanisms 


are mentioned. 





IELD emission from metals has been rather thor- 

oughly studied. Mueller’s! electron projection mi- 
croscope, for example, has afforded a particularly ele- 
gant approach to the problem. In contrast, little is 
known about field emission from semiconductors, al- 
though one would expect several new effects to appear. 
This note reports briefly on one of these—an unusual 
phenomenon that occurs when field emission is drawn 
from a photoconductor like CdS. 

In our experiments, single-crystal needles of CdS (or 
CdSe) were mounted in a Mueller-type electron pro- 
jection tube. They were sharpened by electron bom- 
bardment from a surrounding W wire loop. The CdS 
points reached temperatures above 500°C, as judged by 
the shift in the fundamental optical absorption edge. 
The lower parts of the needles were cooler. Sharpening 
apparently occurred by preferential evaporation. 

Smooth points were very rarely obtained. Projection 
patterns characteristic of lattice symmetry were there- 
fore extremely difficult to observe. Nevertheless, the 
emission had an interesting characteristic not found for 
metals or other substances of high conductivity: it was 
extremely sensitive to radiation that excited photo- 
conductivity in the CdS. 

In a particular case, 12 kv could be applied to the 
transparent anode? in the dark without producing a 
field emission of more than 10~* ampere. When a small 
spot of light (from a 2-watt Western Union zirconium 
arc) was focused on the tip of the CdS needle, however, 
more than 10° ampere could be drawn at 6 kv. Internal 
reflections and scattering of light over large distances 
in the crystal were prevented by introducing a filter 
that passed only wavelengths below 500 my, well 
within the fundamental absorption band of CdS. It 
was then apparent that the effect occurred only when 
the emitting area was irradiated. With light incident 
from one side, the illuminated half of the point emitted 
preferentially. 

In one case, two points emitted current. One was on 
the side of the needle near the middle; the other was at 
the tip. Currents over 10~° ampere could be drawn from 


1E. W. Mueller, Z. Physik 106, 132 (1937). 

2 No phosphor coating was used here. The light produced would 
have returned to the CdS, of course, unless an opaque backing 
were used. Resultant feedback would have destroyed the signi- 
ficance of the results. A slight effect of this kind may even have 
been present without phosphor, since the transparent coated glass 
anode fluoresced faintly. 


either point alone by irradiating it with the blue light 
for which CdS is opaque. As judged by projection pat- 
terns, the potential distribution along the needle 
changed radically when the light spot was shifted. In 
tubes with phosphor coatings, images could be ob- 
served at very low current levels, and there was evi- 
dence that the potential distribution around the needle 
tip changed under illumination. 

Several factors may be involved in these effects. One 
of them is simply the spreading resistance -:ssociated 
with the emission of field currents through a needle tip 
only a micron or thereabouts in diameter. This resist- 
ance R is of order kp/d, where p is the resistivity, d is 
the tip diameter, and & is a geometrical constant of 
order 10. In the dark, p for CdS may be > 10’ ohm cm. 
With d~10~ cm, R may be >10" ohms. Thus, even 
when the field current in the dark is less than 10-* 
ampere, several thousand volts may be lost in the 
needle resistance instead of appearing in the vacuum. 
When the needle is illuminated, the CdS resistance de- 
creases, the voltage appears in the vacuum, and the 
field emission accordingly goes up. 

Another important influence has been pointed out to 
us by M. H. Hebb. The equipotential surfaces in the 
vacuum at the end of the needle have a smaller curva- 
ture than the surface of the needle tip itself because of 
the current flow through the high resistance of the 
needle material. Hebb’s calculations show that these 
departures become very important when the voltage 
drop in the spreading resistance is an appreciable frac- 
tion of the applied voltage. Thus, the field at the-needle 
tip is smaller than one would calculate for a metal from 
the tip radius and from the voltage in the vacuum be- 
tween the end of the tip and the anode. This deficiency 
in field, which is superposed on that due to simple 
voltage loss in the needle, decreases when the needle 
resistance is reduced by illumination. The field emission 
accordingly increases. These considerations are attrac- 
tive because they do not involve such large electric 
fields in the volume of the CdS as does a simple voltage 
drop in the spreading resistance. 

Several of our observations were consistent with 
these general pictures. First, as mentioned above, illu- 
mination was correlated with changes in potential dis- 
tribution around the emitting points. Second, when the 
light was switched off, the increase in applied voltage 
required to maintain constant current became larger 


1037 
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as the current level increased. Third, quenching phe- 
nomena were evident and were characteristic of CdS 
photoconduction.’ Finally, atomic hydrogen destroyed 
the effects, presumably because the surface conductivity 
was increased by reduction of the CdS. 

One expects other phenomena that are absent in 
metals to play a role in this kind of emission. Barrier 


*E. Taft and M. H. Hebb, J. Opt. Soc. Am. 42, 249 (1952). 
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layers are present. It is conceivable that a Zener type 
of breakdown may occur in a p-type semiconductor 
when emission is drawn from it. Further evaluation of 
these possibilities can perhaps best await theoretical 
treatment of field emission under these unusual condi- 
tions. 

We are indebted to Malcolm H. Hebb and John K. 
Bragg for many interesting discussions 
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Nuclear Mass Determinations from Disintegration Energies: Oxygen to Sulfur 


C. W. Lr 
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Values of the atomic masses from O'* to S* have been derived from the Q-values of nuclear reactions 
with a procedure of statistical adjustment. Tables are given of the most probable Q-values and the atomic 
masses. In combination with a previous calculation, they give a set of consisten’ mass values from n' to 


S®, based on nuclear disintegration energies. 


N a previous calculation! the atomic masses from n! 
to F*° relative to O'8= 16.000 000 have been derived 
from the Q-values of nuclear reactions. Following a 
similar procedure, the atomic masses from A = 17 to 33 
are derived in the present work from recently available 
Q-value measurements. 

Table I lists the Q-values used in deriving the 
masses. In most of these measurements, electrostatic 
or magnetic analysis has been used to determine the 
energy of the incident particles and emitted particles: 
electrons, heavy particles, or pairs or converted elec- 
trons produced by gamma-rays. In some cases, reaction 
thresholds or radiative capture transition energies of 
thermal neutrons have been involved. Except in a 
few reactions, there is yet only one accurate measure- 
ment for each reaction. Fortunately, enough cross 
checks have been established to provide a test on the 
internal consistency of the data. In this calculation 46 
reactions have been used to determine the masses 
of 29 nuclei. The extensive magnetic analysis work by 
W. W. Buechner’s group at the Massachusetts Institute 
of Technology accounts for almost half of the reactions 
listed in Table I. Three connections between the 
heretofore very loosely linked Ne and F isotopes have 
been furnished by recent measurements: F?°(8~) Ne, 
Ne®°(d,a)F'8, and Ne*!(d,a)F!®. The second one is a 
range measurement in photographic emulsion. However, 
in view of its accuracy and its consistency with other 
data, it has been included, in contrast to the practice 
in I. This is the only range measurement which is used 
in these calculations. Another difference from I is that 
measurements with reported errors up to 40 kev have 
ba Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951) 
(referred to as I). 


been included, instead of the earlier limit of 30 kev. 
The error of the heavier of the resultant masses turns 
out to be of the order of 40 kev. 

Figure 1 illustrates graphically the interconnections 
between the nuclei which are of interest in this discus- 
sion. The solid lines represent reactions forming nuclear 
cycles. As in I, these cycles are useful in that (1) they 
give values of certain fundamental mass differences (or 
zero) ; (2) these fundamental mass differences can serve 
as tests of internal consistency of the nuclear data; and 
(3) they can be used to make regional least-squares 
adjustment of the experimental Q-values and thereby 
to obtain the values of masses which are numerically 
consistent and, presumably, have some improved pre- 
cision. The improvement in precision is a possible result 
of the adjustment of overdetermined but statistically 
consistent data. 

Table II exhibits the simplest set of independent 
nuclear cycles in the region of interest in the present 
discussion. It can be seen that, while the general 
precision is somewhat inferior to that of reactions in I, 
the present data are statistically consistent and the 
values of fundamental mass differences computed from 
them are consistent with those derived from I, namely, 
n—H'=0.7823+0.001 Mev, n+H'— H?=2.225+0.002 
Mev, and 2H?— He*= 23.834+0.007 Mev. An exception 
is the fourth cycle in Group 4 of Table II. This cycle 
gives a value for 2H?— Het which is inconsistent with 
the other values for 2H’—He', the discrepancy being 
many times the average error of the other cycles. 
Therefore we have omitted this cycle in the adjustment 
of the Q-values. In order to calculate the masses of 
Ne” and Ne” we have adopted the (d,p) reaction Q- 
values without adjustment and have omitted the beta- 
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Taste I. Nucleafteaction energies used in evaluating masses. 








Reaction 


Experimental 
Q-value 
(Mev) 


Weighted 
mean of 


experimental Q 
(M: 


ev) 


Adjusted 
value of Q 
(Mev) 


Refer- 
ence* 





*Li’(t,a) He® 
O1(d.n)FUt 
OM(p,n) Fut 
O18(p,a) N15 
F1"(g*)O1 

F(8*)O1F 


F9(n,y)F® 
F9(p,n)Nei* 
F(d,p)F*t 
F(8~) Ne 
Ne#(8*)Fi® 
Ne®(d,p) Ne™ 
Ne(d,a)F'* 
Ne*!(d,p) Ne™? 
Ne*(d, oe 
Ne*(d, »p)N 
Nat(g yNew 
Na*(8*) Ne 


Na*™(p,n)Mg® 
Na®(p,a) Ne” 
Na*™(d,p)Na™ 


Na®(d,a) Ne® 
Na™(8-)Mg™ 


Mg*(d,p) Mg** 
Mg**(d.) Mg** 
Mg?*4(d,a)Na™ 
Mg"*(d,p) Mg” 
Al??(n,7)AB* 

Al"(p,a)Mg™ 


Al"(d,p) Als 
Al*"(da) Mg* 
Ala(8~)Si® 
Si28(n, 7) Sit 
Si28(d'p)Si29 
Si2*(d,p)Sive 
Si2*(d\a) Al? 
Si¥9(d'p) Sis 
Si?9(d,ax) Als 
Si1(g-) Pu 


P8(n,y) Pat 
Pai(d’p) Pat 
P31(p,a)Si28 
P3142) Si29 
Px(p-)Sa 


P#(6~)S# 


S(n,7)S# 
S**(d,p)S* 


9.79 +0.03 


2.841 40.006 


—4,.877 +0.010 
2.372 40.008 
4.731 +0,009 
4.723 40.008 
6.902 4-0.010 
5.526 +0.008% 


5.097 +0,007 
8.880 +0.012 
7.019 +0.013 
4.207 +0.006 
7.724 40.010 

1.585 +0. re 


6.422 +0.011 


1.667 +0.008 


4.727 0.006 


1,593 40.006 


1.476 40.007 


1.707 +0.004 


0.265 40.014 


(unadjustable) 
—2.453 +0.004 
3.969 +0.023 
2.767 +0.006 
1.671 +0.004 


6.600 +0.007 
—4.038 +0.005 
4.375 +0.007 
7.052 +0.012 
3.256 +0.005 
4.530 +0.006 
2.781 +0.018 
(unadjustable) 
6.434 +0.009 
(unadjustable) 
(unadjustable) 
(unadjustable) 


(unadjustable) 
4.730 +0.006 


6.902 +0.007 
5.531 40.007 


5.099 +0.006 
ey rey 8 
7.031 + 


(asadjonabhey 
1.594 +0.005 


5.497 +0.007 
6.693 +0.007 
4.650 40.011 


4.367 +0.007 
3.108 +0.009 
1.480 +0.007 


7.930 +0.008 
5.705 +0.008 
1.911 +0,008 
8.158 +0.008 
(unadjustable) 


(unadjustable) 


8.645 +0.010 
6.420 +0.010 


De 52 
Bo SI 
Ri 50p 
Se 51 
Pe 50 
Bl 49¢ 








* See text, 


t Occurred a o. The value has been changed here. 
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Fic. 1. The nuclear reactions with accurately known Q-values are 
represented on this chart by lines connecting target nucleus and 
residual nucleus. Solid lines: Q-values which form cycles, adjust- 
able; dashed lines: unadjustable Q-values. 


measurement, believing that the latter is more sus- 
ceptible to error. 

At first thought, it would seem that the next step 
should be to calculate the values of the fundamental 
mass differences from the present data alone or, better, 
from all data from S* down to n!. In view of the lower 
precision of the present data, the first alternative would 
not be so reliable and the second alternative, after 
considerably more work, would give essentially the 
same results as those given by I. Therefore, we have 
instead used the values of fundamental mass differences 
from I to adjust the present data. 

The assumptions or approximations regarding the 
input data and the procedure of adjustment are exactly 
the same as those discussed in I. The adjusted values 
are listed in column 4 of Table I. Among the 37 adjust- 
able reactions, there are two adjustments which are 
outside the respective reported errors. The adjustments 
are slightly on the positive side, i.e., there are more (Q’s 
whose absolute values have been increased than Q’s 
whose absolute values have been decreased. 

The adjusted Q-values and unadjustable ones (indi- 
cated by dashed lines in Fig. 1) were then combined 
with the fundamental mass differences and the adjusted 
data from I to yield the atomic masses listed in Table 
III. In all cases the Q-values were taken as the difference 
in atomic masses (not nuclear) on the two sides of a 
nuclear reaction equation. This is believed to be a very 
good approximation for reactions involving nuclei with 
A 2 16. The errors quoted are determined by a Gaussian 
compounding of the errors in the Q-values entering 
into the evaluation of each mass. Together with I, the 
present work gives a consistent set of masses from n! 
to S*, based on nuclear data.? 


? See also H. A. Wilson, Phys. Rev. 84, 836 (1951). 


Wi 52 Wiles. Bair, Kington, Hahn, Snyder, and Green, Phys. Rev. 
849 (1952). 


Wi 52a Willard Kington, and Bair, Phys. Rev. 86, 259 (1952). 
Wo SO J. L. Wolfson, Phys. Rev. 78, 176 (1950). 
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Tasce II. Nuclear cycles and fundamental mass differences. 





Mass difference 
from experi- 
mental Q 
Cycle (Mev) 





Group 1. Nuclear cycles giving a sum of zero. 

Na*(d,a) Ne", Ne*(d,p) Ne", Na™(p,a) Ne 

Al?"(d,a) Mg”, Mg*(d,p) Mg”, Al??(p,ax) Mg™ 

P® (da) Si®®, Si?*(d,p)Si?*, P®*(p,a) Si?* 

Si®(d,a) AP*, Al?"(d,p)AP*, Si?*(d,a) AP’, 
Si?°(d,p) Si” 


0.001+0.015 
0.004+0.014 
0.003+0.017 


0.020+0.022 


Group 2. Nuclear cycles giving » —H?!. 
O'*(p,n) F'8, F'*(8*)0" 
F'(p,n)Ne!®, Ne!*(8+)F' 
O'*(d,p)O'7, O'8(d,n) FF", F'7(8+)O" 


From I 


0.786 +0.009 
0.837 +0.030 
0.806 +0.024 
0.7823+0.001 


Group 3. Nuclear cycles giving » +H! —H?, 
F'9(d,p)F™, F9(n,y) F® 

AP"(d,p)AP*, AF"(n,y) AP* 
Si?*(d,p)Si®*, Si?*(n,7)Si?® 

P3\(d,p)P®, P®(n,y)P® 

S*(d,p)S®, S®(n,7)S* 

From I 


2.257+0.031 
2.230+0.014 
2.264+0.041 
2.236+0.031 
2.218+0.023 
2.22540.002 


Group 4. Nuclear cycles giving 2H? — Het. 

Ne™(d,p) Ne", Ne®(d,a) F'*, F'°(d,p)F*, 
F(8-)Ne®, with 2H'—H? * 

Mg*(d,p)Mg*, Mg**(d,a)Na®, Na®(d,p)Na*, 
Na*(3-)Mg®, with 2H'—H? * 

Si**(d,p)Si®*, Si?*(d,a) AP’, Al?"(n,y)AP*, 
Al**(8~)Si**, with n—H!' * 
Na*(d,a)Ne", Ne*(d,p)Ne®, Ne®(d,p)Ne*, 
Ne*(8~)Na®, with 2H'— H? * 

P*!(d,ax) Si, Si**(d,p)Si®, Si°(d,p)Si®, 
Si" (8-)P", with 2H'—H?** 

F*( pia \( yis bd O'*(d,a) N¥, N"(d,p) N4,> 
O'(p,a)N", O'8(p,n)F'8, Ne®(d,a)F", 
Ne**(d,p) Ne®, Ne®(d,a) F, with n+ H' — 

From I 


23.81520.023 


23.812+0.018 


23.829+0.022 


23.656+0.025¢ 


23.829+0.020 


23.841+0.048 
23.834240.007 


H?* 








n —H! =0.7823 40.001 Mev, n+H!—H? =2.225+0.002 Mev, 2H! —H? 


=(n +H! —H*) —(m —H!) = 1.443 +0.002 Mev; from I. 

+ From I, adjusted values. 

® This cycle has not been included in the adjustment. Ne*(8~)Na™ =4.21 
+0.015 Mev, H. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950). 


The masses F'’ and F* have been recalculated in the 
present work. Since the calculation of I, many new Q 
measurements pertinent to the masses from A=1 to 
16 have been made, in different laboratories. No 
essential discrepancy has appeared except in the case 
of He®, which was connected to Li® by an unadjustable 
beta-measurement. Using the new measurement 
Li’(t,a)He®=9.79+0.03 Mev*® and the adjusted data 
of I, the atomic mass of He® becomes 6.020 833 (+39), 
and the He*— Li® mass difference becomes 3.549+0.032 
Mev. 

DISCUSSION: COMPARISON WITH MASS 
SPECTROMETRIC DETERMINATIONS 

Table IV gives a comparison between the mass values 

from nuclear data and the recent mass spectrometric 


~ 3 See reference De 52 of Table I. 
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values by Niert and by Ewald.§ The nuclear data 
include both those in I and those in the present calcu- 
lation. The differences between the mass spectrometric 
values and the corresponding nuclear values, A, are 
listed following the mass spectrometric values. Nier’s 
values are consistently larger than the nuclear values. 
The disagreement is 3 to 2 times the sum of probable 
errors for the lighter nuclei. Nier’s values for Ne*® and 
S® agree with the nuclear values within the sum of 
probable errors. Ewald’s values differ from nuclear 
values randomly. The agreement with the nuclear 
values is excellent for the lighter nuclei. His value for 
N' [based on his 1946 measurement of the CH;— N® 
doublet®:*] is larger than the nuclear value by twice 
the sum of probable errors, and his value for Ne” is 
smaller by two and one-half times the sum of probable 
errors. His values for P*' and S® are both larger than 
the nuclear values, while his value for Si** is close to 


TABLE III. Table of atomic masses. 


A, M -A, 
mass mass defect 
number (Mev) 


6 19.399+0.036 


M, atomic mass 
from nuclear 
data (amu)* 


6.020 833 (+39) 
18.004 857 (+23) 
17.007 505 (+5) 


18.006 651 (+22) 
20.006 350 (+17) 


4.522+0.022 


6.988+0.005 
6.193+0.021 
5.91340.016 


19.007 952 (+15) 
19.998 777 (+21) 
21.000 504 (+22) 
21.998 358 (+25) 
23.001 768 (+26) 


7.405+0.014 
—1.139+0.019 
0.469+0.021 
—1.529+0.023 
1.6462.0.023 


21.004 286 (+39) 
22.001 409 (+25) 
22.997 055 (+25) 
23.998 568 (+26) 


3.991+0.037 
1.312+0.023 
—2.742+0.023 
— 1.33320.024 


1.353+0.024 
— 6.864+0.024 
— 5.824+0.025 
—8.565+0.027 
—8.633+0.028 


23.001 453 (+26) 
23.992 628 (+26) 
24.993 745 (+27) 
25.990 802 (+29) 
26.992 876 (+30) 


—9.245+0.028 
—8.603+0.030 


26.990 071 (+30) 
27.990 760 (+32) 


prema in I. The value has been changed here. 


* 1 amu =931.152 } 


— 13.253+0.030 
— 13.362+0.032 
— 15.609+0.034 
— 13.837+0.036 


— 15.317+0.036 
— 14.883+0.038 
— 16.606+0.042 


— 16.590+0.039 
— 16.871+0.041 


4A. O. Nier, Phys. Rev. 81, 624 (1951). 
5H. Ewald, Z. Naturforsch. 6a, 293 
6H. Ewald, Z. Naturforsch. 1, 136 (1946). 


(1951). 


27.985 767 (+32) 
28.985 650 (+34) 
29.983 237 (+36) 
30.985 140 (+39) 


30.983 550 (+39) 
31.984 016 (+41) 
32.982 166 (+44) 


31.982 183 (+42) 
32.981 881 (444) 





NUCLEAR MASS DETERMINATIONS: 


the nuclear value. This discrepancy has already been 
pointed out by Wapstra’ with the P*'—Si** mass 
difference computed from nuclear data. 

Direct comparison of the mass values between nuclear 
data and mass spectrometric data is superficial, because 
neither is the primary experimental data. Nuclear 
values are calculated from disintegration energies as 
already discussed, and mass spectrometric values are 
calculated from mass doublet measurements. In most 
precision mass spectrometric measurements a system 
of three easily accessible secondary standards, namely, 
H', H?, and C®, has been used, relating to the main 
standard O'*= 16.000 000. The three fundamental mass 
doublets 2H'—H?, 3H?—4$C", and C"H,'—O"*, which 
form a closed ring, are usually used to obtain these 
secondary standards.® A fourth secondary standard is 
S®, which can be linked to O'* directly by the doublet 
(O'*),—S*®. Nier* has used, in addition, a closed ring 
containing H', C”, S®, and O"* to obtain these secondary 
standards, and thus provided an independent check on 
the values of these secondary standards. After the 
determination of these secondary standards, especially 
H!', H?, and C®, they are then considered as established 
anchor points for computing mass values from other 
doublets. 

Table V gives a comparison between the values of 
mass doublets as computed from nuclear data and those 
directly determined in recent mass spectroscopy. Among 
the fundamental doublets containing the secondary 
standards, 2H'—H? is in very good agreement. The 
doublet 2H?— He‘, also one of the fundamental mass 
differences used in evaluating masses from nuclear data, 
is essentially in agreement, though it should be further 
improved. The doublet (O!*),—S* determines the mass 
of S®* directly. The old discrepancy*" of 1 Mev in the 
mass of S® is removed now, and all data come into 
agreement by the order of 100 kev. Not listed in 
Table V, the doublet (O'*),—S*® was measured by 
Aston® to be 17.740.3 mMU, by Okuta and Ogata’? 
to be 19.15+0.11 mMU, and also the doublet 
C"(0'*),— C?S® was measured by Okuta and Ogata to 


For convenience of reference, a portion of the table of 
atomic masses in J is reproduced here. 








M-A, 
mass defect 
(Mev) 


8.3638+0.0029 


M, atomic mass 
from nuclear 
data (amu) 


1.008 982 (+3) 


1.008 142 (+3) 
2.014 735 (+6) 


4.003 873 (+15) 





7.5815+0.0027 
13.7203+0.006 


3.6066+0.014 





7A. H. Wapstra, Phys. Rev. 86, 561 (1952). 

8 For example, J. Mattauch and S. W. Fliigge, Nuclear Physics 
Tables (Interscience Publishers, Inc., New York, 1946), p. 9. 

® G. H. Aston, Proc. Roy. Soc. (London) A163, 391 (1937). 

1 T. Okuta and K. Ogata, Phys. Rev. 60, 690 (1941). 

11. Penfold, Phys. Rev. 80, 116 (1950); H.T. Sy Phys. Rev. 
81, 1060 (1951). 
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Tase IV. Comparison of masses from nuclear data and 
from mass spectrograph measurements. 








Nuclear data Nier (1951)* 4 X10* Ewald (1951) 4x10 





1,008 165 
+23 


+43 
+71 
+38 
+49 


Ne 20 19.998 835 


Ne 21 e Kags 
Ne 22 
Si 28 
P 31 


(+23) 
S$ 32 31.982 272 


(+19) 


31.982 218 


(+42) (+25) 








* See reference 4. 
> See reference 5. 


be 18.94+0.23 mMU; the latter two averaged to 
19.11+0.07 mMU.” With the new “synchrometer” 
time-of-flight mass spectrometer, Smith® reported a 
measurement of the mass of S®, representing a doublet 
value of 17.7+1.0 mMU; later, Hays, Richards, and 
Goudsmit’s measurement™ represents a doublet value 
of 1741 mMU. The nuclear value is higher than all 
but one of the other measurements, though essentially 
in agreement with Nier’s and several other values. The 
doublet containing Si** is in good agreement. The 
doublet containing Al*’, heretofore used for the determi- 
nation of the mass of Al’, shows a large change. 

No further analysis of either nuclear data or mass 
spectrometric data has been attempied here. New 
independent measurements on both nuclear reaction 
energies, especially many beta-decay energies, and 
mass spectrographic doublets would be very desirable. 
Though present technique does not yet permit the 
measurement of »—H!' by the mass spectrometer, 
doublet measurements with radioactive nuclei, like 
He',!® Be’, and C*, would be very interesting and of 
great theoretical importance. Also the fundamental 
mass difference 2H*— H'H?® should be measured directly 


” This value has been used to give the S® mass in most com- 
pilations in recent years. 

4. G. Smith, Phys. Rev. 81, 295 (1951). 

“4 Hays, Richards, ‘and Goudsmit, Phys. Rev. 84, 824 (1951). 

% Planned by Professor K. T. Bainbridge (private communica- 
tion). 
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TABLE V. Mass spectrographic doublets. 








Computed from 
nuclear data Nier and 
J Roberts> 


4 4 
(mMU) Ewald¢ (mMU) Others 





2H'— H? 
2H?— Het 
3H? — 4C# 
2((H?),0'*— 4A] 
—[{(C*),(H"),.—A®] 
C#(H!'),—O"* 
(C),(H'),—C#0"* 
4[(C) ,(H')s—C#(O"*) 2] 
C#(H'),—N™ 
(N*),—C#80'* 
(C),(H")s— (N"),0"* 
C*(H');—N"* 
(H*),H'O"* — (H?),0"" 
(H?),0"* — (H'),0"* 
(H*),0'*-— FY H! 
(H?),0'*— Ne® 
(H'),0'*— Ne” 
(H?),H'O'*— Ne*! 
(H?),0'* — Ne* 
(C"),(H');—Al” 
C8O's— Si?8 
(C),(H'),—Si* 
C(H");— 4Si* 
(O'%),—P™H 
pup—sz 
P®(H!);— a 
(0%),-S* 
C(0'*),— Cs" 
(C*),—S®0O"* 
(C¥)«(H),—C%(S%), 
(H*),0"*— 4A 
Ne*®— 4A“ 


1.5494+0.0024 
25.5964-0.008 
42.30240.016 


1.5519+0.0017 
25.612+0.009 


14.958+0.033 
36.37240.019 


15.057+0.050 
36.478+0.022 
36.443+0.022 
36.484+0.020 
12.586+0.013 
11.280+0.013 
61.76+0.09 


12.57340.012 
11.227+0.011 
61.517+0.024 
23.367+0.011 

3.610+0.005 

8.32940.026 
16.872+0.011 
30.69340.019 
22.364+0.022 
37.108+0.020 
45.847+0.024 
41.96340.029 
18.037+0.031 
54.409+-0.035 
36.612+0.019 

8.308+0.039 


9.509+0.010 
17,818+0.042 


30.721+0.039 


17.782+0.025 
33.182+0.007 
87.326+0.058 
41.967+0.018 
11.280+0.018 


33.034+0.045 
87.22320.092 


1.5503+-0.0015 
25.604+0,.009 
42.29224-0.012 


+0.0009 
+0.008 
—0.010 


+0.0025 
+0.016 


+0.099 
+0.106 
+0.071 
+0.112 
+0.013 
+0.053 
+0.24 


36.443+0.0054 
36.451+0.0064 


36.371+0.012 


12.564+0.010 12.597+0.0034 


23.302+0.015 23.395+0.0054 
3.634+0.015 
8.312+0.012 
16.909+0.015 
30.688+0.010 
22.391+0.010 
37.212+0.020 
45.867+0.015 
+0.387 
+0.02 
+0.05 
+0.18 


42.35+0.065° 
18.06+0.08' 
54.46+0.17! 
36.795+0.075! 


18.0152-0.030 


8.249+.0.030 
9.504+0.020 


17.716+0.020 17.630.10! 
—0.036 
+0.148 
+0.103 


41.953+0.012 








* 1 amu =931.152 Mev, J. W. M. DuMond and E. R. Cohen, Phys. Rev. 82, 555 (1951). 
>A. O. Nier and T. R. Roberts, Phys. Rev. 81, 507 (1951); A. O. Nier, Phys. Rev. 81, 624 (1951); T. R. Roberts, Phys. Rev. 81, 624 (1951). 
*H. Ewald, Z. Naturforsch. 6a, 293 (1951); Sa, 1 (1950); and 1, 136 (1946). 


4K. Ogata and H. Matsuda, Phys. Rev. 83, 180 (1951). 


*J. Mattauch and H. Ewald [see S. W. Fligge and J. Mattauch, Physik. Z. 44, 181 (1943)]. 
‘H. E. Duckworth and R. S. Preston, Phys. Rev. 79, 188, and 402 (1950); and 81, 268 (1951). 


by mass spectrometer, as well as additional measure- 
ments on 2H?— Het‘, to check the accuracy of nuclear 
data. 

It is interesting to compare the present mass values 
with those in two of the recently most used tables.!*!” 
Both tables are based on earlier mass spectrographic 
data for the main mass scale and use nuclear disinte- 
gration energies in an auxilliary way. For most of the 
masses listed in Table III of the present discussion, 
Bethe’s table quotes errors of the order of 200 to 900 
kev, while Wapstra’s table!’ quotes errors of the order 
of 100 to 400 kev. In parallel with recent improvement 
in mass spectrometric measurements, the present mass 


%H. A. Bethe, Elementary Nuclear Theory (John Wiley and 
Sons, Inc., New York, 1947), p. 123. 

' L. Rosenfeld, Nuclear Forces, II (Interscience Publishers, Inc., 
New York, 1949), p. 497. 


values have errors of order of 20 to 40 kev, as an 
indication of the late improvement of nuclear reaction 
energy measurements. It is of interest to note that, 
compared with the present mass values, the number of 
nuclei whose masses have been changed by more than 
their respective listed errors in each of the two above- 
mentioned tables is very close to half of the number of 
nuclei so compared, just as the definition of “probable 
error’’ stipulates. 

The author wishes to thank Dr. C. Mileikowsky, Dr. 
W. Whaling, and Dr. D. E. Alburger of the Brookhaven 
Laboratory for important prepublication information, 
and Professor T. Lauritsen for interesting discussions. 
It is a pleasure to express his appreciation to Professors 
Charles C. Lauritsen and W. A. Fowler for the privilege 
of working with them. He is indebted to the California 
Institute of Technology for a Research Fellowship. 
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This paper reports experimental data on the effect of x-raying NaCl, KCl, and KBr at 5°K (approximately 
liquid helium temperature). These crystals, grown by Harshaw, were exposed to x-rays (50 kv at 20 and 
48 ma) at 5°K, and the absorption spectra were measured from 210 my to 1100 my. A large concentration of 
F-centers was produced after an exposure of 15 minutes. The F-center is narrower than those obtained in 
additively colored crystals at 20°K. This difference in width also occurs in crystals x-rayed at 78°K. The 


narrowing of the F-band does not seem to be due to the temperature difference, i.e., 


5°K and 20°K. No 


bands were observed to the infrared with the exception of a small F’-band in NaCl and KBr. Bands which 
were not known previously were obtained to the ultraviolet. Some bands decrease on warming to 78°K 


while others grow. 


INTRODUCTION 


NTIL recently color centers in alkali halide 

crystals were produced at high temperatures or by 
irradiating the crystals with x-rays or other high energy 
radiation at room temperature. By lowering the tem- 
perature at which the crystals are x-rayed, additional 
color centers appear, some of which are stable only at 
low temperatures. Considerable work has been done 
down to 78°K (liquid nitrogen temperature), and a 
number of absorption bands have been found. Pick! 
has studied the F’-bands which can be produced in 
additively colored KCl and KBr by irradiating with 
light in the F-band at low temperatures. Casler, 
Pringsheim, and Yuster? have produced additional 
bands by x-raying NaCl, KCl, and KBr at 78°K and 
at dry ice temperature. They have also shown that 
some of these bands are unstable when the temperature 
is raised. Dorendorf* has x-rayed KCl and KBr at 
several different temperatures ranging from — 180°C 
to +75°C. He observed seven bands on the ultraviolet 
side of the F-band which are produced at various tem- 
peratures and have various ranges of temperature 
stability. Martienssen* has shown that KBr x-rayed at 
20°K possesses a large a-band and an F-band. He has 
also reported the 6-band in KBr which can easily be 
produced by x-raying KBr at 20°K. The properties of 
the a-band and #-band have been studied previously by 
Delbecq, Pringsheim, and Yuster® in KI. 

In order to achieve a more complete understanding 
of color center formation at low temperature, it is 
desirable to extend these investigations to 5°K (liquid 
helium temperature). 


* This research was supported by the Bureau of Ordnance, 
U. S. Navy. 

t Part of a dissertation presented to the Faculty of the Gradu- 
ate School of the University of Maryland as partial fulfillment for 
the degree of Doctor of Philosophy. 

1H. Pick, Ann. Physik 31, 365 1938), 37, 421 (1940). 

* Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887, 1564 
(1950). 

+H. Dorendorf, Z. Physik 129, 317 (1951). 

4W. Martienssen, Z. Physik 131, 488 (1952) and Naturwiss. 
38, 482 (1951). 

5 Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 
(1951). 


This paper will report work on NaCl, KCl, and KBr 
x-rayed at 5°K. This is the measured temperature of 
the crystals within the low temperature cell. The work 
has been of a survey nature and many individual results 
remain to be fully explored. Since the work indicates 
important results, the authors deem it advisable to 
publish these data now, rather than to withold pub- 
lication until such time as all the individual phenomena 
are fully explored. The experimental procedure will be 
described first, then results on the individual crystals 
will be given, and finally a summary will be made. No 
attempt will be made to give a theoretical interpretation 
of the results. 


EXPERIMENTAL PROCEDURE 


The experimental procedure consisted of four parts: 
obtaining the crystal, cooling it, x-raying it, and 
measuring its absorption spectrum. We shall now 
describe the parts in detail. 

Some alkali halide crystals of unknown purity can be 
obtained from chemical companies. Pohl® has pointed 
out that for optical measurements crystals should have 
no more than 1 part per 10° or 10° of any one foreign 
element. A qualitative spectroscopic analysis of the 
impurities in several of the available alkali halides was 
made for us by Dr. S. Zerfoss of the Naval Research 
Laboratory and by Mr. B. F. Scribner of the National 
Bureau of Standards. The results are given in Table I. 
Unfortunately, the analysis gives information only 
about those elements listed. Thus, for example, we 
have no knowledge regarding the content of hydrogen 
which causes the U-band.’ We would like to stress the 
fact that these figures are only qualitative and that 
further analysis is needed. Some estimates in the table 
may be changed upon improvement of the analytic 
technique. Table I indicates the following: 

(1) The impurities in the samples tested are much 
higher than one would like for color-center work ; 

(2) Crystals from various chemical companies 


®R. W. Pohl, Proc. Phys. Soc. (London) 49, extra part 4 (1937). 


7R. Hilsch and R. W. Pohl, Nachr. 
Math.-physik. Kl. 2, 139 (1936-39). 
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TABLe I. Spectroscopic impurity analysis of several alkali 
halide crystals.* 





NaCl > ett KBr | NaF 
Ele-| Har Har Har Har Opt|Har Har|Har Har. Pil| Zer 
ment|NRL NRL NBS NBS NRL|INRL NBS/NRL NBS NRL} NBS 


r i— — |T - - 
T x W ed T _ eee sy Wi-? 
| 


| 


Zr 


* The terms or symbols used in the above table are as follows Har, Opt, 
Pil, and Zer, designate respectively, samples of the alkali halide obtained 
from the Harshaw Chemical Company, the Optovac Chemical Company, 
the Pilot Chemical Company, and Dr. Samuel Zerfoss of the Naval Research 
Laboratory, Washington, D. C.; NBS analysis made by the Spectro 
chemistry Section of the National Bureau of Standards, courtesy of Mr. 
B. Scribner; NRL analysis made by the Crystal Branch of the Naval 
Research Laboratory, courtesy of Dr. S. Zerfoss; VS—greater than 10 
percent; M—0.1 to 1.0 percent; W—0.01 to 0.1 percent; VW—0,001 to 
0.01 percent; T—0.0001 to 0.001 percent; —not detected. 
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generally have about the same order of magnitude of 
impurity content although variation in distribution 
Occurs ; 

(3) There are considerable variations of the impurity 
content in samples of the same alkali halide obtained 
from any one company. 

The justification for using these relatively impure 
crystals in the experiments is that they are the best 
obtainable at present. In order to produce purer 
crystals, two problems must be solved. First, excep- 
tionally pure raw material must be obtained and 
second, the crystal must be grown from this material 
without introducing impurities. Impurity ions are 
rejected from the melt during the growth process,’ but 
when a degree of purity of 1 part in 10° or better is 
required, injection of impurities from the crucible may 
occur unless exceptional care is taken to eliminate such 
contamination. In short, the acquisition of a highly 
pure crystal is in itself a major problem not fully solved 
as yet.® 

The cell used in these experiments has been de- 
scribed elsewhere.” 

The radiation sources were 50-kv Machlett C-524A 
molybdenum target x-ray tubes, one having maximum 
rating of 20 ma and the other 50 ma. The crystal was 
about 3 cm from the tube window, and the x-rays had 
to penetrate the beryllium window, 0.05 cm thick, of 
the cell. 

The optical measurements were made on a Beckman 
Model Du Spectrophotometer adapted to be used with 
the cell. Before exposing the crystal to x-rays, a blank 
transmission run was made. The data will be reported 
in terms of k’, which is defined as: 


R'= logio(Zo/T), 


where : Jo= fraction of light transmitted before x-raying ; 
I=fraction of light transmitted after x-raying. The 
quantity k’ should be proportional to the absorption 
coefficient. Unfortunately, the depth of the color layer 
is unknown in these experiments and an absolute value 
of the absorption coefficient cannot be obtained. If the 
depth of coloration is assumed to remain constant 
during the x-raying, k’ can be used to obtain the relative 
concentrations of color centers." At present one can 
only obtain an order of magnitude of the number of 
color centers formed at low temperatures by assuming 
an average depth of coloration from measurements 
made with a travelling microscope on crystals irradiated 
at room temperature. Our measurements of this depth 
give values which are less than those of Dorendorf’s.* 
~~ R. McFee, J. Chem. Phys. 15, 856 (1947). 

® The workers at Géttingen assumed that they were dealing 
with crystals of high purity; the authors, however, do not know 
of any spectroscopic test of crystals grown in Germany. The 
purity of the material used to grow the crystals is given in some 
of the papers, but the impurities introduced in growing the crystals 
is not known. The Applied Physics Laboratory is presently trying 
to obtain crystals of higher purities. 

10 W. H. Duerig and I. L. Mador, Rev. Sci. Instr. 23, 421 (1952). 

1 A, Smakula, Z. Physik 59, 603 (1930). 
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Band name U V; 
Wavelength, mz 192% 210° 


Ve 
223> 260 
Temperature Room Room 5°K 


Room 5°K 
*R. Hilsch anc 
physik. Kl. 322 (15 
> See reference 2. 


EXPERIMENTAL RESULTS 


In order to gain an over-all view of the color centers 
in the alkali halides, a tabular summary will be given 
of the major known bands (Table II-IV). We shall 
include the new bands found in this paper. These tables 
are extensions of summaries given by Ivey.” The 
reference given with each band is not meant to exclude 
the fact that other workers have observed it, but is 
intended to be a leading reference. Except for the Vo- 
band, no letter will be assigned to the new bands 
reported in this paper. The results and effects observed 
will be given in detail after each table. 


NaCl 


Careful measurements have been made on the F-band, 
so that the peak and half-widths are well known. For 
NaCl at 20°K, Mollwo"™ presents the following data: 


A» =426 my, Am=454my, A,-=482 mu. 


Am is the wavelength at the peak of the F-band. \, is 
the wavelength on the ultraviolet side of A, where 
k’=0.5k' max (i.€., at Am) and A, is the wavelength on 
the infrared side where k’=0.5k'’ max. Mollwo’s values 
at 90°K agree with the measurements at 90°K of 
Molnar." Flechsig® has measured at 90°K the F-band 
produced at room temperature by x-rays in natural and 
synthetic NaCl. All values of \, agree very well; how- 
ever, Flechsig’s value of A,(505 my) on synthetic 
crystals disagrees with the one given above. 

Figure 1, curve 1, shows the absorption spectrum of 
a Harshaw NaCl crystal which has been exposed to 
x-rays (50 kv-48 ma) at 5°K for two hours. The 
spectrum which is found when the crystal is raised to 
78°K after this exposure is also shown in this figure. 
The following conclusions seem justified : 

(1) An F-band comparable in size with those produced 
at 78°K and higher temperatures appears with the fol- 
lowing values: 


A, =426 mp, Am=450 my, A-=471 my. 


The values of \, and A,, agree with previous measure- 


2H. F. Ivey, Phys. Rev. 72, 341 (1947). 

3 The figure for the F-band was taken from a paper of E. 
Mollwo, Z. Physik 85, 56 (1933). The authors have been unable 
to find just how the F-bands were produced. In the paper he 
used both natural and synthetic crystals. Most probably the 
centers were produced by additive coloration. 

4 J. P. Molnar, unpublished thesis, Massachusetts Institute of 
Technology (1940). We would like to thank Dr. Molnar for a 
copy of his thesis. 

6 W. Flechsig, Z. Physik 36, 605 (1926). 


330 
5°K 


i R. W. Pohl, Nachr. Akad. Wiss. Géttingen, Math. 
933). 
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TABLE IT. Wavelengths of the maximum of various bands observed in NaCl. 


F Ri 
5104 540° 
140°K 90°K 


PR 
454° 
20°K 


Vi 
345° 
80°K 


¢ See reference 13 
4 See reference 11 
* See reference 14. 


ments, but A, disagrees. The difference is too large to 
be ascribed to experimental error. Four other separate 
runs also using Harshaw crystals produced spectra sub- 
stantiating Fig. 1. On three of these, the x-ray tube was 
run at 50 kv-20 ma and in the other at 50 kv-48 ma. 
The variation of the \’s between the runs is less than 
1 my and the average value has been given above. 

(2) In Fig. 2, k’ is plotted against time of exposure to 
x-rays. Similar data taken on other runs support these 
data. This curve should be compared with Harten’s'® 
data on KCl at higher temperatures. 

(3) In NaCl the F’-band is difficult to detect since 
the F-band overlaps it. In three runs at 20 ma, no 
indication of an F’-band appeared. The runs at 48 ma, 
however, indicate a rise on the infrared side of the 
F-band. This is interpreted as an F’-band which appears 
when the intensity of x-radiation is high. 

(4) The M- and R-bands do not appear. 

(5) A broad well-defined band forms at 330 my which 
is not the V;-band. The V;-band is produced by x-rays 
at 78°K and is much narrower (see item 8 below). 

(6) A band has been measured at 260 mu. A second 
weak band may form at 230 my although the data do 
not establish this band conclusively. This structure 
appears on large-scale plots of the data and not in Fig. 1. 

(7) The data suggest the possibility of a band between 
the F-band and the 330 mu-band. The band would 
correspond to the Vo-band which will be described in 
KCl. 

(8) Heating to 78°K caused the 330 mu-band to 
disappear and the narrower V;-band to appear at 
345 my. When measured immediately after warming to 
78°K, the V,; absorption maximum is greater than the 
absorption maximum of the 330 myu-band. During this 
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Fic. 1. Effect of x-raying NaCl at 5°K. The effect of 
warming to 78°K is also shown. 


‘6H. Harten, Z. Physik 126, 619 (1949). 
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Fic. 2. Plot of the growth of the F-band 
against time at 5°K. 


heating the number of F-centers is reduced to about 60 
percent of its previous value at 5°K (curve 2 of Fig. 1). 

(9) The effect described in (8) occurs immediately 
after warming to 78°K and is followed by a gradual 
bleaching of both the V;- and F-bands until the V;-band 
is gone (curves 3 and 4 of Fig. 1), and the number of F- 
centers is reduced to about 48 percent of the previous 
value at 5°K. No further changes occur after this. The 
percentage changes are estimated with the use of 
Smakula’s formula.” The effects of the band width are 
included. 

(10) Warming to 78°K causes a small change in the 
width of the F-band, i.e., 


A, =427 mu, Am=451 my, A-=473 muy. 
Crystals x-rayed at 78°K have within our ability to 
measure them the same values of A, and A,. Mollwo’s 
values at 90°K are: 

h,=426myu, Am=455 my, A,=483 my, 


which disagree with our own values. Molnar’s measure- 
ments at 90°K on F-centers produced at higher tem- 
peratures agree with Mollwo’s values. X-raying these 
same crystals at room temperature gives: 


A, =422 mu, An=465 mu, A-=506 my, 


which is in excellent agreement with Mollwo’s data. 

Assuming the color layer in NaCl to be uniform and 
0.07 mm thick, and an oscillator strength of 0.7, the 
F-center density after 4 hours of x-raying at 50 kv and 
20 ma is 1.6 10'8 per cm at 5°K. 


TABLE III. Wavelength of the maximum of the various bands obtained in KCl. 


Band name Vs V; U 
Wavelength mu < 20 212 214> 
Temperature 90°K 90°K Room 


Band name Vi Vo F 
Wavelength mu 356" 455° 5404 


Temperature 90°K 5°K 28°K Room 


* See reference 3 
> See reference a of Table II 


© The Vo-band appears when KC1 is x-rayed. It is not in Pick’s curves on 
additively colored KCI crystals at 38°K although there is a band at this 
wavelength in the curves of F. G. Kleinschrod, Ann. Physik 27, 97 (1936), 


~ 7 A. Smakula, Z. Physik $9, 603 (1930). 


KCl 


As can be observed in Table III the U-band and the 
V3-band lie close together. Since we do not know the 
hydrogen content of the crystals, the V3-band may be 
the same as the U-band. 

Mollwo’s" values for the F-band at 28°K are: 


Ae=515 mp, Am=540 mp, A-=560 my. 


The value of \,, and i, shift to the infrared with rising 
temperature, but X, is apparently constant below 78°K. 

The absorption spectrum of a Harshaw KCI crystal 
which was exposed to x-rays (50 kv-48 ma) at 5°K is 
shown in Fig. 3, curve 1. Curve 2 of this figure shows 
the effect of raising the crystal to 78°K, and curve 3 to 
room temperature. One other run was made with KCl 
at 5°K which substantiates the data. The following 
conclusions appear justified : 

(1) An F-band comparable in growth rate with those 
produced at 78°K and higher temperatures appears 
with the following values: 

Av=518 mu, Am=540 mp, A-=557 mp. 
Unfortunately, only one run was made in which it was 
possible to obtain the half-width points. 

(2) There are no indications of any band structure 
(F’, R, R2, and M) to the infrared side of the F-band. 

(3) Two distinct V-bands are formed. The pre- 
dominant band occurs at about 345 mu. This band may 
correspond to the V;-band which appears at 78°K. 
This rise, however, shifts with exposure from 355 mu 
to 343 mu. This suggests the possibility of a new band 
at about 340 mu which forms at 5°K. Shortly we shall 
see that this is the case for KBr. The Vo-band appears 
here as it does at higher temperatures.’ A very small 
band is indicated at about 255 mu which is 20 my to the 
red side of the V2-band. Our measurements did not 
extend far enough in the ultraviolet to measure V3. 

(4) On warming to 78°K, the 255 mu-band apparently 
disappears and a band at 238 mu appears, probably 
the V2-band, with over twice the maximum absorption 
of the small 255 mu-band it replaces. This same band 
(V2) occurs when KCl is x-rayed initially at 78°K. 
Although the above values are only approximate, the 
authors believe that the difference between 255 mu 





Vr 
300" 
90°K 


255 
90°K 5°K 
R F’ M 
730° 750° 820° 
Room 170°K Room 


at room temperature which may be the Vo-band. The value of Vo was 
obtained from the present set of measurements. 

4 See reference 13. 

© See reference 14. 

{ See reference 1 

« E. Burstein and J. J. Oberly, Phys. Rev. 76, 1254 (1949). 
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and 238 my is real. The authors’ belief that the V2-band 
appears on warming is based on the assumption that a 
band does not shift to the violet on heating. The Vo- 
and F-bands are reduced on warming, the F-band to 
about 45 percent of its value at 5°K. The maximum of 
the Vo-band shifts about 15 my to the red. The structure 
at 345 muy (see item 3) bleaches, leaving the V;-band. 
(5) The F-band attains the following values on raising 

to 78°K: 
A» =516 my, 


We have x-rayed KCl at 78°K. The values agree with 
those just given. Casler, Pringsheim, and Yuster’s? 
curves give values at 78°K (514 my and 563 my) in close 
agreement with our data. There is only a very small 
variation in the half-width from run to run. 

The values of A, are considerably less than values 
obtained by creating the F-band by x-raying at room 
temperature or heating in the alkali vapor and then 
cooling to 78°K. Mollwo’s values at 90°K are: 


Am=540 mp, A-=563 my. 


A»=515 mp, Amw=548 my, A-=571 my. 


Molnar’s values are in agreement with these values. 

The above data seem to indicate that the F-band 
has a different half-width at 78°K for both NaCl and 
KCl, depending on whether it was created at high or 
low temperatures. 

(6) Warming to room temperature bleaches the Vo- 
and V,-bands and greatly reduces the F-band. 

If the colored layer is assumed to be 0.08 mm thick, 
and the oscillator strength 0.81, the F-center density 
is 10'* per cm? after fifteen minutes of x-raying with 50 
kv at 20 ma at 5°K. 


KBr 


From Table IV, the similarity between the U- and 
the V3;-bands should again be noted. Mollwo!' obtained 
three bands at 430 mu, 270 mu, and 230 mu at room tem- 
perature by heating KBr in Br vapor. These bands 
appear to be the V;-,V2-, and V3-bands although con- 


siderable work is necessary before this statement can be 
confirmed. 

Mollwo’s data taken at 28°K on the F-band for 
synthetic KBr are: 


A» =570 mp, An=602 my, A-=628 mu. 


Band name a 
Wavelength, my 193% 202* 
Temperature 90°K 90°K 


V 


Band name V P 
4104 


6 
Wavelength, mz 3624 
Temperature 90°K 





* See reference 4 

> H. Thomas, Ann. Physik 38, 600 (1940). 
¢ See reference a of Table II. 

4 See reference 3. 


~ 18 E, Mollwo, Ann. Physik 29, 394 (1937). 
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to 78°K; 2 days ofter raising 
to 78°K 


to room temperature (dato 
from previous run) 


Fic. 3. Effect of x-raying KCI at 5°K. The effects of warming 
the crystal to 78°K and room temperatures are shown. 


Further, \, does not change with temperature but A,» 
and X, shift to the infrared with rising temperatures. 

The absorption spectrum of a Harshaw KBr crystal 
x-rayed at 5°K is given in Fig. 4, curve 1. Curves 2 and 
3 of this figure show the effects of raising the crystal to 
78°K. The following conclusions appear justified : 

(1) A large F-band appears at 5°K. Its growth rate 
at this temperature is comparable with that at 78°K. 
Our measurements on the F-band at 5°K give: 


A, = 624 mu. 


These figures are an average of two runs. The band is 
narrower than Mollwo’s value at 28°K. The difference 
between Mollwo’s value of \, and the one given here 
seems to be due to the monochromator used. It does 
not seem to be due to the difference in temperature, 
since Mollwo’s value of A, does not change between 
28°K and 300°K. 

(2) The R- or M-bands do not seem to appear. The 
F’-band does not appear for an exposure of 20 ma but 
seems to appear for an exposure of 28 ma for 50 kv 
X-rays. 

(3) There are several bands to the ultraviolet of the 
F-band. At 230 mu a band appears. It is well formed 
although it appears to the infrared side of another very 
large band (probably the a-band)* whose peak is 
beyond the Beckman range. 

A band occurs at 380 mu which does not correspond 
to any previously observed bands. We have x-rayed 
KBr at 78°K and produced a substantial V\-band at 
410 my. This band shifts less than 2 mu on cooling to 


\,=577 mu, Am=601 my, 


V; V; u” 


267° 
80°K 


2654 
90°K 


“2314 
90°K 


F’ Ri R, 
700° 7308 790« 
90°K 


t See reference 1 
® See reference 14. 
b J. J. Oberly, Phys. Rev. 84, 1257 (1951). 
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Fic. 4. Effect of x-raying KBr at 5°K. The effect of warming the 
crystal to 78°K is shown. 


5°K and cannot be confused with the 380 myu-band 
which forms at 5°K. 

A slight rise at 530 my to the ultraviolet side of the 
F-band indicates a structure which may correspond to 
the Vo-band. This rise appears in additively colored 
crystals (see Martienssen, reference 4). At 285 mua weak 
band seems to form which is 10 my to the infrared of 
the V4-band. 

To summarize, two well-defined bands are resolved 
at 230 mu and at 380 mu, and one weak band at 285 mu 
(V4). Two other bands, one corresponding to Vo and one 
beyond 210 mu, are indicated to the ultraviolet of the 
F-band. 

(4) On warming to 78°K, the Vo-,380 mu-, and F-bands 
decrease considerably. It cannot be determined whether 
the band to the ultraviolet of the 230 mu-band (prob- 
ably the a-band) changes. The 230 my-band bleaches 
out entirely. The 285 mu-band seems to disappear and 
another band forms slightly to the ultraviolet. This 
new band is probably the V4-band which by our meas- 
urements at 5°K and 78°K peaks at 277 mu. The effect 
is much like that discussed above for KCl. The mag- 
nitude of the bands is small and this effect is difficult 
to measure accurately. 

(5) A further phenomenon shown in Fig. 5 occurs at 
78°K. The broad band at 380 my is not stable. Its 
ultraviolet side bleaches with time. This seems to 
indicate that the band is composed of two centers, one 
of which dissociates with time at 78°K. The remaining 
centers seem to be those associated with the V\-band. 
As can be seen in Fig. 4, curves 2 and 3, the F-band 
continues to bleach with the decay of the 380 my-band 
at 78°K. 

(6) The shape of the F-band when warmed to 78°K 
is close to what we have obtained when KBr is x-rayed 
initially at 78°K, the values being 


A,=576 mp, Am=604 mp, A-=632 mp, 


which again do not agree with Mollwo’s values at 90°K, 
i.e., 
Am = 609 my, 


d\,=573 mp, \,= 639 mu. 


Molnar’s value does not agree with either set of figures. 
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(7) A very puzzling effect was observed at 5°K. After 
obtaining a spectrum, the sample was allowed to 
remain at that temperature for 4 hours and another 
spectrum obtained. Following the 4-hour measurement, 
it was again allowed to stay for another 4 hours and 
again measured. There was no difference between the 
spectra taken after the 4 and after the 8-hour period. 
There was a slight bleaching, however, of the bands to 
the ultraviolet side of the F-band between the first two 
measurements. The amount of bleaching to the ultra- 
violet side of the 380 mu-band was very small and 
within the accuracy of our measurements. However, the 
effects on the F- and 380 mu-bands seem measurable. 
It is to be stressed that only one set of measurements 
has been taken in KBr. However, many points were 
taken and the results look reliable. Obviously, more 
measurements are necessary. 

If the depth of the color layer is assumed to be 0.06 
mm, the number of F-centers produced at 5°K is 10'8 
per cm’ after 15 minutes of x-raying at 50 kv and 20 ma. 
xBrinontow) 
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Fic. 5. The effect of time on the 380 mu-band of KBr. Curve 2 
shows the band immediately after warming to 78°K from 5°K. 
Curve 3 is 20 minutes later. Note the appearance of the V;-band 


as the band at 380 my fades. 


CONCLUSIONS AND DISCUSSION 


Since most of the results are preliminary, no attempt 
to build a model will be made. Further, the impurity 
content of the crystals is relatively high. We shall 
attempt to summarize the results as far as possible and 
suggest lines along which further experiments could be 
carried out. It is to be stressed that the conclusions 
presented here are tentative, although the authors have 
tried as far as possible to report only those data which 
can be justified. 

The general conclusions which apply to all the 
crystals are: 

(1) The impurity content of the commercially 
available alkali halides is too high to consider the 
crystals fully suitable for optical work. 

(2) The F-band forms easily by x-raying at 5°K. 
There appears to be a real difference between its shape 
when formed at low temperatures and when formed at 
high temperatures but measured at this low temperature. 
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(3) With the exception of possibly small F’-bands 
formed after high intensity x-raying in NaCl and KBr, 
no bands appear to the infrared of the F-band after 
x-raying at 5°K. 

(4) New bands appear to the ultraviolet of the 
F-band after x-raying at 5°K. On warming to 78°K, 
these bands bleach, resulting in a reduction of the 
number of F-centers and the growth of certain of the 
V-bands normally produced by x-rays at higher tem- 
peratures. 

The possible future experiments at 5°K are so large 
that it is difficult to list them. Some suggestions are: 

(1) An attempt should be made to obtain very high 
purity material to use at these temperatures. 

(2) Curves showing the rate of growth of the bands 
with time of x-ray exposure should be very valuable. 
It would be particularly interesting to see if the past 
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history of the crystal affects the growth-rate curves and 
what influence the x-ray intensities have. 

(3) The optical and photoelectrical properties of the 
ultraviolet bands should be studied in detail. 

(4) It will undoubtedly be necessary for a general 
understanding of the ultraviolet bands to measure 
the properties of these crystals between 5°K and 78°K. 
This will close the gap between Dorendorf’s results and 
those given here. 

The authors would like to state their appreciation to 
Mrs. B. Grisamore for help in taking and computing the 
data; to Dr. I. Mador for his cooperation in these 
experiments; to Dr. S. Zerfoss of the Naval Research 
Laboratory and Mr. B. Scribner of the National Bureau 
of Standards for analyzing the purity of the crystals; 
and to Professor F. Seitz for a helpful discussion of the 
results. 
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The Thermal Resistivity of Superconductors* 


D. P. Detrwitert AND Henry A. FarRBANK 
Sloane Physics Laboratory, Yale University New Haven, Connecticut 
(Received August 14, 1952) 


The thermal resistance of tin, indium, and an alloy of tin with 0.134 percent bismuth have been measured 
as a function of transverse magnetic field strength from zero to values greater than critical at temperatures 
below their respective superconducting transition temperatures. Measurements have been carried out on 
tin at several temperatures and with polycrystalline and single-crystal specimens. In all cases a distinct 
maximum is found in the intermediate state thermal resistance of the pure metals, while no such anomaly 
is observed in the alloy. The probable origin of this phenomenon is discussed. 


I. INTRODUCTION 


N general, at all temperatures below the zero-field 

superconducting transition temperature, two values 
are found for the thermal resistivity of a superconduc- 
tor, one when the specimen is electrically superconduct- 
ing, and a different one, usually higher, when super- 
conductivity is destroyed by the application of a 
magnetic field greater than the critical field. This is in 
qualitative agreement with the assumption that when 
a metal is in the superconducting state a certain frac- 
tion of the conduction electrons are in their lowest 
energy state and not available for heat transport. 

Until recently, very little information was available 
on the thermal resistivity of superconductors in the 
intermediate state since most of the measurements had 
been made on thin cylindrical specimens with the mag- 
netic field applied parallel to the geometrical axis of 
the cylinder, in which case there is no intermediate 


* Assisted by the ONR. 
t AEC Pre-doctoral Fellow, 1950-1952; now at The Franklin 
Institute, Philadelphia, Pennsylvania. This material is part of a 


dissertation presented to the Faculty of the Graduate School of 
Yale University in partial fulfillment of the requirements for the 
Ph. D. degree. 


state. With the applied magnetic field normal to the 
axis of the cylinder, it would be reasonable to predice 
on the basis of the laminar structure of the intermediatt 
state’ that the intermediate state thermal resistance 
(for § H.<H<H, where H, is the critical magnetic 
field) would vary linearly with magnetic field between 
the values characteristic of the superconducting and 
normal states, respectively, in analogy to the behavior 
of the electrical resistance. 

Mendelssohn and Pontius‘ in 1937 did, indeed, find 
this intermediate state behavior for a lead-bismuth 
alloy (10 percent Bi) at about 5°K. However, in 1950, 
Mendelssohn and Olsen®* made further measurements 
on niobium and a Pb-Bi alloy (0.1 percent Bi) and 
found a distinct maximum in the intermediate state 
resistance. More recently, a similar phenomenon has 
been reported in pure lead below about 4°K by Webber 


1L. Landau, J. Phys. (U.S.S.R.) 7, 99 (1943). 

2 E. R. Andrew, Proc. Roy. Soc. (London) A194, 98 (1948). 

3C. G. Kuper, Phil. Mag. 42, 961 (1951). 

*K. Mendelssohn and R. B. Pontius, Phil Mag. 24, 777 (1937). 

5K. Mendelssohn and J. L. Olsen, Proc. Phys. Soc. (London) 
A63, 2 (1950). 

*K. Mendelssohn and J. L. Olsen, Phys. Rev. 80, 859 (1950). 
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Fic. 1. The thermal resistivity of indium in a transverse 
magnetic field at 2.13°K. 


and Spohr’ and in tin and indium by the present 
authors.® In this paper we report in greater detail the 
results on tin and indium, as well as an alloy of tin and 
bismuth, and discuss the possible explanations of this 
anomalous behavior. 


II. APPARATUS 


The standard steady-state temperature gradient me- 
thod was employed in the thermal resistance deter- 
minations. The specimen, a cylinder about 10 cm in 
length and 4 mm in diameter, was suspended from the 
top of a highly evacuated brass cavity. An electrical 
resistance heater, mounted on the lower end of the 
specimen, served as a heat source. The upper end of 


—_———__— 





Fic. 2. The thermal resistivity of Sn IT in a transverse 
magnetic field at various temperatures. 


7R. T. Webber and D. A. Spohr, Phys. Rev. 84, 384 (1951). 
* D. P. Detwiler and H. A. Fairbank, Phys. Rev. 86, 574 (1952). 
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the specimen protruded through a sleeve in the top of 
the cavity into the surrounding helium bath which 
served as the heat sink. The thermometers used to 
determine the temperature gradient were two carbon 
composition resistors placed in thermal contact with 
the specimen at two points along its length. Rose alloy 
solder was used for all soldered connections to the speci- 
men, its low melting point minimizing the danger of 
crystalline damage by overheating. 

To permit evacuation of the specimen cavity, it was 
suspended in the helium bath by a stainless steel tube 
leading through the flask cap to vacuum gauges and an 
oil diffusion pump. A valve inserted between the pump 
and the gauges was closed when the cavity was im- 
mersed in helium to prevent back-diffusion of air 
through the pump. Baffles were placed in the pumping 
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Fic. 3. The thermal resistivity of Sn IV in a transverse magnetic 
field at various temperatures. The angle between magnetic field 
and the tetragonal axis of the crystal was approximately 20°. 


tube immediately above the specimen cavity to pre- 
vent room temperature radiation and “hot” gas mole- 
cules from impinging on the thermometers. To elimin- 
ate heat leakage to the specimen and thermometers by 
conduction down the electrical leads, these were led 
through the helium bath and into the specimen cavity 
via Stupakoff Kovar-glass insulators mounted in the 
bottom of the cavity. The calculated heat transfer from 
the specimen to the liquid helium bath through these 
leads (copper 0.003-inch diameter) was negligibly small 
compared to that through the specimen in every case. 

The thermometer resistances were measured with a 
bridge circuit, the power input to the resistors being 
maintained at less than 1 microwatt, and were cali- 
brated against the vapor pressure of the helium bath 
using the vapor pressure tables of van Dijk and Shoen- 
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berg.® Interpolation between the calibrating tempera- 
tures was made by fitting the data to an empirical 
formula of the form suggested by Clement and Quin- 
nell!® for carbon composition resistors. 


Ill. SPECIMENS AND RESULTS 
A. Indium 


A rod 2.8 mm in diameter was cast from Johnson 
Matthey spectroscopically standardized indium, J. M. 
Lab. No. 3249. The resulting specimen was a single 
crystal with a number of small surface pits which owing 
to its softness was somewhat strained in mounting in 
the apparatus. Consequently, although a ratio of elec- 
trical resistance at 0°C to resistance at 4.2°K of 5500 
was found, indicating a rather good chemical and phy- 
sical purity, the thermal resistance values shown in 
Fig. 1 are no doubt somewhat higher than for a perfect 
specimen of identical chemical purity. 

A definite maximum in the thermal resistance is 
nevertheless plainly evident in the intermediate state. 


B. Tin 


Two specimens were prepared from Johnson-Matthey 
tin, J. M. Lab. No. 2356, with a stated purity of 99.996 
percent. The specimen designated 5n II was 4.1 mm 
in diameter and consisted of several large crystals. The 
ratio of its electrical resistance at 0°C to that at 4.2°K 
was 8000. Sn IV was a single crystal, 4.3 mm in diam- 
eter, with an electrical resistance ratio of 11,200. In 
this specimen the tetragonal axis of the crystal lay at 
an angle of about 70° from the geometric axis. 

Figures 2 and 3 show that a strong maximum exists 
in the intermediate-state thermal resistivity of tin. 
Although much less pronounced at higher temperatures, 
the maximum is present at temperatures as little as 
0.1°K below the superconducting transition tempera- 
ture. Sn IV exhibited no dependence of intermediate- 
state thermal resistance upon orientation of the mag- 
netic field relative to the crystallographic axes in 
increasing fields, although some dependence upon orien- 
tation was observed in the hysteresis and in the magneto- 
thermal-resistance in fields greater than critical. 

The intermediate-state electrical resistance of Sn IV 
as a function of applied magnetic field is shown in Fig. 4. 
The close approximation to linearity is in excellent 
agreement with theoretical predictions'* and magneti- 
zation measurements" assuming that the fraction of 
normal resistance attained is equal to the fraction of 
the specimen converted to the normal state. 


C. Tin+0.134 Percent Bismuth 


A polycrystalline specimen, prepared of Johnson- 
Matthey materials and having a diameter of 5.0 mm 


*H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 

10 J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

1M. Desirant and D. Shoenberg, Proc Roy. Soc. (London) 
A194, 63 (1948). 
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Fic. 4. The electrical resistivity of Sn IV as a function of 
transverse magnetic field at 2.165°K. 


was also investigated. As shown in Fig. 5, this alloy has 
a much higher thermal resistance than pure tin. No 
evidence of a maximum in the intermediate state was 
found. 


IV. DISCUSSION 


Several hypotheses have been offered’ to explain 
qualitatively the maximum observed in the intermedi- 
ate-state thermal resistance. It is not yet possible to 
state unequivocally which, if any, of these suggestions 
is correct; however, two of them are open to serious 
criticism. 

The first proposal, due to Mendelssohn and Olsen,‘ 
postulated a new mechanism of heat transport in the 
superconducting state in the form of a circulation cur- 
rent of normal and super-electrons, analogous to the 
heat transport in superfluid helium. The maximum in 
the intermediate-state resistance is then attributed to 
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Fic. 5. The thermal resistivity of tin+0.134 percent bismuth 
in a transverse magnetic field at 1.59°K. 
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the destruction of this circulation current by the trans- 
verse lamina of normal material present in the inter- 
mediate state. Since the existance of a circulation cur- 
rent requires, however, that the Meissner effect be 
incomplete in the specimen under consideration, this 
hypothesis is applicable only to alloys or “hard’’ super- 
conductors, and would predict no anomalous thermal 
resistance in the soft superconductors here reported. 

Furthermore, a calculation of the heat transport to 
be expected by such a circulation current, assuming 
very favorable conditions, namely a residual resistance 
comparable to that of a pure metal, a driving emf for 
the normal component equal to the thermal emf be- 
tween the pure metals composing the alloy, and 
the entire cross section of the specimen available for 
the normal current flow, leads to a figure several orders 
of magnitude smaller than the observed anomalies. 

A second hypothesis’ is based on Hulm’s” suggestion 
that the heat transport by the lattice is important in 
the superconducting state. It is proposed that as the 
specimen enters the intermediate state the scattering 
of lattice waves by electrons increases rapidly, thus re- 
ducing the heat transport by the lattice, while the heat 
transport by the electrons increases initially more 
slowly, thus leading to a maximum in the total resist- 
ance. This implies that the intermediate state is distin- 
guished from the normal and superconducting states by 
having a normal electron density differing from either 
of these states. While such is undoubtedly the case on 
the average throughout the specimen, it is not true for 
any particular region. According to the present under- 
standing of the intermediate state in a long, thin cy- 
linder,'* the structure consists of laminae, alternately 
normal and superconducting, perpendicular to the 
specimen axis. A heat current flowing parallel to the 
specimen axis, then, may be considered to flow through 
a group of thermal resistances in series, these having 
alternately the resistance of a normal and of a super- 
conducting region, leading to the conclusion that the 
total thermal resistance is 


w= awn+(1—a)w,, (1) 


where w, and w, are the resistances in the normal and 
superconducting states, respectively, and a is the frac- 
tion of the specimen in the normal state. This clearly 
gives a linear dependence of w upon a, and thus, also, 
according to the intermediate-state magnetization 
measurements of Desirant and Shoenberg,"' upon the 
applied magnetic field. 

If we are to accept this picture of the intermediate 
state, it appears that the anomalously high thermal 
resistance in the intermediate state must be associated 


2 J. K. Hulm, Proc. Roy. Soc. (London) A204, 98 (1950). 
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with some new resistance mechanism not present in 
either the superconducting or the normal states. It 
seems reasonable to assume that the scattering of either 
electrons’ or lattice waves at the superconducting- 
normal! region boundaries gives rise to this additional 
intermediate-state resistance. One would not expect 
this boundary scattering resistance to be significant in 
specimens where the phonon or electron mean free 
paths due to other scattering mechanisms are short 
compared to the distance between boundaries; hence it 
is not surprising that in our Sn-Bi alloy specimen the 
impurity scattering masks any such boundary scattering 
and the thermal resistance does, indeed, approximate 
Eq. (1). 

The drastic reduction in the density of normal elec- 
trons in the superconducting state at temperatures 
appreciably below the transition temperature indicates 
that, since in this temperature region the conduction 
electrons are the chief scattering mechanism for phonons 
in a metal,’ the heat transport by the lattice should be 
much greater in the superconducting than in the normal 
state. At sufficiently low temperatures, the thermal 
resistance in the superconducting state should then be 
similar to that of an insulating crystal. de Haas and 
Biermasz have shown that insulating crystals may 
have in this temperature region thermal conductivities 
of several walts cm~ deg, so in superconducting 
metals it appears likely that a comparable lattice con- 
ductivity should be present in parallel with the residual 
electronic conductivity. 

The measurements of de Haas and Biermasz indicate 
that a phonon mean free path of several millimeters is 
associated with such values of heat transport. Com- 
paring this figure with the value of 0.1 mm found by 
Andrew" for the mean free path of an electron in tin at 
4.2°K and the separation of about 0.1 mm of the 
normal-superconducting boundaries, it appears likely 
that the observed intermediate-state resistance maxi- 
mum is due to scattering of phonons at the boundaries. 

Clearly, however, it is premature to claim any ex- 
planation as final until more quantitative data is avail- 
able. Further study of the dependence of the anomalous 
resistance upon specimen dimensions and impurity con- 
centration would be particularly useful. 

We are indebted to the other members of the Yale 
University low temperature group for assistance in 
acquiring this data, and particularly to Dr. G. B. 
Yntema, who generously loaned the apparatus used in 
the electrical resistance measurements. 


1% R. T. Webber and J. K. Hulm, private communication. 

4 R. E. B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 (1938). 

4 W. J. de Haas and Th. Biermasz, Physica 5, 47, 320, 619 
(1938). 

6 E. R. Andrew, Proc. Roy. Soc. (London) A194, 80 (1948). 
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Pseudoscalar Mesons with Applications to Meson-Nucleon Scattering and 
Photoproduction* 


S. D. Drettt ann E. M. Henteyt 
Stanford University, Stanford, California 
(Received August 22, 1952) 


The scattering of x* and x~ mesons by protons and the production of #* mesons by gamma-rays incident 
on protons are studied with the quantized theory of pseudoscalar mesons with pseudoscalar coupling. The 
Dyson transformation is applied to the Hamiltonian to yield a new representation in which the velocity- 
independent aspects of the nucleon dynamics are more readily identified. A large “core” term appears in the 
meson-nucleon interaction in this representation and is incorporated into the zero-order Hamiltonian. The 
rem@ining interaction terms are treated perturbation-wise or according to the Heitler damping procedure. 
It is found that even after separating out the large core term, this method of approach fails to give agreement 
between theory and experiment. It does, however, improve on the results of the straight perturbation ap- 


proximation and brings the theory in closer accord with the observations. It is suggested that a direct test 


he 


of the role of the 
on protons. 


I. INTRODUCTION 

HERE are but a very few physical processes that 

are both measurable and sufficiently simple from 
the point of view of meson theory that one can avoid 
phenomenological methods, and, using only the Yukawa 
field equations, attempt to correlate the theory with 
the experimental data. It is important to study these 
processes and to attempt to uncover what, if any, 
aspects of the present field theory formalism can be 
used in establishing a quantitative check between theory 
and experiment. Perhaps characteristic discrepancies 
will be useful in pointing the way to appropriate 
modification of the theory. 

In this paper we study the scattering of x* and 2 
mesons by protons and the production of r+ mesons by 
gamma-rays incident on protons. The quantized pseudo- 
scalar meson and Dirac nucleon fields are assumed to 
interact by means of the nonderivative pseudoscalar 
coupling. Results obtained on the basis of a derivative 
pseudovector meson-nucleon interaction are compared. 
Perturbation calculations of the scattering and photo- 
production cross sections assuming weak coupling be- 
tween the meson and nucleons have already been given,! 
and they do not fit the experimental data. The aim of 
the present work is to narrow the gap between theory 
and experiment by going beyond the perturbation 
approximation rather than by adopting a phenomeno- 
logical approach. 

We apply the Dyson? transformation to the Hamil- 
tonian for pseudoscalar mesons with pseudoscalar 
coupling. This yields a new representation in which the 
velocity-independent aspects of the nucleon dynamics 
are more readily identified.* The meson-nucleon inter- 

* Assisted in part by the joint program of the ONR and AEC. 

+t Now at Physics Department, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

t Now at Physics Department, Columbia University, New 
York, New York. 

! References to the literature will be given in the following. 

2 F. J. Dyson, Phys. Rev. 73, 929 (1948). 

+L. L. Foldy, Phys. Rev. 84, 168 (1951) and private communica- 


tion. Foldy has recently developed a somewhat different trans- 
formation to a representation with similar features to the one we 


core” term is possible in the process of double meson production by gamma-rays incident 


action as described in the transformed Hamiltonian 
can be separated into one large term suggestive of a 
repulsive short-range core interaction between the 
mesons and nucleons plus other terms, one of which is 
the usual derivative coupling form. The large core term 
is incorporated into the zero-order Hamiltonian, and 
the remaining interaction terms are treated perturba- 
tion-wise or according to the Heitler damping pro- 
cedure. It is found that even after separating out the 
large core term, a perturbation approach to the re- 
maining portion of the meson-nucleon interaction fails 
to give agreement between theory and experiment.‘ 
With this method of approach it does prove possible, 
however, to improve on the straight perturbation 
approximation results in the pseudoscalar theory and 
to bring the theoretical results closer to the observa- 
tions. We are encouraged to believe that the quantized 
field theory of charge-symmetric pseudoscalar mesons 
with pseudoscalar coupling to Dirac nucleons may 
prove fully adequate for quantitative analysis of ele- 
mentary m-meson and single nucleon interactions when 
suitable methods for calculating in the intermediate 
coupling region are developed. 


Il. HAMILTONIAN 


We treat the mesons as elements of a charge-sym- 
metric pseudoscalar field. This choice is suggested by 
recent data and analyses of meson interactions with 
nucleons and deuterons.® We assume that the neutrons 
and protons (nucleons) represent the two charge states 
of a Dirac spinor field. The meson and nucleon fields 
are taken to interact by means of the nonderivative 
pseudoscalar coupling. Ward, Matthews, and Salam® 
have shown that this form of coupling has the ad- 
vantage of yielding a theory that is renormalizable in 
the sense of Tomonaga, Schwinger, Feynman, and 
discuss here. See also G. Wentzel [Phys. Rev. 86, 802 (1952)] for 
a brief discussion of this transformation and its application. 

4 See conclusion in letter by G. Wentzel mentioned in reference 3. 

5 R. E. Marshak, Revs. Modern Phys. 23, 137 (1951). 

*P. T. Matthews and A. Salam, Revs. Modern Phys. 23, 311 
(1951). 
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Dyson. On the other hand, it is known that the deriva- 
tive (pseudovector) coupling form gives a nonrenor- 
malizable theory. 

Including interactions with the electromagnetic field, 
the Hamiltonian is thus written as (h=c=1): 


H=Ho+H;+4.; 


Hy 1D fret | Weel tude 
1 


@ 


1 
+ Jrorvtanvars= [e+9nae, 


3 
if 7; VrsTabaydr, 
a=] 


ef A: (d2V¢o —1V¢2)— P(12p1— wido) \dr 
e f Fer(—sy-A+-1 dr 


+$e/2 f AX(O:2-+-¢:?)de. 


M and wu are the nucleon and meson masses, respec- 
tively ; f and e represent the meson and electromagnetic 
(for positive charge) coupling constants; y and Y=y*7, 
are the quantized nucleon field amplitudes (y* is the 
Hermitian conjugate of ¥); rq and ¢a, with a= 1, 2, 3, 
are the conjugate momenta and amplitudes of the 
charge symmetric meson field; A and # are the vector 
and scalar potentials of the electromagnetic field, re- 
lated to the field strengths by =curlA, €= —grad® 
—dA/dt; y=ie8, ys=B8, Ys=Yivzvsv4 are the usual 
Dirac spinors; Ta, Tp= (1+73)/2 are, similarly, the two 
by two isotopic spin (charge) matrices. The nonvanish- 
ing commutation relations in the Schrédinger repre- 
sentation for the field amplitudes are 
[wa(r), g(r’) |= —id95(r—r’), 

(G(r), S whip ges Ox,—6;,0/dx;)6(r—r’), (2) 

(y,*(r), ¥(r’) 
where yu and » spec rt different spin and charge solutions 
of the Dirac equations. 

The Schrédinger equation reads 

idQ/dt= HQ, (3) 
where 2 is the functional specifying the state of the 
fields. We proceed now by making a canonical trans- 
formation to a representation in which the velocity- 
independent aspects of the nucleon motion are more 
readily identified. By means of a time independent 
canonical transformation, 
=exp(—iS)¥, (4) 


,o(r—r’), 


Eq. (3) becomes 
idW/dt=exp(iS)H exp(—iS)¥ 
=(H+i[S, H]+/2105, (S, #7] 
+i*/3ICS, [S,[S, H]J)+---)¥. (5) 
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We choose S to be? 
S=f 2Mt f Prevee: dae (6) 


This is the canonical transformation suggested by 
Dyson’ in demonstrating the equivalence of pseudo- 
scalar and pseudovector coupling forms through the 
first order in f and used more recently by Lepore® in 
discussing higher order processes. The repeated com- 
mutators of Eq. (5) may be summed exactly with the 
above choice of S to give, with o;= —ysqi(i=1, 2, 3), 


H'=exp(iS)H exp(—iS)=Ho+H, 


so - V*L(oiVid—vsx)-t—e0 Ai(tX $)3 War 


+M [vr (14-8) 
M 


Xexp[—i(f/M)yse-¢]— far 


sin*x 
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1 sin*x 
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2 x* 
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7In the following we apply vector notation in isotopic spin 
space and use component notation for ordinary space vectors. 

8 J. V. Lepore, Phys. Rev 87, 209 (1952). The interaction repre- 
sentation is used in this work. We stay in the Schrédinger repre- 
sentation here, since we do not make a straight perturbation 
expansion. 
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where x=(f/2M)+*-¢, and expansions of all factors 
which involve x contain only x2", with m an integer 
and x*=(f/2M)*¢?. The transformed Hamiltonian H’ 
can be analyzed to show where perturbation calcula- 
tions may be expected to be valid and for what processes 
the pseudoscalar and pseudovector coupling theories 
will yield different results. In Eq. (7) Ho and H, are 
the same expressions as in Eq. (1) for the uncoupled 
fields and their electromagnetic interactions. The third 
term, which we denote hereafter as H,,, is the usual 
derivative coupling form of the meson-nucleon Hamil- 
tonian and shows the equivalence of the two couplings 
in the pseudoscalar theory through terms of first order 
in the coupling constant. The coupling constant g nor- 
mally used for the derivative interaction is related to 
the constant f used here by 


g/u=f/2M. (8) 


An expansion of the fourth term in H’, hereafter re- 
ferred to as H., in powers of f, gives to leading order 


(7?/2M) f Werdr. (9) 


This expression is analogous to the quadratic term, 
(e/2m)A?, in the vector potential that appears in a 
two-component reduction of the Dirac equation.® The 
importance of this term has been recognized and 
emphasized in the analysis of the nucleon-nucleon in- 
teraction problem.*!*" Even in a perturbation ex- 
pansion in powers of f it has been shown to give a 
‘large spin independent contribution to nuclear forces. 
The relative importance of this term may be under- 
stood by inspection of Eq. (7). The H, term is propor- 
tional to the large nucleon mass M, whereas M appears 
in other terms there describing the meson-nucleon inter- 
action only in the combination (f/M). Also the char- 
acteristic length associated with the meson field is 
1/u, and we may expect the other terms in H’ to be 
reduced relative to H. by various powers of the ratio 
u/M0.15. 

In the elastic scattering of very low energy mesons 
by nucleons, matrix elements of Eq. (9) are known to 
give the dominant contribution in a perturbation calcu- 
lation. This explains much of the difference in scattering 
cross sections between the pseudoscalar and pseudo- 
vector coupling theories as calculated by Ashkin, 
Simon, and Marshak.” The contribution of the quad- 
ratic term, Eq. (9), is analogous to the Thomson scat- 
tering of light by charged particles in the low energy 
limit. Since nucleon recoil may be neglected at low 


®L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 317. 

10 R. P. Feynman, hectographed notes of lectures at California 
Institute of Technology on “High Energy Phenomena and Meson 
Theories,” January (1951), unpublished. 

uM. M. Lévy, Phys. Rev. 86, 806 (1952). 

2 Ashkin, Simon, and Marshak, Prog. Theor. Phys. 5, 634 
(1950). See also M. Peshkin, Phys. Rev. $l, 425 (1951). 
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energies, Eq. (9) may be written as 


(f?/2M) f K(r—ry)¢%dr, (10) 


where /K(r—ry)dr=1 represents a fixed nucleon 
“source” at ry. The form and sign of Eq. (10) suggest 
a short-range interaction of mesons with a repulsive 
nucleon core. Indeed, we note that Eq. (10), together 
with the mass term, 3u°/¢’dr of the meson self-field 
can be interpreted as giving the meson an effective mass 
u’ = (w+ f*K(r—ry)/M)! inside the nucleon source. 
For a constant source of radius equal to a nucleon 
Compton wavelength 1/M, this gives 


w’=u(1+3((?/4r)(M/p))'. (11) 


An analogous result has been obtained by Schiff® 
in his nonlinear meson theory. The nonlinearity in the 
meson equations was observed there to give rise to a 
strong short-range repulsion between nuclear matter 
and small amplitude meson waves in the vicinity. In 
order to estimate the effect of the mass change due to 
the core, we may tentatively assign a value to f?/4r 
of the order of 7," as suggested by perturbation calcu- 
lations of the anomalous magnetic moment of the 
neutron!® and of the nucleon-nucleon interaction.'* The 
effective mass of the meson interacting with the nu- 
cleon source thus appears to be approximately 30y. It 
increases for smaller source radii. For a large source 
radius, of the order of 5/2M, as suggested by Lévy" 
and Jastrow,"’ the effective mass is still approximately 
8u. These surprisingly large results for u’ suggest two 
things: (a) It is exceedingly dangerous to attempt to 
draw any conclusions from meson theoretic calcula- 
tions based on a perturbation expansion in powers of 
f, and (b) it is necessary to consider the terms of higher 
order in f in H,. 

The fifth an sixth terms in Eq. (7) (we denote the 
fifth term by A, hereafter) are given in a form that 
exhibits both their relation to H,, and their invariance 
under a gauge transformation of the electromagnetic 
potentials. This latter property is seen to follow di- 
rectly from the usual gauge invariant prescription 


Voi: V¢i—eAds, 
VorVo2+ eAgi, 
Vor>V 4s, 


with which the potentials are introduced into a Hamil- 
tonian theory. The trigonometric factors that multiply 


%L. I. Schiff, Phys. Rev. 84, 1 (1951); see also L. L. Foldy, 
reference 3. 

4 By Eq. (8) this corresponds to a g*/4r~0.04. 

6 J. M. Luttinger, Helv. Phys. Acta 21, 483 (1948); M. Slotnick 
and W. Heitler, Phys. Rev. 75, 1645 (1949); K. M. Case, Phys. 
Rev. 76, 1 (1949); S. D. Drell, Phys. Rev. 76, 427 (1949); L. L. 
Aan Phys. Rev. 83, 688 (1951); B. D. Fried, Phys. Rev. 86, 434 
(19 

16K. M. Watson and J. V. Lepore, Phys. Rev. 76, 1157 (1949). 

R. Jastrow, Phys. Rev. 81, 636 (1951); 87, 209 (1952). 
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these terms in Eq. (7) reduce to unity in the weak 
coupling limit, x<1, but are much smaller than one 
for larger values of x (or of the coupling constant f), 
decreasing at least as 1/x? for x larger than one. The 
fifth term H, contributes to the matrix elements 
of order f* in a perturbation calculation of meson- 
nucleon scattering. The seventh term in Eq. (7) has 
the form of a nucleon-nucleon direct interaction and 
will not operate in the processes with which this paper 
is concerned.'* The remaining terms in the Hamil- 
tonian, expressed in the form of Eq. (7), are quadratic 
in the bilinear form (YO), where O is any operator, 
and involve only f* and higher powers of the coupling 
constant. If the meson-nucleon interaction is weak and 
the perturbation procedure of expanding in powers of 
f is valid, then these higher order terms may be ex- 
pected to add only a minor contribution, relative to 
H,, and H,, to matrix elements for elementary processes 
such as meson-nucleon scattering and photoproduction 
of mesons. In this weak coupling limit all the trigono- 
metric factors, such as (x?—cos*x sin*x)3/4x‘, approach 
unity. If, on the other hand, we go to the strong 
coupling limit of large f, these trigonometric factors 
may be expected to be considerably reduced, the one 
exhibited above decreasing as 1/ x. However, since 
these terms are seen to be proportional to a high power 
of f, it is difficult to estimate their relative importance 
in the Hamiltonian when the weak coupling approxima- 
tion breaks down. We have no methods at present that 
permit a complete study of them in the form in which 
they are displayed in Eq. (7). 

From the Hamiltonian in the form of Eq. (7), one 
can see which basic processes will have identical or 
different matrix elements in a lowest order perturbation 
treatment of the pseudoscalar and derivative coupling 
forms. As mentioned above, the quadratic term [Eq. 
(9) ] resulting from a reduction of the series 1, in Eq. 
(7) contributes to the matrix elements of order f? for 
the elastic scattering of mesons by nucleons only for a 
pseudoscalar coupling theory, as does H,. They are 
not present in the usual derivative coupling theory. 
For photoproduction of mesons by gamma-rays in- 
cident on protons, and two coupling forms are identical 
to order ef in the matrix elements.'® In the calculation 
of the anomalous magnetic moments of nucleons the 
matrix elements of order ef? are identical for both coup- 
ling forms.”° However, the matrix elements of this order 
for the electron-neutron interaction differ for the two 
types of coupling and converge only in the pseudo- 
scalar coupling theory in virtue of the H, term in 
Eq. (7). 

‘8 Such terms are discussed by R. K. Osborn, Phys. Rev. 86, 
370 (1952) 

’ B. Araki, Prog. Theor. Phys. 5, 507 (1950); K. M. Case, 
Phys. Rev. 76, 14 (1949). 

*” B. D. Fried, Ph.D. thesis, University of Chicago, Department 
of Physics, June (1952), unpublished. 


™ The terms H, and Hp, give individually diverging contribu- 
tions to the matrix elements of order ef? describing the electron- 
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We have seen that the leading order contribution 
[Eq. (9)] in the expansion of H, is quite large. We are 
thus motivated to study the higher order terms. An 
attempt to estimate their contribution in the non- 
relativistic limit is developed as follows. We separate 
H, of Eq. (7) into terms proportional to even and 
odd powers of f. The even terms contain y;?=1 and 
7?=1 and thus may be written, as in Eq. (10), as an 
interaction of mesons with a classical nucleon source 
density in the limit of a nonrelativistic treatment of the 
nucleons. The odd terms (/* is the lowest order of the 
coupling constant that appears), on the other hand, 
are proportional to ys, which has matrix elements be- 
tween positive energy nucleon states of order |vy| <1. 
Neglecting the odd terms in our approximation, we 
write 


HM f K(r—ty)fcos2x+2x sin2x—1}dr. (12) 


The matrix element of Eq. (12) for meson scattering 
and pair creation or annihilation can be evaluated by 
the methods of Glauber.” We obtain, in the notation 
of Glauber, 


(H.)2=M f K(r—ry)(cos2x+2x sin2x—1)edr, 


-M f Ko tv)(f?/2M*)(¢*)2 
(cos2x— 2x sin2x)odr, 
= f Ker (P 2M?*)(¢?)2 


x [1—(/2/M2)(¢)o] exp[—(/2/2M?)(¢")o]dr. (13) 


Since nucleon recoil has been neglected, we use a maxi- 
mum meson momentum cutoff of k,,~M in evaluating 
(¢*)o, obtaining 3M?/8x*. This gives 


(H.)2=(f? 2M) f K(r—19 )(¢* od 


x [1— (3/29) f?/4a] exp[— (3/4) f?/4a]. (14) 
If we compare Eqs. (10) and (14), we see that the higher 
order terms are responsible for a reduction of roughly 


[1—(3/2m) f?/4r] exp[—(3/4r)f?/4r]. (15) 


This reduction factor is plotted in Fig. 1. It vanishes 
at f?/4r=2.1. For f?/4r=7 it is equal to —0.44; the 
minus sign indicates that the interaction is one of 
attraction, in contrast to the repulsive core result 
indicated by Eq. (10). For a maximum momentum 
cutoff of kn=2M/5, corresponding to a larger core 
radius,'':!” the reduction factor is equal to +0.38. 


neutron interaction. It is only their sum that converges in this 
order of a perturbation calculation to the pseudoscalar result. See 
also B. D. Fried, Phys. Rev. 88, 1152 (1952), and reference 20. 

2 R. J. Glauber, Phys. Rev. 84, 395 (1951). 





MESON-NUCLEON SCATTERING 


If we treat H, in Eq. (12) as a self-energy term and 
calculate its vacuum expectation value, we obtain by 
the same methods a reduction 


[(3/4m) f?/4r {1+ (3/2m)f?/4x] 


Xexp[— (3/4) f2/4e]—1}, (16) 


owing to the higher order terms. This factor is also 
plotted in Fig. 1 for comparison with Eq. (15). 

In view of the fact that only the first-order scattering 
matrix element is evaluated in Eq. (14) and that the 
effect of nucleon recoil, neglected in this procedure, is 
simulated by a maximum momentum cutoff k,~M, 
we can draw only qualitative suggestions from this 
calculation. Clearly, for values of f?/4r as large as 
those quoted above, the entire S matrix, must be 
studied and the renormalization techniques employed. 
However, it is immediately obvious that the power 
series expansion from which Eqs. (10) and (11) are 
derived is not to be trusted. Only for small effective 
values of x can the trigonometric factors cos2x 
+2x sin2x—1 in Eq. (12) be approximated by 2,?. 
For larger values of x, this factor oscillates with period 
2m and increases in amplitude in proportion to x. Also, 
unless the effective value of x is much smaller than 
unity, a perturbation calculation is, at best, of ques- 
tionable validity. We see from Eq. (15) that for scat- 
tering, it is necessary that f?/4r<1.0 for perturbatioa 
methods to be applicable. 

We make here the basic assumption that will guide 
our treatment of H, in the following sections of this 
paper. In studying the elastic scattering of mesons by 
nucleons and meson photoproduction in energy ranges 
which admit a nonrelativistic description of the nu- 
cleon source, we replace H, of Eq. (7) by 


nepy/am) f wore, 


(17) 


with \ a constant of magnitude less than one, whose 
value remains to be specified. For positive (negative) 
values of A, Eq. (17) corresponds to a repulsive (at- 
tractive) short-range meson-nucleon interaction. The 
“constant” A in general may have different values de- 
pending on the manner in which Eq. (17) operates in 
various processes. Thus, the two reduction factors in 
Eqs. (15) and (16), plotted in Fig. 1, apply when H, is 
treated as a scattering and self-energy term, respec- 
tively. However, in applying the Hamiltonian in Eq. 
(7) to scattering and photoproduction in the following 
paragraphs, we shall be able to deduce only that the 
predictions of the pseudoscalar meson theory suggest 
qualitatively some features of the observed cross sec- 
tions when \< 1 is introduced into the core term H,. 
We take as a working Hamiltonian with which to 
discuss current accelerator experiments on meson scat- 
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Fic. 1. Reduction in the core term due to higher order con- 
tributions plotted vs f?/42. The dashed curve represents the factor 
in Eq. (15) expressing the reduction for a scattering or pair 
process. The solid curve represents the factor in Eq. (16) for the 
reduction in the self-energy. 


tering and photoproduction from nucleons, 


H=Ho+H.+-f/2M f ¥*[o.0i¢-2—co:AeX ¢)s War 


+A/2/2M f Werdr+ (f/2M)? f y*n-2Xgydr. (18) 


Terms proportional to the nucleon velocity are neg- 
lected since their contributions are small compared to 
the effects we are interested in studying. 

III. ELASTIC SCATTERING 


We consider in this section the elastic scattering ot 


mesons by protons. The following three processes have 


been investigated at Columbia and Chicago**-*? 


P+nt—P+n* (a), 
P+nr—-P4+2- (b), 
P+r—-N+r° (c). 


(19) 


The observations on the angular and energy dependence 
of the cross sections for these processes are shown in 
references 26 and 27. 

Theoretical interpretation of these curves has suc- 
ceeded only when phenomenology has been used. 
Brueckner*® has interpreted the results in terms of 
nucleon isobars, and the Chicago group in terms of 
scattering phase shifts.?” Our aim here is to see to what 
extent a straight meson field theoretic approach suc- 
ceeds in fitting the data. 

Perturbation calculations fail to predict the observed 
behavior. A thorough relativistic treatment of this 
% Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 

* Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 
934 (1952). 

*% Fermi, Anderson, Lundby, Nagle, and Yodh, Phys. Rev. 
85, 935 (1952). 

36 Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952). 

27 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952). 

*8 K. Brueckner, Phys. Rev. 86, 106 (1952). 
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problem has been given by Ashkin, Simon, and Mar- 
shak.” They calculate the matrix elements for scatter- 
ing through order f* in the pseudoscalar coupling 
theory and through order g’ with derivative coupling 
(in this case the higher order terms diverge and are not 
renormalizable). The sharp rise in cross section as a 
function of meson energy is suggested by the calcula- 
tion with the derivative coupling form H,,. We write 
the differential cross section in the center-of-mass 
system for this case, in the low energy approximation 
that neglects nucleon recoil, as 


da (m+) = (g?/4r)?(4q*/p?w")dQ/u? (a), 
do(x~) =da(x*) (b), 
da(x°) = 2 cos*@da(x*) (c), 


where do(x+), da(x~), and do(x°) are the differential 
cross sections for the three processes as given in Eq. 
(19). The coupling constant g for the derivative coup- 
ling theory is defined by Eq. (8), w and g are the meson 
energy and momentum, and @ is the meson scattering 
angle in the collision center-of-mass system. The theo- 
retical prediction of a spherically symmetric w+ scatter- 
ing cross section is in serious disagreement with the 
experimental results, as is the ratio of the elastic x* to 
elastic plus charge exchange ~ total cross sections. The 
experimental ratio is of the order of 2 at 137 Mev, 
whereas the above formulas predict a ratio of 3/5 for 
all energies. 

The cross sections derived on the basis of a weak 
coupling pseudoscalar coupling theory differ from the 
results in Eq. (20), as mentioned earlier, in virtue of 
the pair term H, of Eqs. (7) and (10) and the fifth 
term H, to order f? in Eq. (7). The results are 


(f?/4r)*[ (1+-a/2M)?+ g'/4M*0? 
—(q?/Mw)(1+w/2M) cos0]d2/M? (a) 
da(x~) = (f?/4r)*L(1—w/2M)*+941/4Mw? 
+(¢/Mw)(1—w/2M) cosd2/M? (b), 
do(n®) = 2(f2/4m)"[ (w/2M)*+ (q!/4M%u*) cos’ 
—(q?/Mw)(w/2M) cos \d2/M? (c). 


(20) 


da(x*) 


(21) 


These formulas are calculated from Eq. (7) with neg- 
lect of nucleon recoil*?® or from Eq. (18) in the per- 
turbation limit A—>1. The second term in the right-hand 
member of these expressions represents the contribu- 
tion of H,, and is seen to correspond to the cross-sec- 
tion result of Eq. (20) when relation (8) is inserted. 
The core term H, contributes the factor unity in the 
first terms in the right members of do(x+) and do(x-) 
but does not operate in calculations of the charge ex- 
change scattering to this order in f. The factor w/2M 
in the first terms results from H,, the fifth term in 
Eq. (7). The third terms in the right members are cross 


® Recoil corrections to Eqs. (21a) and (21b) due to the core 
term are of the same order of magnitude as the w*/M? terms in 
the square brackets and must be included if the formulas are to 
be discussed with this order of accuracy. 
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terms that appear when the matrix elements are 
squared to give a cross section. 

Again we see that these cross sections stand in dis- 
agreement with the experimental data. Whereas the 
experimental points indicate a sharp rise in cross sec- 
tion with energy and a strong cos*@ angular dependence 
for x+ mesons with energies of the order of 100 Mev, 
the expressions (21a) and (21b) are essentially energy 
and angle independent in this energy range in virtue 
of the dominant contribution from the core term H.. 
Also the ratio of the total cross sections o(x+): (x7): 
o(x°)=1:1:w*/2M? is seen to differ considerably from 
observation. 

It is clear from the above that the first step in an 
attempt to reconcile the pseudoscalar coupling theory 
with observation must reduce the core contribution 
relative to the p wave contribution of H», as expressed 
in Eq. (20), so that the rapid rise of the experimental 
cross section with meson energy may be understood. 
As discussed in the previous section, we may expect 
such a reduction when higher order terms in f are 
considered, and we have lumped their effect into a con- 
stant A given in Eq. (18). A perturbation calculation on 
the basis of this Hamiltonian gives scattering cross 
sections that differ from those given by Eq. (21) only 
in that the constant \<1 replaces unity whenever the 
latter appears there, i.e., (1t-w/2M)—(A+w/2M). The 
charge exchange cross section o(r°) is unchanged since 
H, does not contribute to it. The energy variation in- 
dicated by these results for \<y/2M ~1/13 suggests 
the sharp experimentally observed rise with energy, 
but it is still somewhat too gradual. Also, the predicted 
angular asymmetry is not in accord with the data. We 
reserve further discussion of this latter point till later. 
We note here, however, that it is possible to achieve a 
more accurate treatment of H, and that it is reasonable 
to expect an improved calculation of H, to increase 
the relative importance of the p wave contribution Hy, 
thereby sharpening the predicted energy rise of the 
cross sections. 

The argument for this develops as follows. Consider 
the wave equation for the meson amplitudes as ob- 
tained from the Hamiltonian [Eq. (18) ] in the absence 
of electromagnetic fields. If we neglect for the moment 
all terms but those obtained from Hy)+H,, the wave 
equation is 


[A+#—A(f?/M)K (1) xa=0, (22) 


for an eigenstate of energy w= (k+y*)!. The straight 
perturbation procedure given above for evaluating the 
scattering matrix elements corresponds to solving Eq. 
(22) by ordinary Born approximation. That is, the 
zero-order equation and solutions for the meson ampli- 
tudes are 


(23) 
(24) 


where L’ is the normalization volume, and d@a(dxa*) 


(A+ F*)bxa°=0, 


dxa’= (2wL*)—Laxe exp(ik-r)+complex conj. ], 
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is the meson annihilation (creation) operator. The 
third term in Eq. (22) is then treated as a small per- 
turbation. However, the usual criterion for application 
of the Born approximation to scattering of a particle 
of mass u by a potential of radius @ and height Vo 
requires” 


| uVoa?| <1 (25) 
for kaX1, where & is the particle momentum. The core 
term of Eq. (22) corresponds to a square potential of 
radius a and height (Af?/2uM)(3/47a*), so that the 
criterion (25) becomes | (3/2)Af?/42| «1 for slow mesons 
with ka~k/M<<1, where a has been chosen the order 
of a nucleon Compton wavelength. We shall see below, 
however, that it will be necessary to take \f?/4r>1 
in order to approximate data on meson scattering and 
photoproduction. It, therefore, becomes desirable to 
abandon the Born approximation. We solve Eq. (22), 
instead, by the method of phase shifts as applied in 
ordinary single particle scattering by a fixed potential. 
Since we have ka<1 for the processes under discussion, 
we can confine our attention to the s and p wave phase 
shifts. This method of calculation gives directly the 
amplitude of the scattered wave due to H,. We also 
use solutions of Eq. (22) as the zero-order meson ampli- 
tudes in terms of which to calculate the scattering 
matrix elements of H,.+H,. 

Since the matrix elements of H,, are proportional to 
grad@ inside the nucleon core, whereas those of H, 
depend on the amplitude, the ratio of the p wave 
scattering of H,, to the s wave scattering of H, is 
increased over the value obtained when perturbation 
methods were applied to the core. In other words, the 
effect of treating the core in the zero-order wave equa- 
tion is to cut down the amplitude of the meson field at 
the nucleon source and to thereby increase the ratio 
of p to s wave scattering. 

In order to compare the solutions of Eq. (22) with 
the ones exhibited above for Eqs. (23)-(24), we expand 
the latter in radial and angular functions 
dxa°= (2wL)—L axa > €1ji(kr) Pi(cosé)+ complex conj. }, 
where 7; is a spherical Bessel function and P; is a 
Legendre polynomial of order /. The radial solutions of 
Eq. (22) inside and outside the core give in place of 
cijilkr) 
1=0 -cy sechBa ip(Br), 
r>a-- col jo(kr) +ka(1—tanhSa/Ba)no(kr) |, 
r<a--+-—c,ka cschBa 1,(Br), 
r>a-- ci jilkr)+(ka)*{4—cothBa/Ba 

+1/(Ba)?}m, (kr) ], 


(2 --POGIT 


*L. I. Schiff, reference 13, p. 168. 


r<a-- 


(26) 
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is approximately constant if \>>(k?/3M*)({?/4x)~ for 
a~1/M; m, is the spherical Neumann function, and 1; 
is the spherical Bessel function of imaginary argument 
defined so that i(z)=sinhz/s and i;(s)=sinhz/2* 
—coshs/z; c;=(2/+-1)i'. Corrections to these solutions 
are of order (ka)*1. The s wave scattering amplitude 
due to the core alone is then given by * 


—a(1—tanh8a/Ba) =k“ sindo. (27) 


Furthermore, we can use the solutions given in Eq. (26) 
rather than the plane waves [ Eqs. (23)-(24) ] in calcu- 
lating the scattering matrix elements due to H,,+H,. 
An additional improvement is possible if we modify the 
perturbation method to include radiation damping in 
the manner first developed by Heitler.” Unfortunately, 
there exists no quantitative procedure (short of an exact 
solution) by which to gauge the accuracy of the Heitler 
approximation, which (approximation) takes into ac- 
count only the “resistive” effect of higher order proc- 
esses.* It will be seen, however, that as a result of 
invoking the Heitler damping theory, we are able to 
bring the calculated cross sections one step closer to 
the observed scattering data. 

Goldberger“ and others have already applied the 
Heitler damping procedure to the calculation of meson 
scattering by nucleons for the pseudovector theory in 
which only H,, operates in the meson-nucleon inter- 
action and H, describes the propagation of free mesons. 
The work we wish to present here is an extension of 
the methods given by Lippman and Schwinger® and by 
Goldberger to the case in which the zero-order Hamil- 
tonian is taken as Ho plus the core term H., and the 
interaction is given by H,,+H,. But first we present 
for discussion the differential cross sections calculated 
in the straight pseudovector coupling theory. With 
neglect of nucleon recoil, they are 
1+-42? cos?6 \S 


da(x+) =4(g?/4xr)* =(- - 
(14 2x2)2-4-2 


1 dQ 
da(x~) =4(g?/4r)* =( a= 
14922 


cos’*é \ dQ 


a all 
da(r°) =8(g?/4m)* 
wy? \1+ 22" 


where x=3(g*/4)(q*/wu"?) corresponds to the x of 

31 For Ba>>1 this reduces to the strong coupling limit given by 
Wentzel, (see reference 3) and references to previous work given 
there. Recently the wave equation of the form Eq. (22) has been 
studied more thoroughly in connection with the nonlinear meson 
theory, as formulated by Schiff (reference 13), by D. R. Yennie 
(to be published) and by E. M. Henley, unpublished. The 
methods we use here are sufficiently precise for our purposes since 
the core in our equation is the heavy nucleon. 

® W. Heitler, Proc. Cambridge Phil. 37, 291 (1941). 

% J. M. Blatt, Phys. Rev. 72, 461 (194 

*M. Goldberger, Phys. Rev. 84, 929 1951); E. Corinaldesi 
and G. Field, Phil. Mag. 41, 364 (1950); Lepore, Ruderman, and 

Wolff, unpublished. 

%6 B. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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Goldberger, except for a factor 2 that results from using 
the charge-symmetric meson theory instead of the pure 
charged theory. In the limit x0, Eqs. (28) are seen 
to reduce directly to the perturbation results presented 
in Eqs. (20). If we adjust the coupling constant to fit 
an experimental value of 120 mb for the total x* elastic 
cross section at a meson kinetic energy of 135 Mev in 
the lab system, we find g?/4r~0.4, corresponding by 
Eq. (8) to a pseudoscalar coupling constant of {2/49 
«70. Several interesting features emerge in Eqs. (28). 
The variation of the total cross sections for x* and for 
m~ mesons as a function of meson energy indicates a 
sharp rise in the region 60 to 150 Mev, followed by a 
general flattening at higher energies in accord with the 
data on m~ scattering (elastic plus charge exchange). 
A choice of g?/4r>0.5 or g*/4r<0.3 shifts the energy 
plateau for the calculated cross section to too high or 
too low an energy value, respectively. However, if we 
were to adjust the angular distribution of da(m*) to fit 
the observed distribution, of roughly 1+3 cos*@ at an 
energy of 135 Mev, we would require g?/4r~0.9. For 
g’/4r=0.4 the predicted distribution is 1+0.6 cos*@. 
The ratio of o(a*):0(x~)+-0(2°) is still less than unity, 
in disagreement with the data which indicate this ratio 
to be 1.4 at 60 Mev and 3 above 100 Mev, but is in- 
creased slightly to 0.72 from the perturbation result of 
0.6. In accord with observation, do(x~) is isotropic. 
Proceeding now to a discussion of the damping 
theory as applied to the pseudoscalar Hamiltonian we 
write first, in Goldberger’s notation,™ the scattering 


matrix for elastic scattering due to H,: 
Raa = — (Pq, HVao*), (29) 


where qo and q denote, respectively, the momenta of 
the initial and scattered meson, and WVqo°* is defined 
by the integral equation 

V0 t= Pag t+ ATH Wao, (30) 


with A=w+ie—H». This solution incorporates the 
boundary condition of an incident free wave, (qo), plus 
an outgoing scattered wave due to the core term H,. 
The R matrix defined as above is related to the scatter- 

ing phase shift 50, given in Eq. (27), by 
Rago = (22/wgL') sind exp(ido). (31) 

The total R matrix for elastic scattering is 

Raw = —(%q, {H-+H +H +} Vat) (32) 
with H,, Hy», and H, as in Eq. (18) and Wqo* defined by 
Waot = qt 4-"(H.+H pte) Voor. (33) 


It is useful to define Wao’ = Vaot—WVao*. By Eqs. 

(30) and (33), it satisfies the relation 

Vqo' = & (A pp tHe) Vao* 
+A-"(H.+Hyt+Hs) Va’. (34) 


There are two elements in the prescription yielding the 
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Heitler damping theory approximation to the solution 
of Eq. (34). 

(1) Only the lowest order matrix elements which 
contribute to the scattering, as found by an iteration 
procedure, are to be kept (first order for H,, second 
order for H,,). 

(2) The energy denominator 


A= (wt+ie— Hy)! = (w— Hy)! P— ixri(w— Ap) 


is replaced by its second term —imé(w— Ho), indicating 
that contributions from terms off the energy shell are 
neglected. Use of the above prescription and Eggs. (29), 
(32), and (34) allows us to express the R matrix of 
Hyt+H, as 


Raao’ = Raqo— Raw“ 
= — ($4, {H, +H pAH pe} Yao) 
+i Diq5(w—wq) Bay Raw’, (35) 
where 


Bag = —(®q, {Het+Hst+HpA“H Py) (36) 


is the lowest order Born approximation scattering 
matrix. Equation (35) is the desired extension of the 
usual Heitler integral equation, expressed in terms of 
the known solutions Vqo°°’+. These are essentially the 
state functionals for meson field amplitudes given as 
solutions of Eq. (22). In the absence of H., which we 
treat by the previously discussed phase shift method, 
Eq. (35) reduces to Goldberger’s result. 

It is possible to solve Eq. (35) exactly with the trial 
form 


Rago’ = — L-*(sog?-+51q- qo+isee-qoXq), (37) 


since all higher order terms in o can be reduced to these. 
We consider specifically the scattering of ++ mesons 
by protons. The Born approximation scattering matrix 
is just 

Baao(x*) = — (f?/2MwL)(\+u/2M 


—o-qoa:q/2wM), (38) 


corresponding to the cross section (21a) with A>1. The 
first term on the right member of Eq. (35) differs from 
the Born approximation result because of the appear- 
ance of Waqo‘°+, defined by Eq. (30), in place of ao. 
This means that in calculating the matrix elements of 
H, and H,, we insert the solutions written in Eq. (26) 
for the meson field amplitude that annihilates the 
incident meson state of momentum @q in place of the 
usual plane wave, Eqs. (23)-(24). The effect of thus in- 
cluding the core H, in the zero-order Hamiltonian is to 
reduce the s and p wave scattering matrix elements by 
the factors 
r,=3(B8a)*(1—tanh8a/Ba), 


(39) 
r,=3 coth8a/Sa(1—tanh$a/8a), 


respectively, relative to the Born approximation. These 
factors neglect terms (ka)*1 and reduce to unity for 
Ba—0. Introducing Eqs. (36)-(39) into Eq. (35), we 
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obtain after some algebra 


sot = (f/2M)*(r./¢°) 
X([1+(i/2x)(f/2M)*qu(1+2Md/w) P, 
wre —(f/2M)*(rp/a*)(1+-2ix)/(1—ix+22%), 
=—(f/2M)*(rp/w)(1—ix+2x2)7. 


The complete R matrix is now known since, by Eqs. 
(27) and (31), 


Rago (x*) = — (29/wL)a(i— tanhfa/8a), 


to order (ka)*1. The procedure is entirely similar in 
the cases of elastic and charge exchange scattering of 
m~ mesons by protons. Relating the R-matrix to the 
differential scattering cross sections by 


da = (L%w*/4n*)(| R|*)ndQ, 
we obtain finally 
da(x*) 
2Mr 14+92 v4" 


tanh§a 
ii a(1 =) {1 2Mr 


B'a* coth*Ba gt 1+42* cos*é 
+ ti tb 298) 22 
Bacothga ¢ cosé 
oM (14-238)4a8 
1x ied 


w 2+w/2M» 








‘Je 


w 2—w/2Mr 


2Mr 1+y2_ 
Ba cothéa ¢ 2 


— 
w*M? 1+ 9x2 r wM 


cos@ w 14+3xy_ 
x1 -_—— —— | |2o, 
1+ 9x? 2Mr 1+y-_? 


) 
tanh8a \? 
a(1- ~—) 
Ba 


s— coth’sa- i 1 


4y? 


tanh8a (w/2Mr)? 
al | 14+2(f2/4)?(qu,/2M2)? 
ge coth*Ba g' cos’? Bacothfa ¢ 
ae we? i+ 2st r wM 


1—2x(f?/4e) (qu, =~ 








ae 
s cos6 ww 


. 40 
2a? 2M 1+2(f?/4)*(qw/2M?)? mm 


where ys represent 


“2 (1 w 
J = —A— +—), 
*4n M\ 2M 
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The total cross sections, integrated over angle, are 
anhfa w 2+w/2Mr 
o(x*) =4ra?{ 1— ——) {ut 


2Mx ~ 149,2 
Ba? ' coth’sa g¢ 1+42°/3 
+ - Sa 
=) w 2—w/2Mr 
sehen 1— — -——_— 
Ba 2MrX 1+y2 


o(a) =4ro'( 1- 
Pres terssmst gy 1 } 





om? (1+ 222)4 a9] 
4? w*M? 1+ 922 





tanhfa\? (w/2Mx)* 
o(x°) ~#rot(1-— ~—— —) | 
1+ 2(f?/4ar)?(qw/2M*)? 


1 6a? coth’*Ba ¢! 1 


oe w*M? 14222) 


We comment here that proton recoil has been 
neglected in these calculations. This means that terms 
reduced by w/M relative to unity are omitted. They 
have been explicitly calculated and shown to be indeed 
small and not to materially affect the above results. 
The terms proportional to w/M in the above formulas 
appear only in combination with the constant 1/A>1. 

In analyzing the above formulas we make the fol- 
lowing observations: 

(1) The data indicate that p wave scattering (due 
to H,,.) dominates above ~60 Mev and, therefore, in 
order to approximate the energy variation of the ex- 
perimental cross sections, we must take 0.3< g?/4r 
<0.5 as we did in the discussion below Eqs. (28); or 
by Eq. (8), 53< f?/4r< 89. 

(2) If we restrict g*/4r to lie within the above- 
indicated limits, there remain two constants \ and a 
(or 8) to adjust in order to bring these cross sections 
in as close agreement as possible with some of the data. 
If we take a to correspond to the nucleon Compton 
wavelength, a=1/M, we find that we must take 
\=n/2M =0.075 to fit the magnitude of x~ elastic plus 
charge exchange scattering for mesons in the energy 
range of 135-215 Mev. The data and theoretical curve 
are presented in Fig. 2. The data of Anderson ef al. and 
of Steinberger et al. are seen to fall somewhat below 
the theoretical curve for meson energies below 120 
Mev. We may also take a larger source radius of 
a=2/M. Choosing \=u4/M=0.15 we fit the data for 
the higher energy x~ mesons, but the curve is again 
high below 120 Mev. This curve is also plotted in Fig. 2. 

(3) The cross section for #* scattering given in Eq. 
(41) is smaller by a factor of roughly ? than o(x-) 
+o(x°) with the above-indicated choice of parameters 
and thus is in disagreement with the observation. If we 
attempt to fit o(*) with the data, the x~ cross sections 
are then much too large. 
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(4) The data indicate a ratio of o(°):0(m-)=2:1 
for incident m~ mesons of energy above 100 Mev. The 
formulas in Eq. (41) yield a value for this ratio of 
approximately 1.2 at 132 Mev, increasing to 2 at 200 
Mev with both of the above sets of parameters. The 
calculated ratio is perhaps on the low side of the ex- 
perimental determination. 

(5) The data on the angular distributions of the 
scattered #*, x, and 2° mesons are too crude to permit 
a detailed comparison with the above formulas. The 
experiments suggest, however, that at 135 Mev, the 
m~ elastic scattering is essentially isotropic, the charge 
exchange cross section varies largely as cos*#, and the 
m* cross section has the rough form of 1+3 cos as 
predicted in a phenomenological analysis that assumes 
the scattering to take place predominantly in a 
spin } state. We tabulate here the angular dis- 
tributions predicted by Eqs. (40) with the above choices 
of parameters. For g?/4r=0.4, a=1/M, and \=y/2M, 
we obtain at a meson kinetic energy of 132 Mev: 


da(x-)~[1+0.35 cos ]dQ, 
da(r®)~[1+1.3 cosé+ 36 cos?6 |dQ, 
do(x*+)~[1—0.20 cos@+0.49 cos*@ |dQ; 


at the same energy, for g?/4r=0.4, a=2/M, and 
\=u/M we obtain: 


do(1~) ~[1 —0.04 cosé |dQ, 
do(r®)~[1+1.3 cosé+36 cos?é jdQ, 
do(x*)~[1—0.51 cosé+0.39 cos’é ]dQ. 


The calculated distributions for ~ elastic and charge 
exchange scattering are in satisfactory agreement with 
present experimental data. However, the cos*@ con- 
tribution to r* scattering is too small by a factor ~6 
relative to the data. 

It would appear from the above discussions that it is 
possible to select a physically reasonable set of three 
parameters—the meson-nucleon coupling strength, the 
depth and the radius of a repulsive nucleon core po- 
tential for meson interactions—which permits reason- 
able agreement with experiment on the elastic and 
charge exchange scattering of #~ mesons. On the other 
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Fic. 2. Elastic plus charge exchange scattering of r~ mesons 
by protons as a function of r~ energy. The blocks represent the 
data obtained at Chicago and the low energy point was obtained 
at Columbia. The theoretical curves are deduced from Eq. (41) 
with g?/4r=0.4. The solid curve is for a=1/M, \=yu/2M and the 
dashed curve is for a=2/M, \=y/M. 
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hand, the calculated ++ cross section is considerably 
too small in magnitude and too flat in angular dis- 
tribution. It is encouraging to note, however, that by 
going somewhat beyond a straight weak coupling per- 
turbation approximation, it has been possible to narrow 
the gap between theory and experiment. An analysis of 
the perturbation theory suggests that an improved, 
intermediate coupling calculation of the meson-nucleon 
interaction may be expected to increase the ratio of #* 
to m~ scattering by protons. For x scattering, the 
proton must absorb the incident +~ meson before emit- 
ting the scattered one, viz., 


w+ poNr'+p". 


The energy denominator for this process in a second- 
order perturbation calculation is E,+w—Ey~w. For 
a+ scattering, the final meson is emitted first: 
at + port+at’+N-29t'+ 7’, 

and the energy denominator is E,—w— Ey~—w. How- 
ever, a bound state of one of the mesons about the 
neutron in the intermediate step would reduce the 
energy denominator and thereby increase the cross 
section.** Such a state would correspond to a nucleon 
isobar. This mechanism would also serve to increase the 
ratio o(3°):a(m—) which we observed to be on the small 
side in the preceding discussion, since charge exchange 
scattering proceeds in either of the two ways, 


a+ pow t+ p+ N’. 
N 


IV. PHOTOPRODUCTION 


We next apply the Hamiltonian [Eq. (18)] to a 
brief discussion of the photoproduction of #*+ mesons 
by gamma-rays of several hundred Mev energy incident 
on protons. The zero-order Hamiltonian is taken to be 


(42) 


Ho+df?/2M f K(r—ry)¢°dr, 


and H,»+H, is treated as a small perturbation. This 
calculation differs from the previous work of Brueckner*? 
and Araki** by the inclusion of the core term in the 
zero-order Hamiltonian in Eq. (42). The core term 
alters the relative amounts of s and p wave production 
and hence alters the angular distribution and excita- 
tion function for r* production. 

A repulsive core with \>0O suppresses the s wave 
relative to the p wave production, thereby increasing 
the angular variation of the differential cross section. 
It appears from the experimental and perturbation- 


36 An actual calculation has shown that the introduction of a 
phenomenological constant T=w/w’>1, with w’ the reduced 
energy denominator, in both r*+-p—mrt+a*’+N—91r*'+)’ and 
x + px +n"+ p’+r"+N’, makes agreement with experiment 
at 135 Mev possible in both magnitude and angular distribution. 

37 K. Brueckner, Phys. Rev. 79, 641 (1950). 

38 G. Araki, Prog. Theor. Phys. 5, 507 (1950). 
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weak-coupling curves given by Steinberger and Bishop** 
(Figs. 17 and 20 of this reference) that such an increase 
in the relative p wave contribution may be desirable. 
We shall see below that it is also possible to improve 
the agreement between the theoretical curve and the 
data on the excitation function for r* production by 
increasing the relative p wave contribution in the 
pseudoscalar theory. We remark here that suppression 
of the s wave in x* production operates so as to increase 
the theoretical ratio of x° and + photoproduction cross 
sections, since x° production occurs predominantly in 
the p state. 

Foldy*® has given a nonrelativistic perturbation cal- 
culation of r+ photoproduction. Plane wave solutions 
to the Klein-Gordon equation for the meson ampli- 
tudes [Eqs. (23)-(24) ] are used in calculating the matrix 
elements for this process. For the differential cross 
section in the pseudoscalar theory Foldy obtains (both 
the pseudoscalar and pseudovector coupling terms yield 
the same result) 


2e? g? g 2¢°u? 
depo — — ‘(1- <a sinto dy 
Tg 4a k Wq-x* 


(43) 


for incident photons of momentum &, and +* mesons 
of momentum g=(k?—y*)! and energy wax emerging 
at an angle @ with the incident photon direction. The 
meson-nucleon coupling constant in Eq. (43), g*/4m, is 
for the derivative coupling form and corresponds to 
Foldy’s" $g?. If we calculate the x* photoproduction 
cross section with the zero-order Hamiltonian taken 
as Eq. (42), the meson amplitudes are taken as the 
solutions [Eq. (26) ] of the modified wave equation 
(22), so that the s and p wave contributions are re- 
duced, respectively, by r, and r, as given in Eq. (39). 
The resulting cross section is then 


3 2 of stanhfa\ * 
de = ——— — [cothBa—1 s2}) {(- - *) 
2M? 4 \ Ba k Ba 


2q?u?— 2(1—tanhSa/Ba)q?wo,? 


sn in, (44) 


Wq—k 


In the limit 8a—0 this reduces to Eq. (43), with the 
coupling constants f and g related by Eq. (8). There 
are two constants in Eq. (44), g?/4m and fa, to be 
adjusted to give the best fit with the data on the 
angular and energy variation of the cross section. In 
the discussion of the preceding paragraph on meson 
scattering we specified g?/4r=0.4 and Sa=4. This 
choice of parameters in Eq. (44) gives a photoproduc- 
tion cross section with an energy variation appropriate 
for the data but too small in magnitude by roughly 35 


9 J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952). 
“1. L. Foldy, Phys. Rev. 76, 372 (1949). 

“The factor } appears since we use the charge-symmetric 
meson theory in this work, whereas Foldy calculated with a 
charged meson theory. 
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Fic. 3. The energy distribution of photomesons at 90° in the 
laboratory as a function of incident gamma-energy. The solid 
theoretical curve results from Eq. (44) with g*/4r=0.4 and Ba 
= 2.3. The dashed curve is the perturbation result [Eq. (43)] 
fitted to the data with g*/4r=1/11. 


percent, and with too sharp and too forward an angular 
distribution. If we keep g?/4r=0.4, we find that Ba=2.3 
gives a cross section of magnitude in accord with the 
data. The energy distribution of photomesons at 90° in 
the laboratory and the angular distribution at a photon 
energy of 255 Mev as calculated from Eq. (44) are 
compared with the data in Figs. 3 and 4. The results 
of a straight perturbation calculation as calculated 
from Eq. (43) and normalized to the data by a choice oi 
g?/4n=1/11 are also presented for comparison. The 
fit between theory and experiment on the energy dis- 
tribution of x* mesons is considerably improved over 
the straight perturbation result (corresponding to 
Ba=0). The curve for the angular distribution of + 
mesons predicts more scattering in the angular interval 
60°-120° than indicated by the rather limited data. 
On the other hand, the straight perturbation result 
seems to indicate relatively too much s wave produc- 
tion and to predict too many mesons in the backward 
direction. It is tempting to suggest that one should 
choose a smaller value of 8a in the neighborhood of 1.5 
and thereby obtain a theoretical angular distribution 
median between the two curves drawn and thus in 
better accord with the data. If we do this, however, 
the energy distribution of mesons at 90° becomes more 
similar to the perturbation result and deviates from the 
shape of the excitation curve given by Steinberger 
and Bishop. When more quantitative data become 
available it will be possible to analyze more accurately 
the relative roles of s and p wave #* meson photo- 
production. 

The fact that the value of 8a used to fit the magnitude 
of the photoproduction cross section is smaller than for 
the #~ scattering cross section suggests that the ampli- 
tude of the nucleon-meson core, A, is smaller in the 
photoproduction than in the scattering process, for a 
fixed radius. This result indicates that the higher order 
terms in Eq. (7) that are lumped into the constant \ 
in Eq. (18) operate somewhat differently in these two 
physical processes, and it is a further manifestation of 
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Fic. 4. The angular distribution of photomesons in the center- 
of-mass system for an incident gamma-energy of 255 Mev. The 
solid theoretical curve results from Eq. (44) with g*/47=0.4 and 
8a=2.3. The dashed curve is the perturbation result [Eq. (43) ] 
fitted to the data with g*/4r=1/11. 


the failure of a perturbation approach to meson theoretic 
calculations. 


V. CONCLUSION 


In conclusion we summarize briefly the aims, methods, 
and deductions of this work. We have sought to har- 
monize the predictions of the pseudoscalar meson theory 
with the observations on meson scattering and photo- 
production from protons. Cross sections previously de- 


rived for these processes with the assumption of weak 
meson-nucleon coupling disagree with the experimental 
data. On the other hand, Brueckner*® and Watson® 
have achieved striking success by means of a phe- 
nomenological approach. In this paper we have adopted 
a field theoretic approach to the calculations and im- 
proved on the weak coupling perturbation approxima- 
tion in two instances. First, we have used the Dyson 
transformation to a new representation for the pseudo- 
scalar theory that permits a large meson-nucleon inter- 
action term carrying the factor M—the core term H,— 
to be treated with the zero-order Hamiltonian with 
methods that do not limit the meson-nucleon coupling 
strength to be small. In this representation we can also 
readily identify the velocity-independent features (¢, ) 
of the nucleon dynamics. Secondly, we have improved 
on the perturbation results in the scattering calcula- 
tions by applying the Heitler damping theory. 


@ K. Brueckner and K. M. Watson, Phys. Rev. 86, 923 (1952). 
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The formulas derived by this method come closer to 
fitting the observations than do the perturbation weak- 
coupling results but are far from satisfactory. It ap- 
pears that more powerful techniques of calculation in 
the intermediate coupling region must be developed to 
provide an adequate basis for the study of the meson- 
nucleon interaction, even in a representation that 
permits separation of the large core term.‘ 

In particular the higher order terms in the exact 
Hamiltonian, Eq. (7), remain to be studied. It is of 
interest to note here that the core term H, and the 
constant \ which we incorporate with it in Eq. (17) 
may be checked directly in the very near future, when 
electron accelerators are operating in the 400-Mev 
region, by the process of double meson production by 
gamma-rays incident on protons. Thus, at 400 Mev, 
the cross section for production of x~ mesons in the 
reaction 


ytportta tp’ 


is calculated to be o~(g?/4xr)?10-*7 cm? in a weak 
coupling perturbation calculation. The dominant con- 
tribution results from the core term H, for which A=1 
in the weak coupling approximation. This cross section 
result is proportional to A”, and thus a direct measure- 
ment of the photoproduced a~ serves to limit the 
possible range of values. This is an important point for 
the pseudoscalar theory, since we have seen that small 
values of X~pu/M to »/2M are necessary in the in- 
terpretation of the scattering and single photopro- 
duction data. 

As discussed at the end of Secs. III and IV, the failure 
to match the r+ meson scattering data and the differ- 
ence in the vales of parameters introduced to fit the 
calculations on x~ scattering and on x* photoproduction 
indicate that an intermediate coupling approximation 
is necessary. We are encouraged by our results, how- 
ever, to believe that charge-symmetric pseudoscalar 
meson theory with renormalizable pseudoscalar coup- 
ling may prove adequate for a quantitative analysis 
of the processes discussed. 

We wish to thank Dr. J. V. Lepore and Mr. R. D. 
Lawson for valuable discussion. 

“ R. D. Lawson (to be published) has made a perturbation study 


of the double photomeson production processes in the pseudo- 
scalar theory with both direct and derivative coupling. 
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The polarization correlation of the antiparallel cascade gamma-rays of Cs™ has been observed. The 
well-known cross-polarization property of the annihilation radiation has been utilized to determine the 
effective geometry of the polarimeters. The observed ratio of coincidences in perpendicular and parallel 
orientations is 0.91+0.08. This ratio is not in disagreement with previous assignments of spin and parities 


to the excited states of the daughter nucleus, Ba™. 





I. INTRODUCTION 


N 1940, Hamilton presented theoretical predictions 
for the directional correlations of cascade gamma- 
rays! and showed that they depended upon the spins of 
the nuclear states involved and upon the multipolarity 
of the transitions. The pioneer experiments of Brady 
and Deutsch? showed extensive agreement with Hamil- 
ton’s theory. This technique has now become a valuable 
tool for the nuclear spectroscopist. It then became 
worthwhile to inquire into what additional information 
might be deduced from this type of measurement. One 
of the authors (L.M.) suggested the possibility of 
polarization measurements, and Falkoff* calculated the 
polarization correlations for antiparallel cascade gamma- 
rays, demonstrating that changes in parity could be 
deduced from these correlations. Hamilton‘ quickly 
pointed out that it is much simpler to observe the 
polarization of only one gamma-ray and presented 
theoretical predictions for the polarization-direction 
correlations (i.e., th’ polarization of one gamma-ray as 
a function of the angle between the directions of propa- 
gation of the two gamma-rays). This theory was verified 
in detail by the experiments of Metzger and Deutsch,$ 
and has been extended by MacDonald and Falkoff* and 
by others.’ 
The object of the work reported here was to study 
the polarization correlation effect, utilizing the polariza- 


* The work reported here constitutes part of a dissertation sub- 
mitted by Berol L. Robinson in partial fulfilment of the require- 
ments for the Ph.D. degree in the Faculty of Philosophy of The 
Johns Hopkins University. 

t This work was supported in part by an AEC contract. 

t AEC Predoctoral Fellow, 1950-1952; now at Department of 
Physics, University of Arkansas, Fayetteville, Arkansas. 

1D. R. Hamilton, Phys. Rev. 58, 122 (1940). In keeping with 
more recent practice we call all experiments of this type angular 
correlations, and distinguish between polarization (both detectors 
polarization sensitive), polarization-direction (one detector polari- 
zation sensitive), and directional (neither detector polarization 
sensitive) correlation. 

2 E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). This 
paper has references to earlier reports. 

3D. L. Falkoff, Phys. Rev. 73, 518 (1948). 

‘D. R. Hamilton, Phys. Rev. 74, 782 (1948). 

5 Franz Metzger and Martin Deutsch, Phys. Rev. 78, 551 (1950). 
This paper has references to earlier reports. 

6 J. E. MacDonald and D. L. Falkoff, Phys. Rev. 83, 875 (1951); 
also thesis of J. E. MacDonald, University of Notre Dame (1952) ; 
also private communication from Dr. D. L. Falkoff. 

7Stuart P. Lloyd (private communication); Irving Zinnes, 
Phys. Rev. 80, 386 (1950). 


tion properties of the annihilation radiation to determine 
the polarization sensitivity of the polarimeters. In a 
solid such as aluminum, the dominant mode of positron 
annihilation occurs with the emission of two quanta. 
Wheeler,’ Pryce and Ward,*® and Snyder, Pasternack, 
and Hornbostel'® have calculated the polarization cor- 
relation to be expected in the Compton scattering of 
annihilation radiation. The experiments" of Bleuler 
and Bradt, of Hanna, and of Wu and Shaknov are in 
agreement with the theory of Snyder et ai. 

The work reported here is to our knowledge the first 
polarization correlation observed, and the first use of 
Metzger-Deutsch® pelarimeters for the observation of 
the annihilation radiation. Our method utilized the 
known polarization correlation of the annihilation 
radiation to determine the effective solid angle correc- 
tions which were necessary. Using these values, the 
polarization detection efficiency of the polarimeter was 
calculated for the gamma-rays of Cs™, and an attempt 
was made to observe the polarization correlation in this 
isotope. 


Il. THE EXPERIMENTAL METHOD 


The source was located at the center of a lead block 
(6 in.X6 in.X8 in.) in which tapered collimating holes 
were cut. This collimator was large enough to attenuate” 
by a factor 10* the direct radiation to the crystals which 
were intended as detectors of scattered radiation. 
Cylinders of clear crystalline stilbene (4.3 cm diam 
3.2 cm length) were used as Compton scatterers, and 
cubes of NalI(Tl) (3 cm on edge) were used to detect 
the scattered quanta. The Nal and stilbene crystals 
were 23 inches apart, center to center. (It would have 
been desirable to have scatterers whose height was 
greater than the diameter; and to have two additional 
Nal cubes in order to increase the rates fourfold. 
However these were not available.) The material in the 
crystal holders was kept to a minimum consistent with 


§ J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946). 

®M. H. L. Pryce and T. C. Ward, Nature 160, 435 (1947). 

Snyder, Pasternack, and Hornbostel, Phys. Rev. 73, 
(1948). 

u E. Bleuler and H. L. Bradt, Phys. Rev. 73, 1398 (1948); R. C. 
Hanna, Nature 162, 332 (1948); C. S. Wu and I. Shaknov, Phys. 
Rev. 77, 136 (1950). 

2 Charlotte M. Davisson and Robley D. Evans, Phys. Rev. 81, 
404 (1951). 
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Fic. 1. Sketch of polarization apparatus. (A) @¢ is the angle 
between the planes of the polarimeters; (B) the sketch shows the 
antiparallel (A) configuration. 


mechanical stability and oil tightness in the case of the 
Nal detectors. As the experiment progressed, it was 
found that }-inch lead shields around the Nal detectors 
with windows facing the scattering crystal seemed to 
reduce the amount of extraneous scattered radiation 
which reached these detectors. 

RCA 5819 photomultiplier tubes were used through- 
out; they were operated at about minus 1000 volts 
supplied by a well-regulated power supply of a modified 
University of Pittsburgh design. Magnetic shields con- 
sisting of one thickness of 22 gauge galvanized iron were 
found to reduce the effect of stray magnetic fields on 
the gain of the phototubes. 

Figure 1 is a sketch of the apparatus. Figure 2 shows 
a block diagram of the system. A coincidence between 
signals in the scattered quantum detectors causes a 
sweep to be triggered on the oscilloscope. The signals 
arising from the recoil Compton electrons in the scat- 
tering crystals are mixed in a standard subtraction 
circuit,'® one signal being delayed and inverted with 
respect to the other. The mixer output is amplified and 
delayed still further and presented on the triggered 
sweep. The number of sweeps is continuously monitored. 
The cathode-ray tube display is photographed on a con- 
tinuously moving 35-mm film, and upon development 
it may be read at leisure in a microfilm reader. 

The oscilloscope was a Tektronix Model 517, equipped 
with a 5 XP 11 A metallized screen tube, and using 20 
kilovolts post-deflection acceleration. The camera was 
built in the physics department shop and was equipped 
with a Wollensack f/1.5 lens and no shutter. The film 
was driven by a synchronous motor through a gear 
train which could be changed to provide different film 
rates. Fresh Eastman Linagraph Pan film was used, 
and it was developed to a slight chemical fog. In this 
manner it is possible to photograph single sweeps of the 
fastest sweep speed available on the model 517 oscil- 
loscope, 10 musec/cm (millimicrosecond per centimeter). 


% Samuel Seely, Electron-iube Circuits (McGraw-Hill Book 
Company, Inc., New York, 1950), p. 146. 
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Figure 3 is a print of some typical traces, at a sweep 
speed of 50 musec/cm. 

The advantage of this method of coincidence analysis 
is that it enables one to resolve on the width of the 
oscilloscope trace and on the start of the pulse, rather 
than on the width of the pulse itself as is the case in 
most electronic coincidence circuits. The disadvantage 
is of course the tedium of reading the film. 


Ill. EXPERIMENTAL DETERMINATION OF THE 
EFFECTIVE GEOMETRY 


Using a Cu source of positrons, a calibration of the 
polarimeters was undertaken. This procedure was based 
on the well-known cross-polarization property of the 
annihilation radiation. 

The source was a 0.010X0.50 inch disk of copper 
which had been irradiated in the pile at Oak Ridge. 
Fractions of it were placed in the collimator enclosed in 
sufficient aluminum to stop the positrons. As the source 
decayed more of the irradiated disk was added. The 
sweep rate was about 100 per minute, and successive 
fifteen minute runs were taken, alternately in the 
parallel and perpendicular orientations of the polarim- 
eters. The film rate was 1 foot per minute. A total of 
28 runs were taken, comprising about 40,000 sweeps 
on 400 feet of film. 

Figure 4(A) shows a histogram of the delay distribu- 
tion for a typical run. The unit along the abscissa is 
approximately 5 musec. The width of the peak may be 
attributed to (1) nonlinearity and nonreproducibility of 
the sweep; (2) poor definition of the start of the pulse 
(due to the finite band width of the deflection ampli- 
fiers); (3) inherent random delays in the detecting 
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Fic. 2. Block diagram of the electronic system. 























POLARIZATION CORRELATIONS 
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Fic. 3. Typical film records of oscilloscope traces, 50 mysec/cm. 


relative weights of these contributions; the effective 


mechanism"; (4) errors made by the reader of the film 
record. The peak seemed to be sharp enough for our resolving time is ~10 musec. 

purposes and no attempt was made to determine the ‘Figure 4(B) is * compound histogram of the wings of 
over half the runs. Its shape is attributable to the finite 


™R. F. Post, Nucleonics 10, 56 (June, 1952); R. R. Law, Nucle- . pag akin P 7 
resolving time of the coincidence circuit which triggers 


onics 10, 38 (March, 1952). 
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Fic. 4. (A) Histogram of a single run, Cu"; (B) Total histogram 
of wings of delay distribution, Cu®. 


the sweep. The coincidences represented in this his- 
togram are not genetically related but fall within 
the resolving time of the sweep trigger coincidence 
circuit. 

Table I shows the number of events observed for the 
different orientations of the polarimeters. Referring to 
Fig. 1(A), we have designated the relative positions 
@=0°, 90°, 180° as parallel (P), perpendicular (S), and 
antiparallel (A), respectively. The parallel and anti- 
parallel positions are equivalent with respect to deter- 
mining the polarization, but their rates are different 
because of the unique angular correlation of the anni- 
hilation radiation, and because the scattering crystal is 
quite large. The ratio P/A is sensitive to the amount of 
multiple scattering in the scattering crystal. The ratio 
2S/(P+A) is the measure of the polarization sensi- 
tivity. The numbers in Table I have been corrected for 
the decay of the source. The errors shown are counting 
statistics only. 
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Numerical integrations of the general formula for 
angular distribution of scattered quanta were carried 
out to attempt to determine an effective solid angle 
correction. The criterion applied was that the calcu- 
lated ratios P/A and 2S/(P + A) be in agreement 
with experiment. It was found that the effective solid 
angle subtended by the detector of scattered quanta 
was determined by the nearest face of the Nal cube. 
We note here that the window in the lead shield men- 
tioned above is roughly coincident with this face of the 
Nal cube. It may be that this shield acts as a “trap” 
for the quanta which enter the window and are scattered 
or cause x-ray fluorescence in the lead. The effect of 
multiple scattering seemed to be negligible. The results 
shown in Table I indicate good agreement between the 
experimental and calculated ratios. The experimental 
correlation ratio is considerably smaller than that ob- 
served by others." This arises from the rather large 
solid angles which are necessary to achieve reasonable 
coincidence rates in the experiment discussed below. 


IV. THE POLARIZATION CORRELATION IN Cs'** 


The assumed decay scheme!® of Cs™ is shown in the 
corner of Fig. 5. Previous work?!” suggests the in- 
dicated assignments of spins and parities. This isotope 
was chosen for the experiment because the energies of 
the gamma-rays were relatively low, and therefore both 
the Compton cross section and the Compton polariza- 
tion sensitivity are relatively high. It was also hoped 
that it might prove possible to determine some of the 
parities of the excited states; however the statistics of 
the experiment did not allow such a determination. 

A sample of the radioisotope was obtained from 
Oak Ridge. Sources were prepared by sandwiching 
small amounts of the powder between Lucite disks in 
which small depressions had been cut. Sources of various 
strengths were prepared. In view of the resolving times 


Taste I. Coincidences of annihilation radiation. 








Orientation of the polarimeter 
Antiparallel 
(A 


Parallel 
(P) ) 


Perpendicular 
(S) 





Number of events 
Total time 
Rates per minute 


3724480 4559+90 
105 min 105 min 


35.5+0.8 43.4+0.9 
Experimental 


0.82+0.05 
1.62+0.03 


13,401+150 
210 min 
63.8+0.6 


Calculated 


0.76 
1.60 


Ratios 
P/A 
2S/(P+A) 


18 See, for instance, Enrico Fermi, Nuclear Physics (University 
of Chicago Press, Chicago, 1950), p. 42 (note that the formula 
given is for intensity, not number of quanta). 

16 Nuclear Data, National Bureau of Standards Circular 499 
(1950). The simplicity of this decay scheme is not well established 
in view of recent work [F. H. Schmidt, Rev. Sci. Instr. 23, 361 
(1952); F. H. Schmidt and G. L. Keister, Phys. Rev. 86, 632 
(1952) }. 

17 Waggoner, Moon, and Roberts, Phys. Rev. 80, 420 (1950); 
C. L. Peacock and J. L. Braud, Phys. Rev. 83, 484 (1951); B. L. 
Robinson and L. Madansky, Phys. Rev. 84, 604 (1951). 
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attainable, it was found that about 1 millicurie was the 
optimum source strength. The sweeps averaged about 
10 per minute, and a film rate of 7 feet per hour was 
used. About 100 hours of useful data were obtained. 
This comprised about 70,000 sweeps and about 14,000 
events. Since one might expect drift in bias voltages 
and amplification during such a long period, it was 
decided to normalize the true events to the accidentals. 
The efficiencies for real and accidental events are affected 
in exactly the same manner by the suspected insta- 
bilities. The ratio of real to accidental events is there- 
fore proportional to the correlation function. In this 
case it is an advantage to have a large accidental 
counting rate, but only because the accidentals are 
separable from the reals. 
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Fic. 5. Total histograms for Cs™, parallel and perpendicular con- 
figurations; (inset) decay scheme of Cs™. 
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TaBLe II. Polarization correlation of Cs™ gamma-rays. 








Parallel Perpendicular 


4418+.66 


Accidentals in the wings 


True events (peak minus 


accidentals under peak) 2409+76 2063472 


True events 


Accidentals in wings 0474008 


0.51+0.02 


Ratic Perpendicular 


Parallel 0.91+0.08 








Figure 5 shows the total histograms for data taken 
at parallel and perpendicular orientations, These data 
are tabulated in Table II. Using the effective solid angle 
as determined in the Cu™ experiment, the polarization 
sensitivity of the polarimeters was determined by 
numerical integration of the scattering formula" for the 
energies 0.6 and 0.8 Mev. When these efficiencies were 
introduced into the polarization correlations of Falkoff 
and MacDonald® the results shown in Table III were 


Taste III. Expected polarization correlations for finite 
geometry, C's™, 


Spin and parity of third excited state 5+ 5- 6+ 6-—- 
Expected ratio 0.96 0.91 0.90 0.96 
Experimental ratio 0.91+0.08 








obtained. In deducing these ratios, the spins and parities 
were taken as follows: ground state 0+ ; first state 2+ ; 
second state 4+ ; third state as shown in the table. The 
angular correlations of the cascades were also taken into 
account.'®.! 


V. CONCLUSIONS 


Previous work"’ has indicated that the spin of the 
third excited state is 5 and its parity is +. The work 
reported here is not in disagreement with these results. 
In conclusion we may remark that the polarization cor- 
relation effect has been observed; i.e., the coincidence 
rate is not isotropic. In order to distinguish between the 
various possibilities in the case of Cs™, it would have 
been necessary to accumulate about ten times as much 
data as are represented in this paper. In view of the small 
counting rates, this would require a prohibitive amount 
of time. 


18 Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 
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A new type of nuclear spin-spin coupling in molecules in liquids is investigated by means of the spin echo 
technique. A coupling interaction of the rotationally invariant form AJI,-I, in the nuclear induction 
Hamiltonian predicts the detailed shape of the spin echo envelope. Echo modulation frequencies corre- 
sponding to the coupling J and the chemical shift between nonequivalent protons are measured in a variety 
of compounds. A generalized method for calculating the spin echo is presented for large chemical shift and 
weak coupling among an arbitrary number of spins. The damping of the echo modulation, due to spin 
relaxation and molecular effects which interrupt the J coupling, is accounted for by a phenomenological 
treatment of the quantum-mechanical expectation value of nuclear magnetization. 


I. INTRODUCTION 


—— from the measurement of spins and gyro- 
magnetic ratios by the method of nuclear reso- 
nance or nuclear induction,'? there are many problems 
in molecular structure and the solid state which have 
been studied by this technique. This paper deals pri- 
marily with one of a group of higher order effects deter- 
mined by the chemical environment of the nucleus. 
The nuclear configurations in crystals and the electronic 
configurations about nuclei in atoms, molecules, and in 
metals cause definite shifts in the nuclear resonance 
frequency. The resonance frequency of the nuclear 
moment is shifted from that value which it would have 
if the nucleus were isolated from neighboring nuclei, 
and; stripped of all extra-nuclear electrons. In some 
instances a single resonance line may be split into two 
or more lines by local magnetic fields in the lattice, or an 
electric field gradient may interact with any nuclear 
electric quadrupole moment and cause line splitting. In 
the case of single resonance shifts, actual experiment 
reveals the differences in absolute shifts between reso- 
nance frequencies of like nuclear species as they occur 
in different chemical environments. An outline of the 
known effects which produce resonance shifts is given 


below. 
A. The Chemical. Shift 


\ shift in the nuclear resonance, known as the 
chemical shift,’ is due to the effects of diamagnetism 
and induced paramagnetism in a molecule. Because 
these two effects are linearly proportional to the applied 
magnetic field, it is impossible to distinguish them from 
one another. A local magnetic field at the position of 
the nucleus is caused by the Larmor precession of 
extra-nuclear electrons inan externally applied magnetic 
field. In first order, the effect due to a spherically 

* Supported in part by the ONR. 

t National Research Council Post-doctoral Fellow during a 
portion of this research. 

t Present address: Watson Computing Laboratory, Columbia 
University, New York 27, New York. 

! Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

2 F. Bloch. Phys. Rev. 70, 460 (1946). 
2 W. G. Proctor and F. C. Yu, Phys. Rev. 77, 717 (1950). 
4W. C. Dickenson, Phys. Rev. 77, 736 (1950). 


symmetric electron distribution is given by the Lamb 
diamagnetic correction.’ In second order, where elec- 
trons undergo attraction by two or more nuclei in 
molecules, it has been shown by Ramsey® that the 
induced paramagnetism (which in many cases is com- 
parable to, or larger than, the diamagnetic correction) 
arises from a perturbation in which the ground state 
mixes with a paramagnetic excited state of the molecule. 
This causes the observed large chemical shift when the 
energy level of the paramagnetic state lies very close 
to that of the ground state. 


B. Direct Nuclear Magnetic Dipole-Dipole 
Coupling in Crystals 

Pake first showed’ that the resonance of two proton 
nuclear moments, which are close neighbors, reveals a 
splitting into two lines. The magnetic dipole fields, due 
to parallel and antiparallel orientations of the protons, 
respectively add and subtract local fields at the posi- 
tions of these protons throughout the lattice. These 
values superimpose upon the constant value of the 
externally applied field and cause the splitting. More 
complicated spin systems in crystals have been studied 
which show resonance line shapes determined by the 
direct dipole-dipole interaction.’ No case has been 
confirmed in which the direct interaction prevails in 
liquids. This is to be expected since this direct coupling 
averages out due to rapid and random rotations of a 
molecule in a liquid.'-* 


C. Shift Due to Conduction Electrons in Metals 


Knight” has found that the paramagnetism due to 
conduction electrons in metals causes a net local mag- 


5 W. E. Lamb, Phys. Rev. 60, 817 (1941). 

*N. F. Ramsey, Phys. Rev. 78, 699 (1950). 

7G. E. Pake, J. Chem. Phys. 16, 327 (1948). 

8 E. R. Andrew and R. Bersohn, J. Chem. Phys. 18, 159 (1950). 
* The interaction between two parallel dipoles is proportional 
to 1-3 cos*#, where @ is the angle between the internuclear axis 
and the direction of the dipoles. This quantity averages to zero 
over a sphere but its square does not. During discussions at the 
American Physical Society meeting in Washington, D. C., April, 
1951, Purcell pointed out that for this reason the direct interaction, 
in second order, can exist in liquids with a magnitude inversely 
proportional to the applied magnetic field. As yet this small effect 
has not been observed. 


10 W. D. Knight, Phys. Rev. 76, 1259 (1949). 
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netic field at the position of the nucleus. The magnitude 
of this shift is proportional to the value of the applied 
magnetic field. 


D. Quadrupole Splitting in Crystals 


Pound has demonstrated" for nuclei with spin >} 
that the gradient of the electric field at the nucleus in 
crystals splits the magnetic resonance into 2/ lines. In 
liquids electric field gradients have zero average value, 
and only a broadening of a single resonance line can 
result because of the quadrupole interaction. 


E. Indirect Nuclear Spin-Spin Coupling 


A new type of splitting is observed in liquids which 
is independent of the applied magnetic field and the 
temperature. The bonding electrons between nuclear 
magnetic dipoles in a molecule serve as a medium which 
communicates a nuclear spin-spin magnetic interaction. 
The first case of such a field independent splitting was 
observed by the slew passage method in Sb”! contained 
in the SbF¢~ ion.” The effect was first attributed”: 
to various local fields due to the possible F" nuclear 
orientations (direct dipole coupling discussed in B 
above) which could split the Sb"! resonance into a 
number of lines. This requires the assumption that a 
hindrance of the random rotation of the SbF¢~ ion 
takes place in the liquid state so that the dipole fields 
due to the six F"® nuclei do not average out completely 
at the position of the Sb”! nucleus. The effect of such a 
splitting with use of spin echoes was later found in 
ethanol'* and similar organic compounds. With the 
subsequent appearance of many cases of such splittings 
in liquids by the groups at Illinois'*'’ and at 
Stanford,'*"® it became apparent that, although the 
direct nuclear dipole coupling mechanism might explain 
some general features of this splitting, the following 
difficulties arise: (a) it is difficult to account for rota- 
tional hindrance in a wide variety of molecules in 
liquids; and (b) the absence of splitting among chemi- 
cally equivalent nuclear moments is not explained by 
this interaction. 

Previously the authors have reported a measurement'® 
of the spin echo envelope due to two coupled protons in 
dichloroacetaldehyde. An interaction of the form 
J'wi-w2 was used in the Hamiltonian to predict the 
shape of the echo envelope in this molecule, and precise 
agreement was obtained with experiment. We may 
express J’wi-we=AJI,- 12, where 1=I(/,, /,, 7.) is the 


1 R. V. Pound, Phys. Rev. 79, 685 (1950). 
2 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 


3 E. R. Andrew, Phys. Rev. 82, 443 (1951). 
4 E. L. Hahn, Phys. Rev. 80, 580 (1950). 
16 H. S. Gutowsky and D. W. McCall, Phys. Rev. 82, 748 (1951). 
16 Gutowsky, McCall. and Slichter, Phys. Rev. 84, 589 (1951); 
McNeil, Slichter, and Gutowsky, Phys. Rev. 84, 1245 (1951). 
17 Gutowsky, McCall, and Slichter, J. Chem. Phys. (to be pub- 
lished). bee are grateful to them for an advance copy of this paper. 
8 £. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951). 
9M. : Packard and J. T. Arnold, Phys. Rev. 83, 210 (1951); 
Arnold, Dharmatti, and Packard, J. Chem. Phys. 19, 507 (1951). 
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spin operator and J is expressed in angular frequency. 
This form of the interaction is invariant to rotation, 
which predicts the fact that the coupling can be ob- 
served in molecules in liquids. A generalized form of 
this operator correctly accounts for the number, relative 
amplitudes, and relative splittings of absorption lines 
observed by the slow passage method'® when coupling 
takes place between nonequivalent groups of nuclear 
dipoles in the same molecule. No splitting or echo 
modulation is predicted by such a coupling between 
equivalent spins, although the coupling still exists. 

Several specific spin-electron-spin coupling mecha- 
nisms are possible in molecules. A majority of them 
give rise to the wi-we form of interaction and may all 
play a role in accounting for observed values of J of the 
order of 1 cps or less. In order to account for larger 
values of J observed in many cases (of the order of 
kilocycles), Ramsey and Purcell*® have shown that the 
U1‘ Ue interaction is due mainly to one mechanism which 
can make J so large that probably all other mechanisms 
are of negligible influence in most of the observed cases. 
In the example of two indirectly coupled moments in 
the HD molecule, Ramsey and Purcell have shown that 
the bonding electrons, with spins normally antiparallel, 
are parallel in the triplet state for a small percentage of 
the time because of the perturbing influence of parallel 
orientations of the H and D nuclei. The hyperfine 
interaction of the electrons with the H and D nuclei 
then cause net local magnetic fields to appear at the 
positions of these nuclei. The energy expression J’w1- we 
thus accounts for the fact that nucleus 1 sees a local 
field proportional to J’u2 and conversely for nucleus 2, 
where J’ accounts for the mechanism by which the 
bonding electrons communicate such a local field. In 
frequency units (J/2), each nucleus will see the same 
splitting, which Ramsey and Purcell have calculated to 
be approximately 70 cps for the HD molecule. 

In this paper a transient analysis of the indirect 
spin-spin coupling effect (hereafter denoted by J 
coupling or splitting) is made of spin echo measure- 
ments.'* The equivalent information in many respects 
is available from the analysis of steady-state resonance 
experiments, and yet the two methods serve to sup- 
plement each other. Many points which are discussed 
in this paper have been arrived at independently by the 
Gutowsky-Slichter group at Illinois.'? In the course of 
our research we have learned, through exchange of 
information with the Illinois group, of the important 
results which they established from slow passage experi- 
ments. 

The echo method possesses certain inherent ad- 
vantages. For long relaxation times this method is able 
to resolve frequencies of the order of 1 cps, although an 
external field inhomogeneity over the spin sample 
produces a spread in Larmor frequencies much greater 
than this. Resolution is primarily limited because 


20 N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952). 
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Fic. 1. Multiple photographic exposures of proton echo oscil- 
loscope signals obtained in 2-bromo-5-chlorothiophene. The first 
rf pulse initiates the sweep. An exposure is made of the echo for 
each position of the second pulse (the pulses are not visible). 
As r is increased, the maximum of the spin echo at the time 2r 
traces out the modulation of the echo envelope. The time duration 
of the total sweep is 0.66 sec, and the Larmor frequency is 31 Mc. 


thermal self-diffusion of molecules in liquids destroys 
the coherence of precession frequency as the nucleus 
migrates from one field value to another. This effect, 
however, is not as serious as that due to field inhomo- 
geneity in slow passage experiments. In experiments 
where the effect of small splittings must be resolved, 
and where theory must be checked in detail, it is advan- 
tageous to study echo signals because they occur in the 
absence of a driving rf field. Accurate information can 
be obtained from the detailed shape of the echo envelope 
without having to consider the effect of a driving rf 
field on the measured decay of the echo signal. 


Il. THEORY AND EXPERIMENT OF THE 
TWO-PROTON COUPLING CASE 


The majority of nuclear resonance effects observed 
in an ensemble of nuclear moments in a liquid are well 
described by the classical Bloch equations.? The longi- 
tudinal relaxation time 7, and the transverse relaxation 
time 7, can be measured as definite quantities pro- 
viding that the nuclei are perturbed only by local fields 
which are completely random and isotropic. With the 
presence of J type coupling between nuclei within 
molecules in liquids, it is no longer possible to develop a 
general set of classical nuclear induction equations from 
the quantum-mechanical expectation values of the com- 
ponents of nuclear magnetization which are measured. 
Although the purely quantum-mechanical treatment 
which is to be presented shall at first not include the 
damping effect due to T; and T2, a phenomenological 
treatment, which uses the quantum-mechanical result, 
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will show that the over-all effect of these relaxation 
times is the same as in the Bloch equations; the co- 
herence of the additional Larmor precession frequencies 
caused by the J splitting is also given by 7: and is 
destroyed exponentially. 

According to the echo method," two short, intense 
pulses of radiofrequency power are applied to the spin 
ensemble at resonance and are separated by the time 
interval r. The echo appears with a maximum amplitude 
at time 27 after the application of the first pulse. At the 
onset of the first radiofrequency pulse the spin ensemble 
is at thermal equilibrium. For each setting of 7 the 
maximum of the echo signal is measured and plotted as 
a function of increasing 7. The echo envelope thus 
obtained will normally decay monotonically with time 
in the absence of J splitting, and can yield an accurate 
measure of J, in those cases where molecular self- 
diffusion is not important. Consider now the simplest 
case of J splitting in which two resonant protons are 
close neighbors in a molecule, and in addition are 
chemically nonequivalent. This is denoted by assigning 
to proton 1 an absolute chemical shift of 4; gauss, and 
to proton 2 the value /. The J splitting is not observed 
unless coupled nuclei are nonequivalent in the sense 
that (1) they have different chemical shifts, as in this 
particular case for identical nuclei, or (2) that they are 
not identical. The reason for this can be understood in 
the case of two-proton coupling where the J splitting 
appears in transitions between pure triplet states and 
states which are linear combinations of singlet and 
triplet terms. Normally transitions to the singlet state 
are forbidden unless the identity between the two 
protons is removed by a difference in chemical shift, 
With a chemical shift, as seen in Fig. 1, two frequencies 
then appear to modulate the decay of the spin echo 
envelope, which depend upon both J and 6=y(4i—/y), 
where 6 is the angular frequency which corresponds to 
the chemical shift and y is the nuclear gyromagnetic 
ratio. The shape of this echo envelope can be described 
(as well as properties of J splitting observed in slow 
passage experiments) if the Hamiltonian,'® 


= — yh, (Ho+hy)+ 12: (Hot hy) J—AJI- 1, (1) 


is chosen to describe the two-proton coupled system in 
a constant magnetic field Ho. Both nuclei are subjected 
to the nuclear resonance imposed by the application of 
two radiofrequency pulses, where the rf frequency 
w=7Hpo. Each pulse at H; gauss maximum amplitude 
lasts for t,, seconds, where tyr, and 1/ty, yHi( =) 
>yAH, 6, J; AH is the magnitude of the external field 
inhomogeneity over the sample. If only one of two 
coupled nuclei is subjected to resonance (e.g., between 
F” and H) no echo envelope modulation will appear 
for either of such coupled nuclei, although the steady 
state resonance will still reveal the J splitting. 

The zero order two-proton spin wave function, which 
applies both in the presence and absence of pulses, is 





NUCLEAR SPIN COUPLING 


given by 


1 -—S8 
y= : a Zz 2s, m(t)s, m exp—iEg, nt/h, (2) 

S=0 m=S 
where the total spin S =1 for the triplet state and S=0 
for the singlet state. @s,m specifies the spin state 
function characterized by the magnetic quantum 
number m, and Es,» is the corresponding eigenvalue. 
The three triplet state probability amplitudes a1» 
(m =1,0, —1) are time dependent during the application 
of H; and the singlet state amplitude doo remains 

constant. The Hamiltonian, 


e 2 = — yh(1,+I,)- (Ho+ Hi), (3) 


describes the system during a pulse, and terms due to 
6 and J are omitted for 1/t,.>>4 and J. Upon substi- 
tuting (2) and (3) into the time-dependent Schrédinger 
equation, 


thy =HXy, (4) 
and solving for ai, m(t), we obtain 
41, o(t) = a, o(t;) cos(wit)+ (i/v2) 
X Lax, 1(¢;)+@1,-1(4;)] sin(wt), 
01, 41(t)= a1, 41(t;) Cos*(wit/2)— as, 1 (t,) sin*(wit/2) 


(Sa) 


(Sb) 


t 
+—a L o(t;) sin (wf). 
v2 


The pulse is turned on at ¢ =¢,; and turned off at =¢;+t. 
=t,;'. These coefficients can also be obtained from a 
general method given by Bloch and Rabi,” which will 
be applied later in cases involving more than two spins. 
In the absence of H,, during the relatively long time of 
free Larmor precession, it is necessary to correct the 
wave function given by (2) in order to include the 
perturbation effects of 6 and J on the Larmor precession. 
The Hamiltonian given by (1) shall apply. The coef- 
ficients a@s,m become constants determined by initial 
conditions due to pulses. By the Ritz variational 
method” the following normalized and corrected wave 
function is obtained: 


Y= a1 1(t,’)[exp(—tE1 s/h) Janae 
+a; ~1(¢;’)[exp(—iEy, -1t/h) JBiB2 
1 £40, 0(ts’) — a1, o(t,’)Q" 

al 0-0 
+a26i(1—Q) ] exp(—iEot/h) (6b) 
1 (ao, o(ti’)— a1, o(#,)O0 

“al 0-0 
+a28:(1—Q’)] exp(—iEo't/h), (6c) 


21 F, Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 (1945). 

2L. Pauling and E. B. Wilson, Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 189. 


(6a) 





)rouartt+0) 


)enat+0) 


IN MOLECULES 


where 
Q=L—-(7+H)'/8, O=V+2+H)' 8, 
Ey1= —yh(Hot fart }he)— thd, 
Ey, -1= yh(Hot fart fh2)— thd, 
Eo= h(tJ—$(J*+8)4), 
Eq'=MA+4(*+8)'), 


and ¢s, m is a product function of component spin states 
of the system, with each state given by a for J =} and 
B for I=—4. The constants a;,m(t;) of Eqs. (5) and 
o,o(t;) are amplitudes of the above four stationary 
states at /=/;. The coefficients of aja, 8182, and 
(182+ a28;)V2 are then equal to the constants a), m(t;) 
in Eqs. (5), where only the triplet states are involved. 
The factor of (a182—a28;)/V2, the singlet state, remains 
unchanged, and is set equal to do,o(t;’) in Eq. (6). The 
eigenvalues and the splittings which result in slow 
passage are shown by the Zeeman level diagram in 
Fig. 2. The top and bottom levels (terms in (6a)) are 
pure triplet states and each of the two closely spaced 
levels is a linear combination of singlet and triplet states 
(terms (6b) and (6c)). For 6-0, Q=0 and Q,=, and 
the mixed state with the energy eigenvalue Ey’ now 
becomes a pure singlet state. The J splitting therefore 
disappears because transitions to and from the pure 
singlet state are forbidden. This supports the fact in 
the case of two equivalent nuclei that no J splitting is 
observed.'® For 6~J the intensities of the transitions 
indicated are determined by the particular transition 
probabilities between the given states as well as by 
their statistical weights. In the order of increasing fre- 
quency the magnitudes of the absorption lines are in 
the ratio of 


1 1 1 1 
1+Q 1+0? 140? 1+07 
In the limit <6 then Q=—1, 0’ =+1, all of the am- 
plitudes are equal, and the J splittings conform to the 
rule given by Gutowsky.'® 
The expectation value of the precessing components 
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Fic. 2. Zeeman energy level diagram for a nonequivalent two- 
spin system (J=4 for each spin). For 5=0 the magnitude of 
Ai2= hy = h, chosen is arbitrary. 
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Fic. 3. Experimental echo envelope plots for protons in 2-bromo- 
5-chlorothiophene. The lower plot of the observed envelope is 
normalized to unity in the upper plot in order to correct for the 
damping due to spin relaxation and diffusion. The upper plot 
refers to the abscissa directly beneath it. Because of thermal 
diffusion, the damping for this particular measurement is greater 
than the damping shown for the same compound in Fig. 1. The 
magnetic field Ho over the sample for the above measurement 
happened to be more inhomogeneous than the field over the 
sample when the plot in Fig. 1 was photographed. 


of nuclear magnetization for >7+1, will be given by 
V =u+iv=(y*|74/ yp), (7) 
where the spin operator 
Ty, =Jetily=I2)4+T22ti([yt+lv2) 


is averaged over y given by (6), and the integral is 
written in Dirac notation. u and v are the observed real 
and imaginary components of induction, respectively. 
For the condition that H; and ¢, are the same for both 
pulses, the exact expression for the maximum of the 
spin echo amplitude, at ¢=2r, is given in Appendix A. 
In the spin echo experiment only the absolute value of 
(7), given by | V| at ¢=2r, is observed. Only the terms 
independent of Ho contribute to the echo at ¢=2r, 
assuming that 7r>1/yAH, and therefore the free 
induction signals which follow directly after pulses do 
not interfere with the echo. We have neglected any 
damping due to 7; and thermal diffusion in arriving at 
this result. The observed spin echo envelope must 
therefore be normalized and plotted as a function of r 
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in order to compare with theory. This procedure is 
valid, as we shall point out, providing that both of the 
coupled nuclei have the same 7; and that the presence 
of other neighboring nuclei with finite magnetic 
moments in the molecule do not effectively couple, in 
this case, with the two proton system. For example, 
the influence of the Cl**, Cl? moments on the J 
coupling between the protons in dichloroacetaldehyde 
(CHCI,CHO) appears to be absent. This can be 
accounted for by the fact that the quantum states of 
the chlorine nuclei are short lived due to quadrupole 
broadening, and thus chlorine has a relaxation time 
which is small compared to 7: of the protons and to 1/J. 
This process is treated later in a special case (Part IV). 
Thus, any J coupling that exists between chlorine and 
hydrogen averages to zero as far as the experiment can 
detect. 

For wity = 2/2 the observed and the normalized plots 
of the envelope due to protons in 2-bromo-5-chloro- 
thiophene” are given in Fig. 3. In this case the theo- 
retical expression for the envelope is given by 
J? 


26? 


MS | 


~ 2(6%-4J%)| 


|V| 


—2 sin?(J7/2) sin*{r(J2+82)4/2]|, (8) 


which agrees with the normalized plot within experi- 
mental error. At a Larmor frequency w/2r=24 Mc, 
J/2x=3.9 cps and 6/2r=4.2 cps. At w/2r=32 Mc, 
6/2r =5.6 cps, and J remains unchanged. The param- 
eter 6 appears to be linearly proportional to Ho, and 
every case bears out this fact where 6 can be resolved. 
For 6~J in this case, the xy components of J coupling 
cannot be neglected in comparison to the coupling in 
the z direction, and the magnetic quantum number m 
is not a constant of the motion. In most cases, however, 
it is observed that J&6, and we let JI,-I.—J/, 12. 
This is analogous to the approximation made in the 
Paschen-Back effect, where the large magnetic field 
in that case plays the role of 5. The observed plot has 
been reported!® for the echo envelope of protons in 
dichloroacetaldehyde, giving 6/27 =104 cps and J/2x 
=2.7 cps at w/2r=32 Mc. The plot agrees with the 
expression (8) for /&6. 

One might suspect that the protons in dichloro- 
acetaldehyde do not have just single chemical shifts 
hy and hy, but several because of the possible structural 
isomers of CHCleCHO. However, we assume that the 
rapid transfer between these possible isomers causes an 
averaging into two definite chemical shifts, one for 
each proton. This will be shown to result when the 
lifetimes in each isomeric state (estimated from known 
chemical barriers which give rise to hindered rotation) 
are much shorter than 27/6. 


% We wish to thank Professor H. S. Mosher of the Stanford 
Chemistry Department for a special synthesis of this compound. 
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Ill. J COUPLING AMONG THREE OR MORE SPINS 


A generalized form of the J coupling Hamiltonian 
among » spins, given by 


= —S [hy] H+h)+4 5 Wyle L], ©) 


1 é=1, 
ij 
shall be used to ‘express the coupling, where H is an 
arbitrary external magnetic field and h, is the chemical 
shift of the jth nucleus. Consider the coupling of two 
nonequivalent spin groups A and B, where Ky and Kg 
denote the coupling between equivalent spins in groups 
A and B, respectively. The Hamiltonian (9) can then 
be written as 


H= —yh(S.-(H+h,)+Sze-(H+hz)] 
—hISa:Sa—C(KaSa*, K eS, Kal a?, Kel 5’), 
(10) 
where 


nA "B 
Ss=L I, Se=> I, 

k=1 l=1 
vY=Ya=vYe, and I, and J, are the spin values of 
component nuclei in groups A and B, respectively. C is 
a function of terms, as indicated, which commutes 
with 3, and introduces the coefficients K4 and Kg as 
constants in the energy eigenvalues of this system. 
These coupling constants do not appear in the dif- 
ferences between these eigenvalues, and therefore are 
not observed in resonance splittings. Of course, if 6=0 
then J coupling disappears for the same reason, namely, 
that S4-Sg—>S*4.z, and a single resonance line results. 
In the spin echo experiment the interference effect which 
gives rise to the envelope modulation correspondingly 
vanishes. 


A. Coupling Among Three Spins 


The result for the exact calculation (6 and J arbi- 
trary) in which two equivalent spins couple with a 
third spin (J =} for each spin and y4=‘z) is given in 
the Appendix B. In Fig. 4 the observed echo envelope 
due to three protons in CHC],CH:;CI is plotted, where 
J/2x=6.0 cps and 6/2r=48 cps at w/2r=24 Mc. 
Figure 5 shows photographs of these echoes at 31 Mc. 
This case also applies to protons in CHC],CHCICHCl., 
where J/27 =5.3 cps and 6/24 =38 cps at w/2m =24 Mc. 
The proton echo envelopes for both of these molecules 
is accurately described if terms involving only the 
ratio J/6, taken to the first power, are retained in the 
exact expression given in Appendix B. The Zeeman 
energy level diagram is shown in Fig. 6. Schiff** de- 
scribes the symmetry properties of the various spin 
functions which are linearly combined to give the 
particular states as indicated. For 6=0 the states cor- 
responding to the eigenvalues E; and E; can only have 


*L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949) p. 229. 
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Fic. 4. Experimental echo envelope plots for protons in 
1-dichloro-2-chloroethane. The meaning of the lower and upper 
solid line plots is the same as in Fig. 3. The dotted lines plotted 
from the theory trace out the envelope of the upper and lower 
limits of the echo envelope modulation plot. The periodic doubling 
of the modulation frequency appears because the echo experiment 
reveals only the absolute magnitude of the echo modulation. The 
region of modulation doubling (as indicated within the small 
dotted lobes which meet the abscissa) signifies in the theory that 
the sinusoidal plot changes sign for a few cycles; that is, with 
respect to a reference axis, the nuclear magnetization vector of 
the echo reverses direction by 180°. 
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transitions between themselves and cannot combine 
with any other state. All transitions then involve only 
a single energy difference, and a single resonance ab- 
sorption line results. Under any circumstance, the 
coupling between the equivalent protons cannot be 
observed for reasons which have been discussed in the 
two proton case. 

In the approximation that /<6, the relative inten- 
sities and the number of lines which result are in 
accordance with the following empirical rules found by 
Gutowsky" for nuclei with J =}. (a) The resonance of 
na equivalent spins in group A, with maximum total 
spin S4=n,/2, is split into 2Sg+1 equidistant lines by 
an equivalent spin group with total maximum spin Sz, 
and conversely for the resonance of spin group B. 
(6) The relative intensities of the resonance lines of A 


are determined by the binomial! coefficient Pett 
Nia~ 


which determines the relative amplitude of the Nath 
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Fic. 5. The upper photograph shows the echo envelope due to 
protons in pure CHCI,CH:CI at a Larmor frequency of 31 Mc. 
Both photographs are obtained by the method indicated in Fig. 1. 
The time duration of the total sweep is 0.22 sec. The lower photo- 
graph shows, on the same time scale as the upper one, the echo 
envelope due to protons in a mixture of CHCl,CH;CI and chloro- 
form (CHCl;). The echo modulation frequency doubling effect, 
which is seen in the pure compound above, does not appear below 
because the echo component produced by the protons in CHC1, 
(which alone does not exhibit envelope modulation) serves as 
reference upon which the sinusoidal echo modulation due to 
CHC1,CH;Cl may superimpose. Thus, the total echo vector 
never reverses direction (see caption of Fig. 4). 


line (V4 =1, «++, 2S3+1). (c) In addition, the ratio of 
the splitting, measured in gauss, between adjacent lines 
of group A to that in group B is given by usla/ualp.® 
However, in cases where 5~J the above rules break 
down. In Fig. 6 more than 2(S4+53+1)=5 lines 
appear in this case. 


% Although rule (6) holds only for J=4, rules (a) and (c) hold 
for arbitrary J, where S=nI replaces S=n/2. 
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B. Generalization of the Coupling for J<6 


In most of the observed cases it is found that J/<6, 
and the Hamiltonian (10) in the absence of H,; can be 
written as 


KH =— yh[S,4(Hotha)+S,, a(Hoths) ]—ASS,, 45S:,z- 
(11) 


The average of the x and y components of J coupling 
over the period 27/8 is negligible compared to the 
coupling in the z direction. The rule given for the 
number and intensities of the lines may be understood, 
for example, if we consider that spin group A sees a 
local magnetic field given by Ho(A) = HothatJS:,5/¥ 
and conversely for group B. There are 2S,+1 possible 
values of S,,, where each of these values has the statis- 
tical weight given by the number of ways in which the 
component spins of a group may be oriented in order to 
provide a given S,. For J =} this statistical weight is 
given by the binomial coefficient presented previously, 
where V4—1=Ss+S,,2and S,,2=Sp,Sg—1, +++, —Sz. 

With the above approximation in mind, consider a 
physical model of the echo modulation in which the 
local magnetic J field due to the z component of a 
macroscopic spin vector M, isseen by Mz and vice versa 
(let M, and Mz). If both of these vectors precess with 
precisely the same Larmor frequencies, which is to say 
that 6=0, it becomes impossible by means of rf absorp- 
tion to cause the z magnetic fields due to J, seen by 
both vectors, to differ. In the more precise terms of the 
quantum-mechanical calculation, a constant J term is 
added to all of the energy eigenvalues of the coupled 
system, and J does not appear in the differences between 
those eigenvalues of spin states involved in allowed 
transitions. However, if 4 is finite, a vector model will 
show how the difference in Larmor precession fre- 
quencies makes it possible for M4 and Mz to interfere 
with each other due to J coupling. Let both of these 
vectors precess in the xy plane after the first pulse 
(let wt, = 2/2) and view the system from xy coordinates 
which precess at the Larmor frequency of Ma. Since 
M,4a=M,,z after the first pulse (which is true regard- 
less of the value of w;t, under the conditions of the 
experiment), the only difference in Larmor precession 
frequency between these vectors during the time 
between ¢,. and 7 is that due to the chemical shift. At 
the time a second rf pulse is turned on at ¢=7, then 
M,,,4 and M,,,z are out of phase by 67 radians. After 
the second pulse rotates the M vectors 90 degrees in 
their respective cones,'* the difference 


M,,a(t+tw)— Ms, a(t+lw) =Ma—Msz cosir. 


Now, following the time ¢=¢,+ 7, the M vectors precess 
freely with a difference in Larmor frequency given by 
the chemical shift 6 plus a difference in frequency due 
to the J coupling z field; the vectors M4 and Mz do not 
precess in equal fields due to J because M,,.4~M,,z. 
According to our model, this frequency difference is 
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proportional to the difference in M, between the two 
vectors after the second pulse. Consequently the 
echoes formed at t=2r by each of the spin groups, 
represented by the vectors Mx and Ma, will get out of 
phase with each other. The magnitude of the resultant 
formed by these component echoes will depend upon 
the difference M,,4(1+tw)—M.z,a(t+tw), which deter- 
mines the extent to which Mx, and Msg precess in dif- 
ferent local fields after the second pulse. As r is in- 
creased, the phase difference at t=2r between May, 4 
and M,,,2 varies sinusoidally, the maximum echo 
amplitude therefore varies sinusoidally, and the echo 
envelope modulation will contain frequencies which 
depend upon J and 6. If J=0, on echo modulation 
cannot appear because the phase difference between 
M.,,4 and M,,,z due to 4, which is accumulated before 
the second pulse, is exactly reversed or neutralized at 
the time the echo is formed. If 5=0, no accumulated 
frequency difference may arise due to J coupling, al- 
though the coupling still exists, because M,,4 is always 
equal to M,,. This model also explains why no echo 
modulation is observed for one equivalent spin group 
at resonance which is coupled to another spin group off 
resonance. It is obvious that both nonequivalent spin 
groups (M, and Mz) must be flipped by rf pulses in 
order that they may interfere with each other in a 
sinusoidal manner. It must be kept in mind that this 
macroscopic model does not give the correct quanti- 
tative expression given by Eq. (8), derived quantum- 
mechanically. 

A generalized method for calculating the spin echo 
due to two nonequivalent groups which couple is now 
presented. The Hamiltonian (11) has the useful proper- 
ties (1) that the magnitudes of the total spins S = | Smax|, 
| Smax—1], |Smax—2|, *+* of each group are constants 
of the motion, and (2) that the S, operators are good 
quantum numbers in the approximation that J<3, 
For each group with a given S, providing that 6/,.<1, 
the probability amplitudes a,,s5 are transformed to 
Gm’, (by an rf pulse) by the function 


T g, m, m’'=[(S+m)!(S—m)\(S+m’)\(S—m’)!}* 


xX 725—m—m’ sin? (wt,,/2) D> (- 1)" 
p=0 


cot™+™’+2(.:t,,/2) 
x— —————, (12) 
(m+ m’+ p)!(S—m’— p)\(S—m— p)!p! 





given by Bloch and Rabi.” The terms in the sum over p 
are suppressed for any factorial of a negative integer 
which appears in the denominator, since the factorial 
is then infinite. For two rf pulses applied to the spin 
ensemble, which is initially at thermal equilibrium, the 
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Fic. 6. Zeeman energy level diagram for a three spin system 
with S4=1, Ss=4}, 14=15=4. The solid vertical lines indicate 
the number and arbitrary spacing of the resonance transitions 
which would be observed in the steady state for /~é. The dotted 
lines show how these lines relate to the resonance lines at the 
bottom for the condition that J <4. 


spin wave function at ¢=2r is given by 


¥(27)= a 


Sa. SB, ma, mB. 
ma’, mp’,ma”, mp” 


{dS4, ma''Sp, mp’ T Sa, ma’, ma” 


X Tsp, mp’, mp"T 8a, ma, ma'T Sp, mp, mp’ 
Xasa, ma(o)aSz, mp(o) exp—ir[y(Hotha) 
X (ma'+-m4")+y(Hotha)(mp'+mz") 


+J(ma'my'+ma"'mz”)]}, (13) 


where 


LX asa, ma(o)|*+ YX | asp, mp(o)|*=1. 
Sa. ma Sp. mp 
The eightfold sum indicates that each of the two spin 
groups A and B are separately summed over S and that 
the probability amplitudes for each group are trans- 
formed twice by two rf pulses. The component wave 
functions characterized by m are transformed as 
follows: for the first pulse, ending at =1,,, m—>m’, and 
m’ remains constant for 1,<t<r; after the second 
pulse ending at ‘=7+/,, m’—>»m”, and m” is constant 
for {>7r+1,. The arrow indicates that the final state is 
built up from a superposition of initial m states. The 
pulse duration time ¢,, is neglected in the exponent since 
lr, but appears in the T functions. The maximum of 
the echo at ¢=2r is determined by calculating the 
expectation value of the 7, operator with Eq. (13), 
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Taste I. Echo modulation data at vtarmor™32 Mc. 








J/2" 
in cps* 


6/2 


in eps* Figure Appendix 


2,7 
4, 5, 6, 8 B 
6, 8 B 


Compound 


*HCI.CHO 2.7 104 
‘H,CICHC), 6.0 64 
“HChLCHCICHC] 5.3 51 

‘H,OH (anhydrous, at 

— 78°C) 5.0 79 9, 17 C-2 
CH;CHBr, 6.3 9 C-2 
CH;CH,COOCCI, 7.1 94 11, 13 C3 
CH;CH,OH 7.5 80 compares 
approxi- 
mately 
to C-3 





compares 
approxi 
mately 

to 11, 13 





* Estimated error of all data is +5 percent. 


using the procedure which led to the expectation value 
given by (8). The observed echo can be considered as a 
superposition of echoes from groups A and B. Each 
group in turn is a superposition of echoes due to the 
invariant total spins S, and Sz, respectively. Therefore 


utiv= DW Ty a|W+LWM Ta el¥), (14) 
Sa SB 
and the matrix elements of 7,, J_, and J, are given by 


(m|14.|m—1)=[(S+m)(S—m-+ 1) ]}}, 
(m(I_|m+1) =[(S—m)(S+m-+ 1) ]}, 


(m|I,|m) =m, 


(15) 


where AS,, ASg=0; |Am,| =1, Amg=0; | Ama! =1, 
Am, =0. After the operation is performed in Eq. (14) 
it is necessary to collect common factors of the term 
and relate them to Mo, the macroscopic 
This is done by using the 


|a(o)s m 
equilibrium magnetization. 
following relations: 


M=TT 


54 OB 


(2S 34+ 1)>> ma | aS4,maA (0) | 2 
mA 


+ (2S 4+ 1 >» MR | asp, m (0) | 7], 
mB 


: (16) 


(2Sp.a+1) © ma,plasa, p. ma, p(o) 


M™A.B P : 
= MOF 4, B pie y® F A, By 


Sa SB 
where 


Fa, p= (2Sp,4+1)(Sa, 8)(Sa, +1)(2S4, p+1). 


The above treatment can apply to more than two 
spin groups which couple, and the number and type of 
rf pulses (characterized by ¢,, and H,) may be arbitrary. 
Both of the spin groups A and B for most of our experi- 
ments are taken to be at the nuclear resonance condition 
during the application of pulses because of the condition 
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w1>vyAH, 6, J. We have treated several cases involving 
three spin groups (Appendix C-5, C-6) in which two are 
at resonance and the third group is not at resonance.” 
The group off resonance, such as F'*, usually has a 
gyromagnetic ratio sufficiently different from the nuclei 
at resonance, such as protons, so that (yr— yn) Ho>«1. 
The modifications required of the above calculations are 
obvious in these cases and we shall not discuss them 
here. Experimental values of J/2x and 6/2” are given 
in Table I for typical cases. The experimental echo plots 
for these cases are in agreement within experimental 
error with the theoretical plots. Particular references to 
formulas in the appendix and to figures are given in 
this table. 


IV. DAMPING OF THE J COUPLING 


For most of the cases which exhibit echo modulation 
it is found that the entire envelope decays with a life- 
time determined by 72 and thermal diffusion. The 
observed envelope is normalized to unity and agreement 
is obtained with the above theory, in which the J 
coupling is assumed to be undamped or uninterrupted. 
However, it is possible that the J coupling may be 
perturbed not only because of T2, but also because of 
certain effects such as rotational hindrance (discussed 
in II with respect to CHCl,CHO) and molecular dis- 
sociation. In all of these cases the phase coherence of 
the spin ensemble, which must be maintained in order 
to observe the J coupling, is destroyed to some extent 
because of the random interruption of the magnetic 
coupling between neighboring nuclei. The mechanisms 

26 We hav e discovered in the liquid compounds CFCIHCHCI, 
and CF:HCHC1, (which were reasonably pure) that fluorine echoes 
exhibit modulation and that there is a main splitting (~1 kc at 
w/2x=30 Mc) of the fluorine resonance into two lines which is 
proportional to Ho. This is unexpected because (1) equivalent 
nuclei alone cannot exhibit a field dependent splitting which is 
due to the chemical shift, and (2) there can be no echo modulation 
from equivalent nuclei at resonance unless they are coupled to a 
second group of nuclei which is also at resonance and is non- 
equivalent with respect to the first group. In the molecules above, 
anomalous signals are obtained from fluorine nuclei which are 
coupled to two neighboring protons which are not at the echo 
resonance and which are nonequivalent among themselves. 
However, fluorine echoes do not show a modulation (nor is there 
a field dependent splitting of the fluorine resonance) in similar 
molecules where equivalent fluorine nuclei are neighbors of protons 
which are equivalent among themselves. We suggest, therefore, 
that the anomalous fluorine signals are due to the Jrq coupling 
of fluorine with the nonequivalent protons, and that the anomaly 

will be particularly strong if Jaa~éan for the protons. In this 
event the xy component of Jaa coupling (which derives from the 
term (J2,:+/22+i(/yit+Jy2) Van) is sufficiently strong to cause 
the protons to flip each other at a rate which may be comparable 
to the inverse of the lifetime of the fluorine echo envelope. Con- 
sequently the Jry coupling between the protons and fluorine 
will be modulated by the change in proton spin orientation. In 
turn the local field at the fluorine nucleus (due to Jrg coupling) 
will be modulated at the rate at which the protons are flipping. 
This modulation, together with the magnitude of Jr, determines 
the magnitude of the fluorine resonance splitting and echo 
modulation. The frequency of the echo modulation is not related 
to the fluorine resonance splitting, and, in fact, is field independent. 
We shall not attempt here to account for this characteristic of the 
echo modulation, but the above argument thus far does account 
for the fact that the fluorine resonance splitting should depend on 
the ratio an/Jun, and therefore on the field Ho (since am « Ho). 
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Fics. 7-12. For the condition J<é6, theoretical plots for various spin systems (obtained from formulas in the ap- 
pendix) are shown which trace out the upper and lower limits of the echo envelope modulation. These traces are 
periodic with frequency J/2x. The echo envelope, modulated at a higher frequency 5/27, may be fitted and plotted 
within the solid and dotted lines, as shown in Figs. 4 and 7. Frequency doubling occurs within the first dotted lobes 
which meet the axis symmetrically in time, and the doubling reappears periodically. 


by which this random process takes place shall be 
described (1) by letting 6 and J take on different 
discrete values (m constant in the absence of H;) in 
order to describe such effects as the transfer between 
rotational molecular isomers, and (2) by letting the 
quantum state m change to other allowed m states in 
a random manner (J and 6 constant) in order to describe 
the effect of 7; and 7>. 


A. Damping by Fluctuations of J and 6 


First let us treat the damping process of the case 
previously treated by the Hamiltonian (1) above. 
Assume for a given orientation of two coupled nuclear 
moments in a molecule that a certain J and 6 can be 
assigned to the system. During the time the molecule 
exists in an alternate form the coupled nuclei are 
described by the parameters J’ and 6’. By the method 


given in III the expectation value of 7, after the first rf 
pulse is given by 


iM, 
V =——{expily(Hot’)+J/2}t 
4 


+expily(Hoth)—J/2} 
+expil-y(Hothe)+J/2]t 
4 
+expily(Hoths)—J/2W=E fo, (17) 
n=l 


where I =4, J&6; hy, ho—hy’, ho’, and JJ’ for the 
other structure. Each of the two states of the molecule 
will have a lifetime given by (A)~! and (A’)~. The term 
fn (where n=1, ---4, in this case) represents the nth 
component of m terms, each characterized by frequency 
wn, Which add to give the macroscopic transverse 
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Fic. 13. Dushenes echo modulation plot due to protons in 
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nuclear magnetization after the first rf pulse. The inter- 
change of the A and J parameters (Ay, hoehy’, hy’ ; 
J=J') requires that the expectation value given by 
Eq. (17) be corrected in order to account for the damp- 
ing which will result because of incoherence. The 
phenomenological equations of coupling which we use 
to account for the damping are as follows: 


F,- iwnF , hie AF,+ ie ap (18) 
Py! — titan! Fa! = — Fy! +P n. 

The solutions for F, are now the corrected values which 
include the damping and replace f, in Eq. (17). For our 
particular case there are four pairs of equations of this 
type, one set for F, and another set for F,,’. In order to 
obtain the echo at ¢=2r it is again convenient to cal- 
culate u+iv for ‘> 7+4, with no damping. The result is 


V = -" paELO E fr —20 sn) ], (19) 


where /,*(r) is the complex conjugate of f,(7), and 
bz.5—-n, the Kronecker delta, is zero for k#5—n and 
unity for k=5—n. Each product of f,(¢) and the sum 
of four constant /,(7) terms is one of four such product 
terms, each characterized by frequency w,, which sum 
to give the solution for V =u-+-iv after the second pulse. 
Now all of the f terms of Eq. (19) must be corrected 
for damping. The corrected solutions F,,(7) of Eq. (18) 
replace /,(7) in the expression for V in Eq. (19). A new 
set of equations, analogous to the set given by Eq. (18), 
is then solved for the corrected F, terms, and these 
terms replace the f,(¢) terms in Eq. (19). Two sets of 
such equations, one for the prime and one for the 
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unprime system, form two solutions V; and V» for the 
echo expression given by Eq. (19), and the observed 
echo is given by V=Vi+-V2. V is obtained for the 
following conditions: 
(A, <5, 8’,J, J’) 

|V| =4Mo|1—2 sin*(6,7/2) sin*(Jar/2)|, (20a) 
where 
5g =(A5'+N'5)/(A+X’) and Jg=(AJ’+NI)/(A4F-N); 


(A, ’&K6, 8’, J, J’): 


ér Jr 
"(1 —2 sin?— sit) 
2 2 


V|= 
2(A+X’) 


, 


é'r J'r 
ao a( 1—2 sin?— sin) (20b) 
2 


The above calculation can be generalized to apply 
to any case, and appears to be useful for the analysis 
of observable rate processes which cause a change in 
the chemical environment of the nucleus.”’ We see from 
Eq. (20a) that a fast interchange between different 
values of J and h results in the observation of average 
values of these parameters, and justifies our assumption 
that J and h are averaged over all possible rotational 
isomers of the ethyl type compounds which we have 
investigated. No echoes have been observed in which 
case Eq. (20b) above applies. We shall not give the 
general solution for the damping of V, which can be 
obtained from Eq. (19). In Appendix D the random 
process for the above case of damping, which is de- 
scribed by the phenomenological equations of Eq. (18), 
is treated by a Fourier analysis and shown to lead to the 
same result which is obtained by the use of Eq. (18). 


B. Effect of Relaxation Time on the 
Echo Envelope 


The damping effect due to relaxation is treated by 
considering the random change of the quantum state m. 
Let us use a model in which two nuclei with J =} have 
different relaxation times, and are coupled by J under 
the conditions which led to the result given by (8), 
except that we let J&6. Assume, as ¢ increases after 
the first pulse, that the states described by m, and mg, 
which are initially established after the first pulse, may 
undergo the possible transformations indicated by the 
schemes (1) mas*—ma, Amp=0, (2) mae—me, 
Am, =0, and (3) maz2— ma, mpa=2— mp, A(ma+mzp) = 0, 
where m =}. Each of these three schemes is specified by 
different relaxation times (Ai)~, (Az), and (A3)—. 

27 J. T. Amold and M. E. Packard, J. Chem. Phys. 19, 1608 
(1951), have found for protons in the OH and CH; groups in 
CH,OH and C:;H,OH that 6 varies with temperature and con- 
centration of several dissolved substances. This may be inter- 
preted as a variation in \ and X’ for the associated and dissociated 
states of the OH group [U. Liddel and N. F. Ramsey, J. Chem. 
Phys. 19, 1608 (1951)4 
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Schemes (1) and (2) represent the effect of 7,;and mutual 
spin-spin flipping between nuclei of different molecules. 
Scheme (3) represents the effect of mutual spin-spin 
flipping between the coupled spins in the same molecule, 
where the states m4 and mg change simultaneously. 
Consider only the damping effect on the J coupling due 
to schemes (1) and (2), and assume that the effect due 
to (3) is negligibly small. The changes in the sign of m 
for these schemes are made in the wave function given 
by (13), and the expectation value of the 7, operator is 
calculated for the initial unrelaxed state and each of 
the two states into which the system can relax. Com- 
ponent f terms from each of the expectation values are 
again coupled by equations of the form given in Eq. 
(18). Each f term is again characterized by a frequency 
as in the damping calculation discussed in Part IV. A 
term / can be correlated with the corresponding f’ by 
noting that both of these terms will have a common 
initial condition factor which is established after the 
first rf pulse. The solution, including the damping of 
the echo envelope, is then obtained in the same manner 
by which the damping in the previous case was cal- 
culated (Eq. (20)). V is obtained for the following con- 
ditions: 


(1/72, 1/T:'>J): 
|V| =4Mo(e-T24 0/72’), 
(1/T:, 1 TJ): 


| V| an 4M ye—6(1/T2+1/T2’) | (e~9/2T2+ ¢ 6/273") cos*(J1r/2) 


(21a) 


+ 2e- MU Ta+1/72) Cosér sin?(J7/2)| 
= 4M ye~*#/27| 1— 2 sin?(67/2) sin*(Jr/2)| 


for T,=T2'; (21b) 


(1/T:>J>>1/T,’): 


| V| =4M,|exp(—J20T2/4)+e-"™ cos*(Jr/2)|; (21c) 


where 1/2A, =T2, 1/2A2=T 72’, 0=2r, and no restrictions 
are imposed on 6 except that J<6. In Eq. (21a) the 
echo envelope is damped exponentially, and no modu- 
lation appears. The exponent 30/27; in Eq. (21b) 
indicates that an additional relaxation mechanism is 
present. It arises from the fact that the flipping of one 
nucleus interrupts the local field due to J seen by the 
other nucleus. In the approximation that J<é this 
effect reduces the coherence of precession of the system 
by contributing a relaxation time of T;/2 to the ex- 
ponent. For J~é6 this relaxation time is a function of 
J and 6, and Eq. (21b) becomes a very complicated 
expression which will not be given here. The condition 
expressed by Eq. (21c) shows how the J coupling is 
severely damped by a very short relaxation time of one 
of two coupled nuclei. Although both nuclei in this 
model are at the resonance condition, the same damping 
effect applies for one of the nuclei off resonance. This 
justifies the assumption in cases such as CHCI,CHO, 
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that the coupling due to the chlorine nuclei is absent 
for small values of 7; due to quadrupole broadening. 


C. Damping of the Proton Coupling in CH,OH 


It is observed that the echo modulation due to 
coupled protons in pure CH,OH (see Figs. 14-17) is 
damped when a very small percentage of water is 
added. Aside from the dissociation effect?’ in CH;OH, 
a direct interchange of protons takes place between 
H,O and CH;OH molecules.** Ignore the contribution 
of the dissociation effect to the damping, and assume 
that the damping is due entirely to the random change 
of m, the spin state of the proton in the OH group of 
CH;OH introduced by protons transferred from H,O 
molecules. Let \ represent the reciprocal of the lifetime 
of a proton with a given m state in the OH group of 
CH;OH. The echo signal from the small amount of H,0 
may be neglected. The result for the echo envelope due 
to CH;OH, including the damping, is given for these 
cases : 


(h>>J): 
| V | = (Mo/28)|3+11e-* cos*(Jr/2)|, 
(AKJ): 


| V| =(Mo/112)|e-®*[ (11/2) cosJ7r+6 cos*Jr 
+4 cos3Jr ]+e—"[4(2+cosJr) 
—12 cos2Jr] cosér+44e-* cos*(Jr/2)|, 


(22a) 


(22b) 


where no restrictions are imposed on 6 except that 
J<«é. It appears from Figs. 14-17 that dissociation as 
well as proton exchange is effective in damping the 
echo envelope. As the concentration of H,0 is increased, 
6 decreases, which is considered to be chiefly caused by 
the dissociation effect.2” We shall omit a discussion of 
the damping calculations for CH;OH in the case of 
dissociation, where 6 and J fluctuate. The results are 
very similar to the form of Eqs. (20). On the basis of 
proton exchange we estimate A~1 sec (AK/J, 6) for 
a mixture of ~1 percent by weight of water at a tem- 
perature of —4°C. 


V. ORIGIN OF THE J COUPLING 


Ramsey and Purcell*® have suggested that the J 
coupling derives mainly from a nuclear-electron-nuclear 
spin interaction. Gutowsky, McCall, and Slichter'’ 
have extended their treatment of the coupling in the 
HD molecule to the coupling between pairs of coupled 
spin groups in more complicated molecules, and thus 
account for their observed J values. We shall not treat 
this coupling mechanism in detail here, nor attempt to 
correlate measured J values with theoretical values, 


28 Many compounds with ionizable hydrogen, such as NH,OH 
and CH;COOH, exchange protons with CH,OH and damp the 
echo envelope. For references and a general discussion of proton 
exchange, see N. V. Sidgwick, Chemical Elements and their Com- 
pounds (Clarendon Press, Oxford, 1950, Vol. 1, Chapter 1). 
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Fics. 14-17. Proton echo envelope plots in methyl alcohol for various temperatures and concentrations of water 
(expressed in percentage by weight). 


but refer the reader to the very adequate discussions of 
the above authors. 

In addition to the spin coupling mechanism there are 
other mechanisms which give rise to the J coupling 
operator, but only account for magnitudes of J of the 
order of 1 cps or less. The Hamiltonian which describes 
the magnetic interaction of nuclei with orbital electrons, 
from which all the types of J coupling terms may be 
obtained, has been given elsewhere.2? Ramsey and 
Purcell use this Hamiltonian and outline the origin and 
approximate magnitudes of the various coupling 
mechanisms. A paper by Ramsey*’ discusses and com- 
pletes the formal analysis of these effects by a gener- 
alized treatment of the Hamiltonian which he used to 
explain the origin of the chemical shift. 

2° 4. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 


A205, 135 (1951). 
% N. F. Ramsey, Phys. Rev. 87, 1077 (1952). The authors are 


grateful to Professor Ramsey for an advance copy of this paper. 


The I,- I, operator can be deduced by assuming that 
the wave packets representing two neighboring protons 
in a molecule overlap to a sufficient extent. However, 
this mechanism must be excluded because of mass con- 
siderations, especially since the J coupling is observed 
to involve nuclei much heavier than protons. We have 
considered a rotationally invariant form of magnetic 
interaction wi:we, which can be obtained from the 
Hamiltonian which Ramsey used to explain the 
chemical shift.* For / nuclei interacting with & electrons 
this term is expressed as 

2 


e 

= fr @XLErubxta/AuTVods, — (23) 
2mc? 

where 7; is the electron-nuclear distance and y(p) is 

the total electron wave function. In the case of two 

coupled protons the interaction energy may be esti- 

mated from a mechanism analogous to that which leads 
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to the Lamb diamagnetic correction.’ Consider the 


dipole field H~ u;/rx (~ 10 gauss) for a proton nucleus, 
which causes a Larmor precession of the &th electron. 
The resulting current produces a field H’ at the position 
of a neighboring nucleus. A crude estimate of H’ may 
be obtained by multiplying H by the Lamb diamagnetic 
correction factor (~ 10-5) for the hydrogen atom, and a 
splitting of ~0.5 cps is obtained. This splitting com- 
pares to the approximate value Drell has calculated*! 
for this interaction in the HD molecule, using Heitler- 
London electron wave functions in Eq. (23). The small 
size of this splitting is of the order of magnitude of the 
splitting due to electron orbital contributions’ and to 
cross terms due to direct dipole coupling between the 
electron and the nucleus.”° 


VI. CONCLUDING REMARKS 


Throughout this work we have studied shapes of 
echo envelopes under the rf pulse condition that 
wity=m/2. Slight deviations from this condition will 
cause a marked deviation of the observed envelopes 
from the theoretical plots; the shape of the envelope 
depends critically on trigonometric terms which have 
quadratic and cubic dependence on the magnitude of 
H,. The inhomogeneity of H; over the sample is 
minimized by placing the sample in the center of a 
transmitter coil of larger diameter (three or four times 
as large as the receiver coil) where 17; is homogeneous. 
This is done most conveniently by fashioning the trans- 
mitter coil according to the Helmholtz condition, and 
crossing the transmitter and receiver at right angles 
according to the nuclear induction technique.” 

Most of the compounds measured have involved 
relaxation times 7, and 7, of the order of several 
seconds, and in principle the parameters J and 6 of the 
order of 1/72 are resolvable. However, an inhomo- 
geneous field Hy) over the sample aggravates the 
damping effect due to thermal diffusion,“ which becomes 
greater than the damping due to 7», and it is important 
to shim the magnetic field sufficiently in order to obtain 
a reasonable field homogeneity. 

The authors are grateful to Professor F. Bloch for 
many discussions and valuable suggestions during the 
course of this research. They wish to acknowledge the 
highly informative discussions and helpful interchange 
of information with Professors H. S. Gutowsky and 
C. P. Slichter of the University of Illinois. They thank 
Dr. S. D. Drell for discussions concerning some of the 
calculations, and Dr. M. E. Packard and Mr. J. T. 
Arnold for slow passage measurements of some of the 
compounds they studied. One of the authors (E.L.H.) 
wishes to acknowledge and thank the National Research 
Council for postdoctoral fellowship support during the 
early part of this research. 


2S. D. Drell, private communication. 
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APPENDIX 


The echo at ¢=2r is given for the following cases, 
where groups A and B are at resonance: 

(A) Sa =Sp=}, I4=Ig=}, YaA= YB; 
CHC1,CHO) : 


M6? sing| 
= (: int) (sins -(J?2+6* »}) cosJ r 
BJ? | 
sin?y\ { 2J*+6? 
2 
4 


¢\ scoslr 2J?+- 5? 
— (cose)( sin? (==) | 1+—— 
2 2 P 


J?+6) 


6~J (Type 
|V| 


—+cos[ r(J?+ 8? | 


X cos r(J?2+ 8? y+ 


X (sinJr) sin[ r(J2-+8*)4] J 


where g=wily. 
(B) Sa=}, Sp=1, In=Ip=}, va=B, 6~J, wity 

= 2/2 (Type CH,CICHCI,): 

|V| = gyMo| [2x(w—2w)— 2y(w*— 22°) ] 
Xexp[ir(6/2+3//4) ]+c.c. 
+ [2x(y— 29) — 20(y?— 22) ] 
Xexp[ir(6/2—3//4) ]+c.c. 
+[wy—2#2] exp[—i3J7/2]+c.c. 
+ (4/3)x7(y-+#)+ (10/3) x2(w—w)(y—9) 
—3(| w|*+ | y|?)— (8/3) | w|?] y|? 

+ (15/3)2°2?+- (4/3)2?(w?+ w*) — (4/3)|, 
where c.c. indicates the complex conjugate of the pre- 
ceding expression, the bar over a symbol denotes the 
complex conjugate, and 

i(6 3+ 3J/2) 
w= cos[ }r(8*-+ 6+ 9J2/4)!]+—— 
(6? + 8J-4+9J2/ 4)! 


X sin[}r(6?-+6/+9J2/4)4], 


— 2idv2 
- sin[ $7(6?-+ 6J+9J2/4)*), 
~ 3(82 4 BI+9F2 /4) 
i(6/3—3J/2) 
— F4SIY nnn 
(6°?—6J+9J?/ /4)) 


X sin[}r(6*— 6J+9J2/4)4), 


y=cos[$7(6? 


xe myTTy,| I sin[ $r(6?— 67+ 9J2/4)!]. 


For Jé in this case, V reduces to 


| V| =(Mo/48)| 11+12 cosJr+cos2Jr 
+ (8 cosér)(cosJ7/2—cos3J1/2)|. 
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(C) The cases given below apply for J4=Js=}3, 
Ya = YB, JK, wily = 0/2: 
(1) S,4=1, Sg=1, (Type CH2CICH;Br): 
|V| =2¢Mo|3+4 cosJ1+cos2J/r 
+4 (cosér) sin’J7]. 
(2) Ss=%, Sp=4, (Type CH;OH): 
|V| =(Mo/224)| 50+ cos3J7+6 cos2J7+55 cosJr 
+ (8 cosér)(2+cosJ7r—3 cos2Jr)|. 
(3) Sa=$, Sp=1, (Type CHyCH:Br): 
|V| =(Mo/272)|45+66 cosJ7r+ 23 cos2Jr 
+2 cos3J r+ (8 cosér) 
X (5 cosJ7r/2—2 cos3J7r/2—3 cos5J1/2)|. 
(4) Sa=1, Spg=1, except that I4=Ip=1, (Type 
CDCI,CDO): 
| V| =(Mo/12)|1+4 cosJr+cos2Jr 
+ (4 cosér) sin*Jr|. 
The cases below apply for three spin-groups A, B, and 
C, where A and B are at resonance and C is off resonance 
(4 =Ip=1c=}, Ya=¥8¥ Ye): 





iM on’ 
Fy= 
4(A+2’) 


t t—tj 
ro lS 
a9 0 


t—t)—te 
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(5) S4=Sp=Sc=}, (Type CFHCICHCI,): 
| V| =4Mo|cos*?J7r/2+ (sin*?J7/2) 
X(cos[(K—L)r/2]) cosér|, 
(6) Sa=Sp =}, Sc=1, (Type CF:HCHCI): 
| V| =4Mo|cos*J7/2+ (sin?J7/2) 
X (cos*](K—L)r/2]) cosér|, 


where K and L denote the coupling of groups A and 
B with C. 
(D) The solution of Eq. (20) is 


iMod’ 
40+’) 


el i(onton’)—h—)’] t/2 


A+A’+ idan ak 
x[ 14 sinh(—)—e=], 
a 2 


where Aw, =@,—W,’ and 
a =[(A+N")?— Awn?—2i(A—D’) Awe}. 


A similar solution exists for F,’. F, can be expanded 
and expressed in the form 


t t gi~th 
lion yen f e(ien—D) tit (ian!) (tgp wf f e(iwn—d) (t—t2)+( ian’) tod pdt, 
0 0 “0 


e( ten) (trt t3)+(tiwn’—d’) (t ~1~t3) dtsdtodty+- ee 


t pat—t d—t5— ta + - -— 09h 4 
+ tn/teon-nve f f of e(idan—A+n’) (tattettet «+09 dts dtoy 1+ + «dy 
0 “0 0 


t pt—ti t—t)—te—- - -—tae 
+ aripiteion’—are f J ' «f e(idan—dtn)(tittatist ttm +vdtos dtog: »-dty 
0 0 0 


Each term of the expansion represents a mode of 
switching between two frequencies of precession w and 
w’. The first term of the expansion is determined by the 
probability e~* that the ensemble precesses at a fre- 
quency w, for a time ¢. The second term accounts for 
the probability (e>"Adt,)e>’“'-™ that the ensemble 
precesses at frequency w, for a time between ¢, and 
t:+dt,, then switches to the frequency w,’ and remains 





for a time ‘—¢;. The third term includes the probability 
that the ensemble returns to frequency w, and remains. 
Successive terms account for increasingly frequent 
jumps between frequencies w, and w,’. Each mode of 
interrupted precession is therefore weighted and the 
observed nuclear magnetization is a superposition of all 
modes. A similar argument applies to the expansion 
of F,’. 
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Radiofrequency Spectra of Li*F'® by the Molecular Beam Electric Resonance Method*t 


J. C. Swarrzt anp J. W. TriscuKa 
Department of Physics, Syracuse University, Syracuse, New York 
(Received July 23, 1952) 


The electric resonance method of molecular beam spectroscopy has been used to study the rotational 
Stark transitions J, my—J, my for LiF. A new type of homogeneous electric field of high resolution 
was used to observe the transitions. A mass spectrometer was used to separate the Li® (8 percent abundant) 
and Li’ (92 percent abundant) positive ions coming from the hot wire detector. From observations of the 
1, +1-+1, 0 and 2, +22, +1 transitions for a variety of electric field strengths it was concluded that the 
principal nuclear molecular interaction was of the type specified by the operator cI-J, where c is a constant, 
7 is the spin of the F nucleus, and J is the rotational quantum number. The effects of the Li* quadrupole 
and I-J interactions were below the limits of observation. The constant c/# was found to be +37.3+0.7 
kc/sec for both transitions, This value is approximately twice that calculated from molecular beam magnetic 
resonance experiments at strong fields. Using the electric resonance strong field data, calculations deter- 
mined the constant w?A to be (747.2+0.9) x 10-78 cgs units for the lowest vibrational state. This quantity 
for the next vibrational state was greater by (4.30.1) percent. yu is the electric dipole moment, and A is 


the moment of inertia of the molecule. 





I. INTRODUCTION 


COSINE-TYPE coupling between nuclear spin 

and molecular rotation in '= diatomic molecules 
has been observed! by the electric and magnetic 
resonance methods of molecular beam spectroscopy. 
Foley* and Wick‘ have given theoretical discussions of 
this interaction. The energy operator associated with 
the interaction may be written in the form cI-J, where 
J is a nuclear spin, J is the rotational quantum number 
of the molecule, and c is a constant characteristic of the 
molecule and of the particular nucleus. It will prove 
convenient throughout this paper to refer to the 
cosine-type coupling as the I-J interaction. 

Both the electric and the magnetic resonance methods 
yield spectra which exhibit structure due to the nuclear- 
molecular interactions ; however, there is a fundamental 
difference in the nature of these spectra. In the electric 
resonance method spectra are obtained which belong 
to the molecules in a single rotational state. The 
magnitude of the I-J interaction energy is determined 
for that rotational state by the relative line positions 
within a spectrum. The magnetic resonance method, 
on the other hand, does not distinguish between the 
molecules in the different rotational states, and spectra 
are observed which represent a summation of the 
intensities contributed by all the rotational states. The 
analyses of these spectra require a calculation of a 
statistical average over the rotational states of the 
beam molecules. A measure of the I-J interaction is 
obtained from the width of the nuclear resonance line 
at strong fields. 

* This research has been supported in part by the ONR. 

t Submitted by John C. Swartz in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
Graduate School of Syracuse University. 

t Now with Distillation Products Industries, Rochester, New 
a W. Trischka, Phys. Rev. 74, 718 (1948). 

2W.A. Nierenberg and N. Ramsey, N9n). Rev. 72, 1075 (1947). 


3H. M. Foley, Phys. Rev. 72, 504 (194 
4G. C. Wick, Phys. Rev. 73, 31 (1948). 


Trischka' found that the fluorine I-J interaction 
energy in CsF in rotational state J =1 is approximately 
twice the value determined by Nierenberg and Ramsey’ 
in a magnetic resonance experiment at strong fields. 
As an explanation Trischka' suggested that the I-J 
interaction constant c might be a function of J. 

In the present work radiofrequency spectra of Li*F"® 
were observed by the electric resonance method pri- 
marily to obtain additional information on the I-J 
interaction. Magnetic resonance data®:® indicated that 
in this molecule the I-J interaction of F is so much larger 
than the other nuclear-molecular interactions that the 
electric resonance spectra would exhibit fine structure 
which would be, for the most part, characteristic of an 
I-J interaction. Consequently, the molecule is particu- 
larly adapted to a study of this interaction. Moreover, 
the fact that the F interaction had already been 
measured by the magnetic resonance method stimulated 
a measurement by the electric resonance method in 
order to compare the results obtained by the two 
methods. 


Il. EXPERIMENTAL DETAILS 


The electric resonance apparatus, shown schemati- 
cally in Fig. 1, operates on the same general principles 
as the machine constructed by Hughes® and modified 
by Trischka.' The present apparatus was, for the most 
part, designed and constructed by Luce and Trischka.’ 
New features, a C field of new design® and a mass 
spectrometer, will be discussed in detail here. 


A. The C Field 


In the course of the beam path from oven to detector, 
as shown in Fig. 1, the molecules pass through a 
homogeneous, static electric field, called the C field, 
in which transitions are induced between the Stark 

*P. Kusch, Phys. Rev. 75, 887 (1949). 

+H. K. Hughes, Phys. Rev. 72, 614 (1947). 


7R. G. Luce and J. W. Trischka (to be published). 
* Trischka, Swartz, and Luce, Phys. Rev. 83, 881 1951). 
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levels of the molecules by a superposed, weak, oscillating 
field. In the present experiments a C field of novel 
design was used.* Two pieces of }-in. plate glass, coated 
on adjacent surfaces with an evaporated metal film and 
separated by three glass spacers, served as the parallel- 
plate electrodes. The plates were 10 cm long, in the 
beam direction, and 6 cm high. These plates, supported 
by a brass mount, were clamped together over the three 
spacers by adjustable, spring-brass clamps. To align 
the plates to optimum plane-parallelism light from a 
Na vapor lamp was transmitted through the field 
normal to the coated surfaces, and the clamping pres- 
sure over each spacer was adjusted while observing the 
Haidinger interference fringes. The physical arrange- 
ment and alignment procedure are thus basically the 
same as for a Fabry-Perot interferometer. 

The metal films were nearly opaque (giving about 
one percent transmission of white light). The rf segment 
was formed by making a narrow scratch in one of the 
films so as to isolate electrically a rectangle eight cm 
long in the beam direction by three cm high at the top 
center of the film, The oscillating voltage was applied 
between this rectangle and the rest of the film. Both 
gold and aluminum films were used with success 
although some difficulty was experienced in maintaining 
a low resistance at each contact to the film. The 
contacts were made at the edges of the glass plates by 


silver-plated spring clips. If the contact resistance was 
at all comparable to the leakage resistance across the 


spacers, the films, of course, assumed a difference of 
potential below the potential applied across the con- 
tacts. This effect was observed by a displacement and 
drift in spectral line positions which resulted from the 
development of a poor contact. This difficulty could 
apparently be attributed to transient charging and 
discharging currents which removed the film in the 
immediate vicinity of the contact. No such difficulty 
was encountered when care was taken to include a 
damping resistance in series with the supply batteries 
when the supply voltage was changed abruptly by 
switching operations. 

Measurements of the position of a spectral line with 
the field intensity first in one direction, then in the 
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Fic. 1. Schematic diagram of electric resonance apparatus: 
(1) oven, (2) collimator slit, (3) knife edge for stopping molecules 
in high rotational] states, (4) beam detector and ion gun. 
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opposite direction, showed that the residual potential 
difference between the two plates of the C field in the 
absence of an applied voltage was less than 0.01 volt. 

With }-inch spacers (measured spacing=0.25696 
+0.00005 inch) the measured inhomogeneity in the 
beam region was the order of +2 parts in 10,000. At 
43.6 Mc/sec this degree of inhomogeneity was expected 
to contribute at most 18 kc/sec to the line breadth. 
In all spectra of value the output of the rf signal 
generator was reduced to such an extent that on further 
decrease the line width remained unchanged. Under 
this condition, for a completely homogeneous C field, 
the expected single line width as calculated from the 
molecular transit time was about 11 kc/sec.® This 
figure was obtained from a calculation using an oven 
temperature of 950°K and a length of the transition 
region of eight cm. The observed width of each line at 
43.6 Mc/sec (see Fig. 3) was 18 kc/sec. Therefore, it 
is evident that the effect of the field inhomogeneity on 
line breadth was somewhat less than the calculations 
would indicate. 


B. The Mass Spectrometer 


The molecular beam was detected by means of surface 
ionization on a hot, oxygenated W wire. The Li® ions 
thus formed were separated from the Li’ ions by a 60° 
magnetic mass spectrometer of 12.5-cm radius (see 
Fig. 1). A 3-inch square, brass tube, bent to conform 
to the ion trajectory, was soldered at one end to the 
main vacuum chamber and at the other end to a brass 
pillbox containing the exit slits and the collector. The 
electrometer tube of the dc amplifier was mounted in a 
container, at fore vacuum pressure, directly below the 
collector. Except for a few minor modifications the 
magnet was identical to that described by Nier.!° 
Storage batteries were used to supply the magnet 
current. 

Because of the limited space available for the magnet 
the initial ion path had to be normal to the direction 
of the molecular beam. An electron gun design by 
Thorp" was adapted to this purpose. Figure 2 shows a 
horizontal cross section of the ion gun. The filament 
(F) was recessed ;s inch into a channel, 0.195 inch 
wide, between two side electrodes (A and B). These 
elements were kept at approximately the same positive 
potential.” The ions from the filament were focused 
by A and B and accelerated toward a 1-mm slit in a 
grounded plate C. A small slit in A allowed the mo- 
lecular beam to strike the filament, while a similar slit 
in B provided an exit for that part of the beam not 
striking F and also permitted optical alignment of the 
filament with the other apparatus elements. The fila- 
ment was heated with stabilized alternating current, 

°H. C. Torrey, Phys. Rev. 59, 293 (1941). 

A. O. Nier, Rev. Sci. Instr. 11, 212 (1940). 

"J. S. Thorp, J. Sci. Instr. 26, 201 (1949). 


Improved mass spectrometer efficiencies were obtained with 
A and B biased, respectively, 18 and 26 volts above the filament. 
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and the accelerating voltage was supplied by an elec- 
tronically stabilized supply with variable output from 
300 v to 800 v. Under the best conditions of alignment 
of the ion gun, 60 percent of the Li® ions formed at the 
filament arrived at the collector of the mass spec- 
trometer. 

There were several factors which made imperative 
the use of a mass spectrometer in these experiments: 
(1) In order to observe spectra that were clearly due 
only to Li®F it was necessary to measure the Li® ion 
current separately from the Li’ ion current. (2) Because 
only 8 percent of the ion beam coming from the hot 
wire was due to Li®, direct collection of all ions would 
have meant a large and fluctuating background current 
produced by the Li’ ions. (3) Because the hot wire 
contained small amounts of impurity atoms which were 
ionized at the surface, direct collection of the ion beam 
would have meant a large, fluctuating background 
current from this source. When the impurity ion current 
(believed to be due mainly to K ions) was observed by 
direct collection from the wire, it was found to be of the 
order of 50 times the normal amplifier noise. With the 
mass spectrometer the fluctuations in ion current at 
the collector when the molecular beam was turned off 
were less than the amplifier noise. 


C. Procedure 


It was not possible with the available inhomogeneous 
fields to make a single state of LiF follow the sigmoid 
path necessary for reaching the detector. However, it 
was possible to observe the J, my—J, my’ transitions 
1, +1-+1, 0 and 2, +2-—>2, +1 by causing those mole- 
cules in the J=1 or J=2 states (depending on: the 
deflecting field strengths) which underwent transitions 
of the proper type in the C field to be refocused on the 
detector wire. For example, as indicated in Fig. 1, 
molecules in the 1,+1 state in the A field which 
underwent transitions to the 1,0 state in the C field 
were redirected by the B field to strike the detector 
wire. Spectra were observed by noting each increase in 
the detected beam resulting from a given voltage and 
frequency combination on the C field. 

At fields sufficiently large so that the positions of the 
fine structure lines relative to the hypothetical Stark 
line were not appreciably affected by small variations 
in the field, either of two techniques was employed to 
observe spectra. The oscillating frequency was held 
constant and the C field voltage varied point by point 
(yielding a spectrum such as that shown in Fig. 5), or 
the voltage was held constant and the frequency varied. 
For all other, lower, field strengths the voltage was 
fixed and the frequency varied. 

The frequencies above 500 kc/sec were measured by 
a General Radio heterodyne wave meter No. 620A. 
The fixed frequency spectra were observed at harmonic 
frequencies of the calibrating crystal in the wave meter. 
Thus it was possible to make the random frequency 
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Fic. 2. Cross section of ion gun. 


error for each observation point in these spectra less 
than 5 parts in 10°. In all other spectra the random 
frequency error was determined by the least count of 
the wave-meter dial. This gave a random frequency 
error of 20 parts in 105. Below 500 kc/sec General 
Radio wave meter No. 616D was used. Both wave 
meters were calibrated against station WWV. 

The C field potential was measured using a Leeds 
and Northrup voltbox, 746816, a Rubicon potenti- 
ometer, and an Eppley standard cell calibrated by the 
National Bureau of Standards. The random error in 
the voltage adjustments during the course of observa- 
tion of each spectrum was the order of 25 parts in 10°. 
Other errors contributed to the uncertainty in the 
absolute voltage measurements. The standard cell cali- 
bration was known within 0.01 percent, the potenti- 
ometer calibration within 0.01 percent, and the voltbox 
ratios were measured within 0.02 percent, giving a 
total possible error in absolute voltage of 4 parts in 10‘. 
In addition, it was found that at voltages near the 
limit of the voltbox (750 v) the increased temperature 
of the voltbox resistors introduced an error in recorded 
voltage of up to +2 parts in 10. 


Ill. THEORY 


The Hamiltonian containing the perturbations on the 
retational energy of LiF in an electric field is 
K= (h? /2A )F- u- E+<,I, -J+c1,-J 
OC weer eet gees ee ———+ (gig2un’, r®) 
212(272—1)(2J —1)(2J+3) 


[3(i-J)(Ie-J)+3(Ie-J)(Ls-J)—2(h- I +1)) 
x quaute - — - 


—(e 





(QI-+3)(2J-1) 


(1) 


The first term is the rotational energy operator for a 
molecule with moment of inertia A about its center of 
mass. J is the rotational quantum number. The second 
term is the energy operator of an electric dipole moment 
u in an electric field E. The third and fourth terms 
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Fic. 3. Theoretical curves showing the variations of ener, 
levels and transition frequencies with electric field, assuming the 
I-J interaction of F to be the only nuclear-molecular interaction. 
Circles indicate points calculated from experimental data. J=1, 

qT; = ‘ a> 0. 


represent the I-J interactions of the two nuclei. In 
accordance with the usual notation, subscript 1 refers 
to the nucleus with the strongest nuclear-molecular 
coupling, which in this case is the F nucleus, and 
therefore subscript 2 refers to the Li® nucleus. The fifth 
term is the energy operator associated with the Li® 
quadrupole interaction. egQ is defined by Bardeen and 
Townes."* There is no corresponding term for the F 
nucleus, as this nucleus has a spin of 4. The last term 
in the Hamiltonian is the nuclear spin-spin energy 
operator in which g, and gz are the nuclear gyromagnetic 
ratios, zy is the nuclear magneton, and r is the inter- 
nuclear distance. 

By making use of previous measurements the nuclear- 
molecular interaction constants in Li®F® can be esti- 
mated. Kusch® has measured the Li quadrupole inter- 
action in Li’F!*, His result is |egQ|1i7/h=408 kc/sec. 
Schuster and Pake™ have determined |Q|rit/|Q] 17 
=0.023+0.002 by a nuclear induction experiment. 
Since the electronic structure and internuclear distance 
are expected to be the same in Li®F"® as in Li’F"’, ¢ 
should be the same for these two molecules. Therefore, 
combining the above figures, we obtain |egQ|xit/h 
= |egQ|2/h=9 kc/sec. For the purpose of comparing 
the effect of this interaction with that of other inter- 
actions in the molecule, calculations of the matrix 
elements of the quadrupole interaction operator show 


3 J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 
4 N. A. Schuster and G. E. Pake, Phys. Rev. 81, 157 (1951). 
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that |egQ|2/10h=0.9 kc/sec is representative of the 
quadrupole perturbation energies for small J. 

Nierenberg and Ramsey* observed an F magnetic 
resonance spectrum of a molecular beam consisting 
primarily of Li’F'’. The half-width of the resonance 
line was 0.50 Mc/sec. Assuming! a moment of inertia 
for this molecule of 27 x10-*° g cm? and using their 
oven temperature of 1150°K, this width gives |c:|/h 
= 18 kc/sec. Here again the electronic structures of the 
isotopic molecules have been assumed to be identical. 

From the molecular beam magnetic resonance spec- 
trum of Li’ obtained by Kusch* the magnitude of the 
I-J interaction constant of Li’ can be estimated. On 
reducing this quantity by the ratio of the gyromagnetic 
ratios of the two Li isotopes the value |c2|/A=0.5 
kc/sec is obtained. Finally, assuming'® r=1.8A, the 
spin-spin interaction energy is of the order of 
gigeun?/2P°h=1.5 kc/sec. 

It is apparent from the above information that the 
I-J interaction of F is by far the largest interaction. 
In fact, except for small corrections, our observed 
spectra can be explained by using solutions of the 
following Hamiltonian: 


= (h?/2A)P—yp- Ete -J. (2) 


The eigenvalues of (2), assuming »E/(A?/2A) and 
1/(h?/2A)KJ(J+1), are readily computed in an 
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Fic. 4. Theoretical curves showing the variation of ener 
levels and transition frequencies with electric field, assuming the 
I-J interaction of F to be the only nuclear-molecular interaction. 
Circles indicate points calculated from experimental data. J=1, 
I,=4, <0. 


4 This assumption will be discussed in a later section of this 
paper. 
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my, m; representation for all field strengths from well- 
known matrix elements.'*-” Since transitions observed 
in the apparatus are of the AJ=0 type, only the last 
two terms in (2) need concern us here. Denoting the 
eigenvalues for these terms by Wy,;, where M=my 
+myz, we have 


for J=1: 


Wy, 32> —x+c,/2, 
W 1 1a=4{x—0,/24[ (32+0,/2)*+2c"}}; (3) 


and for J=2: 


Wo, s2= —2y+c1, 
We s2=4{—y—01/24[ (3y+3e,/2)*+4c;"}#}, (4) 
We 12> 4 3y— 01/240 (y+c1/2)?+6c;" }}}, 


in which x= 1/20(y®E*)/(h?/2A) and 
y= 1/84(u2E*)/(h?/2A). 


Figure 3 contains plots of Wy,;; for /=1 and c,>0 
vs the field parameter x. Figure 4 shows these energies 
for the case in which c;<0. As the field increases, the 
levels approach a constant separation from the unper- 
turbed Stark level. For practical purposes we define 
the strong field region as the ‘ield region for which the 
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Fic. 5. Theoretical curves showing the variation of —— 
levels and transition frequencies with electric field, assuming the 
I-J interaction of F to be the only nuclear-molecular interaction. 
J=2, 11:=4, «>0. 


16 P. Debye, Polar Molecules (Dover Publications, New York, 
1945), pp. 142 ff. 

17 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935), pp. 58, 59. 
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Fic. 6. 1, +1-+1, 0 spectrum at 43.600 Mc/sec. 
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level separations from the unperturbed Stark level are, 
within experimental error, field independent. 

The selection rules and criteria determining which 
allowed transitions may actually be observed in this 
apparatus have been discussed elsewhere.'* The ob- 
servable transitions for /=1 are plotted in Figs. 3 and 
4 for the two possible signs of c;. Two lines are expected 
which at high fields approach a constant separation. 
As the field is decreased to zero these two lines either 
separate further or merge, depending on the sign of ¢}. 
Thus, weak field measurements provide a decisive 
means for determining the sign of the interaction 
constant. 

The J=2 energy levels and observable transitions 
are shown in Fig. 5 for c;>0. The behavior of the J=2 
lines at weak field strengths js also characteristic of the 
sign of c;. However, since the results to be presented 
show that the sign of ¢c; is positive, the J=2, c:<0 case 
is not shown. 

The effects of the other interactions in (1) on the 
transition frequencies will be discussed in a later section. 


IV. RESULTS 


Data were taken on the 1, +1—>1, 0 transitions with 
x/c, in the range 0.035<%/c:¥394, and on the 
2, +2—+2, +1 transitions with y/c; in the range 0.15 
€ y/c1< 61. Figure 6 shows an example of the spectrum 
obtained for the 1, +1-—>1, 0 transition at the strongest 
fields used. Lines arising from molecules in two different 
vibrational states are present, the two lines for the 
ground vibrational state appearing at the higher 
voltages and the two weaker lines from the first excited 
vibrational state appearing at the lower voltages. Lines 
from higher vibrational states were too weak to be 
detected. 

The circles in Figs. 3 and 4 represent points calculated 
from weak field data and the value of c,/h determined 
from strong field measurements. A comparison of these 
points with the theoretical curves shows beyond doubt 
that the sign of ¢; is positive. At all values of field 
strength, the appearance of our spectra is consistent 
with the idea that an I-J interaction is the dominant 
interaction in Li®F!®. However, in order to state that 
this interaction involves the F nucleus it is necessary 
to take into account the magnetic resonance data 
previously mentioned.?-> 


8 V. Hughes and L. Grabner, Phys. Rev. 79, 829 (1950). 
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The solutions of (1) for strong fields and for zero 
field indicated that the Li quadrupole and I-J inter- 
actions and the spin-spin interaction could have a 
considerably greater effect on the weak field line posi- 
tions than on the strong field line positions. Moreover, 
the effect of these interactions on the centers of the 
unresolved lines observed at weak fields could not be 
predicted precisely because the relative intensities of 
the transitions due to the different components of the 
oscillating field were not known. For these reasons the 
strong and intermediate field spectra rather than the 
weak field spectra were used to determine the magnitude 
of the I-J interaction of F for the two rotational states. 

Table I summarizes the values of c,/h, the I-J 
interaction constant for F, calculated from measure- 
ments made with large values of the field parameters x 
and y. The frequency of the unperturbed Stark line was 
determined with much greater accuracy than is indi- 
cated in the third column in the table. The measure- 
ments for J/=1 were taken in the strong field region. 
For J=2 the fields in the range 61> y/c,;>15 were in 
the intermediate field region, and line separations 
differed as much as 10 percent from those to be expected 
if strong field conditions are assumed. However, accu- 
rate values of c,/h were calculated with the use of (4), 
where y was computed from the value of u?A determined 
from strong field measurements; and the sign of c, was 
found by means of weak fieid measurements, as already 
mentioned. 

Since the two lines used for computing the values of 
c:/h in Table I were not completely resolved, as can be 
seen from Fig. 6, some correction to the observed line 
positions was necessary. Observed line positions were 
defined as the observed centers at half-maximum. By 
adding two lines possessing the theoretical line shape® 
and having the observed width and separation, a cor- 
rection of +0.5 kc/sec was found for all measurements 
summarized in Table I except the J=2, 1.7 Mc/sec 
measurements, which required a correction of +0.3 
kc/sec. The corrected values are given in the table. 
Since the theoretical line shape probably does not 
represent accurately the actual line shape, particularly 
for frequencies far from the resonant frequency, a 


Tas_e I. Experimental values of ¢:/h. 








System- 
Random atic 
error error 
ke /sec ke /sec 


+1.8 +0.4 
+0.36 +04 
+045 +04 
+0.3 +0.4 
+0.63 +0.4 
+0.27 +0.4 
+0.3 +0.4 
+3.4 +0.4 
+2.8 +0.4 


Rota- Vibra- Frequency 
tional tional of Stark 
state state 


Number of cifh 
measurements ke /sec 


1 10 37.2 
10 37.16 
5 37.56 

Grand mean 37.3 
37.56 
6 37.26 

Grand mean 37.3 
1 35.5 
2 7 37.3 











* Measurements made at various frequencies in the range 3.8 to 6.8 
Mc/sec. 
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systematic error of +0.3 kc/sec, representing the 
uncertainty in the above correction, was assumed for 
all the data in the table. 

The Li® quadrupole and I-J interactions and the 
spin-spin interaction at strong fields may produce a 
shift in each line position of no more than 0.05 kc/sec 
for both J=1 and J=2. This shift is in such a direction 
that the separation of the two lines of a spectrum may 
be greater or less than the values predicted by (3) and 
(4) by no more than 0.1 kc/sec, depending on whether 
(eg?)2 is positive or negative, respectively. Since the 
sign of (egQ)2 is not now known, an additional system- 
atic error of +0.1 kc/sec was included, bringing the 
total systematic error to +0.4 kc/sec. 

Each value of ¢,/h given in Table I for a given 
Stark line frequency is a weighted mean of the indi- 
vidual measurements whose total number is given in 
the table. The stated random errors are the precision 
indices of the mean values. The weight assigned to 
each line measurement was determined from the random 
errors in frequency, voltage, and galvanometer deflec- 
tion for each point on the line and from the density of 
data points defining the line shape. Since, for strong 
fields, c;/h is given by the difference of the two line 
positions, twice the single line error was the probable 
error of each c,/h value. 

Table II compares the observed and calculated line 
positions at fields for which the unperturbed Stark 
frequency (the line frequency in the absence of any 
nuclear-molecular interactions) is of the same order as 
or less than c;/h. Each observed line position was 
obtained from a single run. The calculated line positions 
were obtained by means of (3) and (4), using the 
constants obtained from strong field measurements. 
The value of c,/h used in the calculations was +37.3 
+0.7 kc/sec. Values of u?A are given for the first two 
vibrationa] states in a subsequent paragraph. The 
calculated line positions take into account the fact that 
at these fields the observed lines are the sum of two 
unresolved lines arising from two different vibrational 
states (the only states appreciably present). The effect 
of the second vibrational state on the line position is 
actually quite small, requiring a correction to the 
position of the line arising from the first vibrational 
state of less than 1 kc/sec at the strongest field repre- 
sented in Table IT. 

It will be noted that in the column of calculated line 
positions in Table II + appears before the error of the 
low frequency line of each pair of lines observed at a 
given field, while + appears before the error of the 
high frequency line. This notation indicates that when 
the error in the low frequency line is negative the error 
in the high frequency line is positive. However, since 
the errors in the observed lines are random, the arrange- 
ment of the signs of the errors in the calculated line 
positions are of no significance when comparing ob- 
served and calculated values. 

Additional quantities determined from the strong 
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field spectra were 
(u?A )o= (747.24+0.9) X10~* esu? g cm‘, 


and 
[(u®A).— (u?A)o )/(u®A )o=0.0430.001, 


where (7A), is the square of the electric dipole moment 
times the moment of inertia of Li*F'® in the vibrational 
state with quantum number v. 

It was not possible to obtain values of u and A by 
the usual method® because the very large homogeneous 
field strengths required could neither be obtained nor 
accurately measured with our apparatus. The large 
field requirement is a consequence of the very small 
moment of inertia of LiF. 


V. DISCUSSION 


No accurate comparison of our value of ¢,/h, +37.3 
+0.7 kc/sec can now be made with the value calculated 
from the magnetic resonance results of Nierenberg and 
Ramsey,’ because the internuclear distance of LiF is 
unknown. However, it is not difficult to show that a 
considerable discrepancy must exist between the two 
values. 

From data in reference 2, i.e., an oven temperature 
of 1150°K and a line width of 500 kc/sec, we find 
¢,/h=32/r kc/sec, where r is the internuclear distance. 
If use is made of the semi-empirical formula of Scho- 
maker and Stevenson’® to calculate the internuclear 
distance, a value of 1.8A is found. This gives c,/h=18 
kc/sec, a value almost half as large as our electric 
resonance value. Some idea of the validity of the 
Schomaker and Stevenson formula can be obtained by 
comparing internuclear distances for the alkali halides 
computed from this formula with those already obtained 
experimentally. Such a comparison shows discrepancies 
which are at most of the order of 10 percent. 

A more striking way to demonstrate the discrepancy 
between the electric and magnetic resonance results is 
to compute the value of the internuclear distance 
required to bring about agreement between the two 
values of ¢,/h. This calculation gives r=0.85A, a value 
which is quite obviously too small. 

Since it is clear that the electric resonance value of 
¢:/h is roughly twice as large as the magnetic resonance 
value, it is of some interest to examine other experi- 
ments for the purpose of comparing the I-J interaction 
constants. In the case of CsF the electric resonance 
value! of the F interaction constant is approximately 
twice as large as the magnetic resonance value.’ For 
the Cl interaction constant in TIC] just the reverse 
situation apparently occurs; the magnetic resonance 
value” is larger than the electric resonance value.” 
However, the two values agree within experimental 


VY. Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 63, 
37 (1941). 
*” TD. Bolef and H. Zeiger, Phys. Rev. 85, 799 (1952). 
*1 Carlson, Lee, and Fabricand, Phys. Rev. 85, 784 (1952). 
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Taste II. Comparison of line positions observed at weak fields 
with positions calculated on the assumption that only the I-J 
interaction of F was present. 








Unperturbed Observed Calculated 
Stark line line 
positions positions 

ke /sec ke /sec 
64.0+3.0 
107.0+3.0 
28.5+3.0 
74.0+3.0 


Rotational 
state trequency 
J Kc /sec 


1 71.6 





60.80.13 
105.2+0.8 
24.80.1 
73.4+1.0 
13.1F0.1 
64.341.0 
5.60.1 
59.1+1.0 
2.70.1 
57.4+1.0 


63.9 1.3 
145.4+1.6 
35.2F1.8 
120.5+1.7 
15.244.0 
104.4+ 1.7 


31.8 
17.9 


64.641.2 


8.0 ; 
60.54 1.2 
3.9 oss 
58.5+1.2 
66.2+1.2 
144.5 1.2 


68.2 


119.4+0.7 


103,2+0.7 
error, while the maximum disagreement makes the 
magnetic resonance value 50 percent larger than the 
electric resonance value. It should be mentioned that 
the magnetic resonance experiments in TIC] were done 
at zero field, while the experiments on LiF and CsF 
were done at strong magnetic fields. 

From the preceding information it is not possible to 
make any general statements about the differences 
between electric and magnetic resonance determina- 
tions of I-J interaction constants. However, some 
explanation must be found for the large differences 
which exist for LiF and CsF. The plausibility of two 
possible explanations will be examined. 

Since the lines observed by the magnetic resonance 
method are a composite of many lines arising from all 
the rotational and vibrational states in the molecular 
beam, while the lines observed by the electric resonance 
method are produced by only those molecules which 
are in a single rotational state and a single vibrational 
state, there may be a variation of the I-J interaction 
constant with rotation and vibration of the molecule. 

We shall examine the last possibility first. An exami- 
nation of Table I reveals that within the accuracy of 
our measurements the largest possible variation of the 
I-J interaction with vibrational state is about 10 
percent per vibrational state. At the oven temperature 
used in the LiF experiments described in reference 2 
only three vibrational states would be appreciably 
excited, so that the difference between the magnetic 
and electric resonance results cannot be ascribed to a 
vibrational effect. 

A comparison of the values in Table I of the I-J 
interaction constants for /=1 and J=2, using the 
random errors only, indicates a possible decrease of the 
constant per rotational state of 0.6 kc/sec. The average 
value of J in the LiF beam described in reference 2 is 
about 25. Hence, the possibility of a variation of the 
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interaction constant with J is not excluded by our 
experiments as an explanation for the discrepancy 
between the electric and magnetic resonance results. 
Unfortunately, with the inhomogeneous fields available 
in our apparatus it was not possible to examine spectra 
for J greater than 2. 

It will be noted that in Table II the calculated and 
observed line positions in all but two cases agree within 
experimental error. Thus, a single I-J interaction, the 
F interaction, explains the data rather well. However, 
there are indications that there may be systematic 
differences between the observed and calculated line 
positions; e.g., for J=1 the observed line positions are 
all higher than the calculated positions. If such system- 
atic differences do in fact exist, they might be expected 
to be caused by the interactions involving the Li 
nucleus. In order to determine the effect of these 
interactions it would be necessary, in general, to solve 
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sixth degree equations, a rather hopeless procedure 
with the present information about the Li interactions. 
Calculations at zero field, however, showed that shifts 
in line positions of several kc/sec might be produced by 
the Li interactions. Thus, though it is not possible with 
the present resolution of the apparatus to resolve the 
fine structure produced by the Li interactions, it might 
be possible nevertheless to get some information about 
these interactions from the line positions observed near 
zero field. Unfortunately, such a program is not feasible 
at present because of the lack of information about 
the relative amplitudes of the different spatial compo- 
nents of the radiofrequency voltage. 

The authors are indebted to Dr. R. G. Luce for his 
help in the construction of the mass spectrometer used 
in these experiments. The help of Mr. R. Braunstein 
and Mr. D. T. F. Marple in the laboratory is gratefully 
acknowledged. 
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The electrical resistivity of lanthanum, cerium, praseodymium, and neodymium metals from room 
temperature to 2.2°K is presented. The h.c.p. modification of lanthanum is found to possess a higher 
resistivity than the f.c.c. The mean of the observed superconducting transition temperatures for lanthanum 
is 5.8°K. Anomalies in the resistivity of cerium which occur at liquid nitrogen temperatures and between 11 
and 14° K are discussed in connection with the crystal structure. An anomaly in the resistivity of neo- 


dymium occurs at approximately 12°K. 


I. INTRODUCTION 


HE anomalous behavior of some of the rare earth 
metals has long been recognized and studied. It 
has appeared in numerous investigations of the mechan- 
ical, thermal, electrical, and magnetic properties of the 
metals and has led to disagreement among investigators 
which has been furthered by lack of reproducible data. 
Previous studies make obvious the fact that the purity, 
heat treatment, crystal structure, and state of strain 
of the samples all affect the results. Of these, there is no 
doubt that the crystal structure and purity bear the 
greatest significance. In this preliminary study an 
attempt has been made to ascertain how these factors 
affect the electrical resistivity. 


* Contribution No. 203 from the Institute for Atomic Research 
and Department of Physics, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the AEC. 

t Now at Chalk River, Ontario, Canada. The material reported 
here appears in the first author’s thesis presented to the Graduate 
Faculty of the Iowa State College in partial fulfillment of the 
requirements for the Doctor of Philosophy degree. 


II. EXPERIMENTAL METHOD 


A Collins Helium Cryostat with the samples and 
thermometers mounted just above the bottom of the 
experimental chamber was used for the experiments. 
The length of time required to cool the apparatus 
averaged 7} hours; heating occurred over an average 
period of 45 hours. 

Temperatures between 300 and 15°K were deter- 
mined by a four-lead standard platinum resistance 
thermometer, No. 718171, made by Leeds and Northrup 
Company and calibrated down to 10°K by the National 
Bureau of Standards. Below 15°K a four-lead con- 
stantan resistance thermometer was used. The ther- 
mometer winding consisted of No. 30 B. and S. cotton- 
covered wire, wound loosely, in order to be strain-free, 
and non-inductively on Bakelite micarta tubing. The 
constantan thermometer was calibrated between 25 and 
10°K against the platinum thermometer, at 4.2 and at 
2.2°K by immersion in liquid helium at atmospheric 
pressure and at the \-point. Temperatures below 15°K 
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Taste I. Method of preparation and properties of specimens. 








Iron content, 
parts. per 
million 


4200 
85.5 


Length of 
cooling period, 
hours 


3,3 


Method of 
preparation 


Runs preceded* 


by annealing Structure> 


Density, g/cm? 





Cast No. 1, No. 3 6.08 After Run 4: two-thirds h.c.p., one-third 
ry 

After Run 2: one-half h.c.p., one-half 
Lec. 

Not obtained 


After Run 2: predominantly f.c.c., small 


Extruded No annealing 5.98 
No. 1 : 700 
No. 1 2835 


Cast 


Not obtained 
Cast 6.66 


Quenched in 
water at 25°C 
24 


Extruded 
Extruded 
Pri 


Cast No. 1, No. 3 


NdI Cast 


315 


No. 1, No. 3 ’ 178 


amount h.c.p. 
After Run 5: some increase in amount of 


.C.p. 
Before Run 1: entirely f.c.c. 

After Run 3: small amount h.c.p. 
Before Run 1: predominantly f.c.c., some 


C.D. 
After Run 3: considerable increase in 
amount of h.c.p. 
After Run 3: three-fourths h.c.p., one- 
fourth f.c.c. 
After Run 3: entirely h.c.p. 


6.59 


6.86 











* Samples were annealed for 19 hours at 600°C. 


__» The relative amounts of the two crystal forms present in the samples was determined by x-rays on samples cut from the ends of the rods and then 
filed into the form of needles. As a consequence these results are only qualitative. 


were then obtained from the resistance versus tempera- 
ture curve. Throughout the range of calibration the 
curve was smooth; from 24 to 10°K it was linear with a 
sensitivity of 0.027 ohm per degree. The calibration, 
repeated several times during successive experiments, 
remained essentially constant below 15°K, the range in 
which the thermometer was used. 

The resistance of the thermometers was read on a 
Rubicon Mueller temperature bridge. Thermometer 
readings were taken both before and after the measure- 
ments of the potential drop across any sample, and the 
mean temperature was taken to be that of the sample 
when its resistance was measured. Above 40°K tem- 
peratures were read to at least the nearest degree and 
below 40°K temperatures were read to the nearest 
one-tenth of a degree. 

The metals used were prepared by a bomb reduction 
technique.' Rods for the experiments were either cast 
or extruded from the pure metal. The casting process 
consisted of heating the metal in a tantalum-lined 
funnel of magnesium oxide and allowing the metal to 
run into a 1-cm diameter magnesium oxide tube, the 
process being done in a vacuum. The extruded rods 
were 6.4 mm in diameter. All rods were turned on a 
lathe to approximately 3.6 mm in diameter and cut to 
5 cm in length. They were generally stored in a helium 
atmosphere in soft glass tubes, although for a short time 
they were kept under mineral oil. Properties of the 
specimens are shown in Table I. 

Spectrographic analyses showed that all specimens 
contained less than 1-percent magnesium, less than 
0.025 percent calcium, and less than 0.01 percent other 
rare earths. These values represent the limits of detec- 
tability spectrographically. The iron content varied 


' Spedding, Wilhelm, Keller, Ahmann, Daane, Hach, and 
Erickson, Ind. Eng. Chem. 44, 553 (1952). 


with the specimen. Samples for the x-ray analyses were 
cut from the rods and filed to the shape of needles 
approximately 0.2 mm in diameter. 

The resistivity was determined by the standard 
method of comparing the potential drop across the 
sample to that across a standard resistance connected 
in series with it. Readings were taken with the current 
in the normal and in the reverse direction in order to 
eliminate effects due to the junctions and the mean 
values were used. Three 6-volt storage batteries, con- 
nected in parallel in order to insure a more uniform 
current, were used for the supply. A current of approxi- 
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Fic. 1. Resistivity of lanthanum I as a function of temperature. 
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Fic. 2. Resistivity of lanthanum IT as a function of temperature. 


mately } ampere was sufficient to give a measurable 
potential drop across the samples at all temperatures. 
Potential drops were measured on a Rubicon Type B 
potentiometer. 

The sample holder contained clamps for three rods 
and space for the two thermometers. Selector switches 
permitted any one sample to be connected into the 
circuit. The thermometers, placed as close together as 
possible, were approximately one cm from two of the 
samples and three cm from the third. Current con- 
nections to the samples were rigid brass wedges against 
which the rods were forced by small brass springs under 
tension. The ends of the springs were filed to wedge 
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Fic. 3. Resistivity at room temperature of lanthanum I as a 
function of length of time after first annealing of the sample. 
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shapes and were used for potential connections. Before 
the rods were mounted in the holder, the oxide coating 
was removed with fine sandpaper and crocus cloth. The 
separation of the potential leads was marked by 
dividers and estimated to the nearest 0.1 mm. The 
mean of three readings, with a probable error never 
greater than 0.1 mm, was used in the calculations. In 
these preliminary measurements no correction was 
made for the change in length due to temperature 
variation. 


III. RESULTS AND CONCLUSIONS 


A. Lanthanum 


There is a marked difference in the behavior of the 
two specimens of lanthanum as can be seen in Figs. 1 
and 2. After La sample I was first annealed, its resis- 
tivity at room temperature increased over a period of 
90 days following which it remained essentially con- 
stant. This is shown in Fig. 3 where the room tem- 
perature resistivity is given as a function of time in 
days. Data on the resistivity as a function of tem- 
perature were taken during the time that the room 
temperature resistivity was changing slowly, and this 
accounts for the spread in the curves of Fig. 1. The 


Taste II. Calculated superconducting transition temperatures 
and ranges of lanthanum. 





Run T., °K 





rn en Den 
COecmoeo 


points at which the temperature runs were made are 
indicated on Fig. 3. An x-ray analysis, obtained 123 
days after the first annealing, showed the sample (La I) 
to be predominantly hexagonal close-packed (h.c.p.). 
The resistivity of La sample II increased only slightly 
from run 1 to run 2 (see Fig. 2). The resistivity did not 
change appreciably thereafter with time. La II was 
found to contain approximately equal amounts of the 
hexagonal close-packed (h.c.p.) and the face-centered 
cubic (f.c.c.) modifications. The results suggest the 
possibility that the stable modification of lanthanum 
at room temperature is h.c.p. and that the cast sample, 
La I, underwent a spontaneous transformation from 
the f.c.c. to the h.c.p. structure with an accompanying 
increase in resistivity while, at the same time, this 
transformation was inhibited in the extruded specimen, 
probably by the work done during extrusion. 
Previous measurements of the superconducting transi- 
tion of lanthanum have led to considerable disagree- 
ment. Mendelssohn and Daunt? observed the transition 
by magnetic methods at 4.71°K; Shoenberg* using the 


2K. Mendelssohn and J. G. Daunt, Nature 139, 473 (1937). 
3D. Shoenberg, Proc. Cambridge Phil. Soc. 33, 577 (1937). 
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magnetic method observed it at 4.2°K; Ziegler found 
by the magnetic ‘method for two samples 4.85+0.15 
and 4.45+0.10°K, with a transition range of less than 
0.1 degree. Ziegler; Floyd, and Young® found by the 
magnetic method fer various specimens transition tem- 
peratures which ranged from 3.9 to 5.0°K and which 
were increased by annealing the specimens. Parkinson, 
Simon, and Spedding* found by specific heat measure- 
ments the transition, not perfectly sharp, at 4.37°K. 
Earlier work by Allen, McLennan, and Wilhelm’ on 
the electrical conductivity indicated no superconducting 
transition down to 1.5°K. There is no doubt that the 
transition temperature is affected by many factors and 
that the explanation of the observed differences is not 
a simple one. 

In the present investigation, the transition tempera- 
ture, 7,, was taken at the mid-point of then early vertical 
portion of the resistivity curve. The transition range, 
AT,, was taken to be that over which the vertical 
portion would have extended had there been no round- 
ing of the curve. The calculated temperatures and 
transition ranges are given in Table II. The transition 
temperatures for both samples are higher than pre- 
viously reported values, and in only one other case has 
such a large transition range as that reported here been 
found.® This is perplexing in view of the fact that many 
of the specimens used by these workers were obtained 
from this laboratory. 

Factors which appear significant as causes for the 
varied results are the method for detection and the 
grain size, purity, state of strain, and crystal structure 
of the samples. The samples described here were as 
pure as those used by others and in some cases con- 
siderably better so this does not seem to resolve the 
difficulty. In the present study La I, which was 
annealed, exhibited approximately the same transition 
temperature and range as did La II, which was given 
no heat treatment other than that required by the 
extrusion process. The transition range of La I was not 
measured before the specimen was first annealed; 
however, as can be seen in Table II, reannealing the rod 
after the second run did not change the range. 


B. Cerium 


A transition in cerium has been observed at approxi- 
mately liquid nitrogen temperatures by Owen,’ Trombe,’ 
Trombe and Foex,!®" Schuch and Sturdivant,” and by 


“W. T. Ziegler, J. Chem. Phys. 16, 838 (1948). 

5 Ziegler, Floyd, and Young, O.N.R. Tech. Report No. 2. 
Georgia Inst. Tech. State Eng. Exp. Station (unpublished) 
(1950). 

6 Parkinson, _— and Spedding, Proc. Roy. Soc. (London) 
A207, 137 (1951) 

7 Allen, McLennan, and Wilhelm, Phil. Mag. 10, 500 (1930). 

* M. Owen, Ann. phys. 37, 657 (191 2). 

®F, Trombe, Compt. rend. 198, 1591 (1934). 

10 F, Trombe and M. Foex, Compt. rend. 217, 501 (1943). 

4 F, Trombe and M. Foex, Ann. chim. 19, 417 (1944). 

A. F. Schuch and J. H. Sturdivant, J. ‘Chem. Phys. 18, 145 
(1950). 
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Fic. 4. Resistivity of cerium I as a function of 
temperature above 78° 


Parkinson, Simon, and Spedding.* It has been shown” 
by the application of pressure that the normal f.c.c. 
modification of cerium (lattice constant a=5.140A) 
undergoes a transformation to a condensed f.c.c. form 
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Fic. 5. Resistivity of cerium II as a function of temperature. 


4 A. W. Lawson and T. Tang, Phys. Rev. 76, 301 (1949). 
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Fic. 6. Resistivity of cerium III and cerium IV as a 
function of temperature. 


(lattice constant a=4.84+0.03A). The transition was 
attributed to a shift of a 4f electror: to a 5d orbit. It 
has also been shown*-” that the same transition is 
temperature induced, and the latter reported smaller 
proportions of the condensed form appearing on suc- 
cessive coolings. 
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1G. 7. Resistivity of cerium I as a function of 
temperature below 40°K. 
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Cerium has also been found to exhibit anomalous 
behavior at lower temperatures. Slight hysteresis in the 
magnetic susceptibility was observed by Starr and 
Kaufmann" at 13.9 and at 20.4°K. A peak in the atomic 
heat versus temperature curve,® centered about 11.5°K 
for one specimen, about 12.5°K for a second specimen, 
was attributed to a splitting of the lowest energy level 
of the ion by the field of its neighbors and a consequent 
redistribution of the electrons among the states. 

In the present investigation, all specimens showed on 
cooling a sudden decrease in resistivity which began at 
a temperature between 100 and 120°K and which prob- 
ably corresponded to the transition from the normal 
f.c.c. structure to the more compact f.c.c. form. The 
data are shown in Figs. 4, 5, and 6. The corresponding 
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Fic. 8. Resistivity of cerium IT as a function of 
temperature below 40°K. 


increase in resistivity became apparent, during heating, 
at approximately 170°K and was complete at approxi- 
mately 220°K giving the appearance of a hysteresis loop. 
It should be remarked that this data has not been 
corrected for changes in density caused by structure 
changes or by temperature changes. 

Ce I, cooled only to liquid nitrogen temperatures 
during the first three sets of measurements, showed 
(Fig. 4) a smaller decrease in resistivity each of these 
times, an effect similar to that observed by Trombe and 
Foex."" The same observation was made on the other 
cerium specimens only at temperatures lower than that 
of liquid nitrogen. From the x-ray analyses, it is appar- 
ent that there occurred a gradual transition from the 
f.c.c. form to the h.c.p. An explanation of the smaller 


4“ C. Starr and A. R. Kaufmann, Phys. Rev. 58, 657 (1940). 
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decrease in resistivity at liquid nitrogen temperatures 
with successive thermal cycles is afforded by the slow 
transition to the h.c.p. structure and the probable 
inability of that form to undergo a transition to the 
condensed f.c.c. structure at these temperatures. 

At the end of the first set of measurements on each 
sample, the value of the room-temperature resistivity 
was higher than it had been at the beginning of the run. 
With the exception of Ce II (Fig. 5), the resistivity at 
room temperature of all samples remained essentially 
constant after the first 1:un. That of Ce II increased 
further while the sample was stored, but reached a 
constant value before the second series of measurements 
was made. The greater reproducibility of the curves 
after the first set of measurements may indicate that 
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Resistivity of cerium III and cerium IV as a 
function of temperature below 40°K. 


those microcrystals most easily transformed to the 
hexagonal form are induced to do so by the first thermal 
cycle. 

A second anomalous decrease in resistivity occurred 
at a temperature between 11 and 14°K. The data for T 
below 40°K are shown in Figs. 7, 8, and 9. The height 
of the knees in the curves increased with successive 
thermal cycles. The cooling rate was approximately the 
same for each series of measurements. That successive 
cycles effected more pronounced knees in the curves as 
well as greater amounts of the hexagonal form suggests 
the possibility that the h.c.p. crystals transform into the 
condensed f.c.c. structure (or into a condensed h.c.p. 
structure) at this lower temperature. The possibility 
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Fic. 10. Resistivity of praseodymium I as a function 
of temperature. 


exists that the crystal splitting of the */y level, which 
would show a speciiic heat anomaly near this tem- 
perature, may trigger the transition of the 4f electron 
to the 5d shell (due to the temperature dependent 
population distribution of the crystalline electronic 
structure) and thereby make more probable a crystalline 
transformation from the room temperature hexagonal 
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Fic. 11. Resistivity of neodymium I as a function of 
temperature. 
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Fic. 12. Resistivity of neodymium I as a function of 
temperature below 40°K. 


form to a condensed cubic or hexagonal form. The onset 
of ferromagnetism in the hexagonal crystals at this 
temperature has not been ruled out as an explanation 
of the anomaly. 

The rate of cooling from an annealing temperature to 
ordinary temperatures has been thought by several 
investigators'*-” to affect the behavior of cerium. The 
effect of the rate of cooling from the annealing tem- 
perature is evident from a comparison of Ce III with 
Ce IV. The specimens, having been cut from the same 
rod, were identical except for the length of the cooling 
period. Ce III was quenched in water at 25°C immedi- 
ately after annealing ; the x-ray analysis did not indicate 
the presence of any h.c.p. crystals. Ce IV was cooled 
in a period of 24 hours and contained a fair amount of 
the h.c.p. modification. After the third series of measure- 
ments the proportion of the h.c.p. form had increased 
only slightly in Ce III but considerably in Ce IV. A 
pronounced difference appears in the resistivity curves 
shown in Figs. 6 and 9. Data obtained from the first 
two series of measurements of Ce IV are omitted 
because of incompleteness. However, these data gave 
no indication of inconsistencies. The resistance of Ce IV 
decreased more slowly at liquid nitrogen temperatures 
and correspondingly, a greater knee in the curve ap- 
peared at the lower temperature. Again, the curves of 
Ce III in Fig. 9 show the increase in the low temperature 
anomaly which accompanies the increase in the amount 
of the h.c.p. structure. The results here obtained uphold 
the theory of Trombe and Foex'®-" that slow cooling 
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after annealing and repeated thermal cycles between 
room temperature and low temperatures invoke a grad- 
ual structural transition. However, in the present 
investigation, the quenched specimen did not exhibit 
perfectly reproducible behavior, but transformed also, 
although at a much slower rate. 


C. Praseodymium 


The data for praseodymium are shown in Fig. 10. 
It will be noted that on successive runs an increase in 
the resistivity occurs which is caused, we believe, by an 
increase in the amount of the h.c.p. modification. The 
figure also shows that in the temperature region below 
50°K the slope of the curve is considerably greater than 
that of lanthanum or neodymium. While at present this 
remains unexplained it suggests the possibility that in 
this temperature region a gradual transition may be 
occurring of the cerium type. Investigations on this 
continue. 


D. Neodymium 


The behavior of neodymium above 24°K (Fig. 11) 
was the most reproducible of the rare earths studied. 
Data for three runs were well within the broad curve 
shown. Below 24°K an anomaly appeared (Fig. 12) 
which was centered at approximately 12°K and became 
more evident with successive thermal cycles. Anomalous 
peaks in the atomic heat curves appeared at 7 and at 
19°K.® A splitting of the lowest energy level of the ion 
by the field of its neighbors and a consequent redis- 
tribution of the electrons, suggested by Parkinson, 
Simon, and Spedding,® might well result in a modifica- 
tion of the expected resistivity pattern. Since x-ray 
analysis showed no f.c.c. crystals present in the sample 
at room temperature, it is apparent that the low tem- 
perature anomaly is not associated with the usual f.c.c. 
modification. 

A comparison of the resistivities of the three h.c.p. 
(or predominantly h.c.p.) elements (La I, Run 4, 
Fig. 1; Pr I, Fig. 10; and Nd I, Fig. 11) indicates a 
decrease in resistivity may occur with an increase in 
atomic number. The abnormal negative derivative of 
the slope of the low temperature end of the neodymium 
curves makes it highly desirable to pursue the inves- 
tigation at temperatures lower than 2°K. 

The authors acknowledge their indebtedness to the 
following members of Dr. Spedding’s research group: 
Mr. J. Powell for the preparation of the pure rare earths ; 
to Mr. J. P. Flynn and Dr. A. H. Daane for the prepa- 
ration of the rods; to Mr. J. R. Banister and to Dr. 
V. Fassel’s group for the x-ray and spectrographic 
analyses; and to Mr. R. Anderson and Mr. F. Barson 
for their assistance in building the apparatus and in 
taking the data. 
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Three phenomenological descriptions of p-p scattering have been proposed to date, two of which, the 
singular tensor-force model of Christian-Noyes and the L-S force model of Case-Pais, are characterized 
by a singular triplet potential. The Jastrow model introduces a hard core in the singlet interaction. The 
parameters of these various potentials were all determined, in part, by use of Born approximation estimates 
of triplet scattering cross sections at high energies. Inasmuch as the validity of such estimates is not clear 
in those cases where the interaction is singular, more exact calculations have been performed at 240 Mev 
with the singular potentials (and also, for comparative purposes, with the well-behaved triplet interaction 
of Jastrow) using Schwinger’s variational method and/or numerical integration procedures. Such calcu- 
lations have also been performed at 450 Mev for the singular tensor-force model. To insure the existence 
of solutions, a zero cutoff has been introduced in the singular potentials at distances of the order of the 
nucleon Compton wavelength. 

It is found that, in all instances where the potential is singular, the Born approximation and the use of 
Born approximation trial functions in a variational treatment are completely unreliable. More exact calcu- 
lations of the differential scattering cross sections than those in Born approximation introduce large aniso- 
tropies in the case of the singular interactions and, in particular, in the case of the L-S potential. The 
hard-core model, on the other hand, is in qualitative agreement with experiment. 

Also discussed are the results of calculations of polarization effects in a double p-p scattering and their 


implications for the various potentials considered. 





I. INTRODUCTION 


ITH tne advent of high energy accelerating 

machines, the range of energies available in p-p 
scattering experiments has progressed beyond the 
classical domain of less than 10 Mev! so as to include 
energies up to 450 Mev. Scattering in the classical 
domain is consistent with pure S-wave scattering in 
singlet states. It is nonetheless clear® that this can only 
provide knowledge of two parameters, the scattering 
length and the effective range, and leaves undetermined 
the shape of the potential. In addition, no knowledge 
can be obtained of scattering in triplet states. It was 
accordingly believed that experiments at higher energies 
which would include contributions from higher angular 
momentum states would provide a more unique phe- 
nomenological description of the proton-proton inter- 
action. 

As experiments were pushed to higher energies, it 
became increasingly evident that the predictions of 
conventional central-force potential models, adjusted 
so as to explain the low energy scattering data, would 
be in complete contradiction with experiment. These 
predictions are characterized by a preponderance of 
scattering in the forward direction and relatively negli- 
gible scattering at 90°; in contrast to this, experiments 
give a fairly isotropic distribution after one takes into 
account the Coulomb scattering at smaller angles. In 
Fig. 1, we have indicated the general behavior of the 
differential cross sections as obtained at 32 and 345 Mev 


* This research was supported in part by the AEC. 

1 Energies quoted correspond to the kinetic energy of the inci- 
dent proton as measured in the laboratory system. 

2 J. Schwinger, Harvard lecture notes (1946-47) (unpublished) ; 
H. A. Bethe, oan Rev. 76, 38 (1949); G. Breit, Revs. Modern 
Phys. 23, 238 (1951 


at Berkeley* and as obtained at 240 Mev at Rochester.‘ 
The isotropy at the two higher energies persists down 
to angles® less than 15° below which occurs the expected 
rise due to Coulomb scattering. Other data not shown 
in the figure give the same characteristic flatness at 105 
Mev® and at 146 Mev,’ with the magnitude of the 
differential cross section ~5 mb corresponding to the 
cross section reported by the Rochester group. There 
is still a discrepancy of ~1 mb in magnitude between 
results quoted by the Berkeley group and those quoted 
by others ; however, there is general agreement as to the 
angular dependence. 

Although the parameters of the singlet potentials are 
predetermined by the low energy results, there is still 
freedom in the choice of the triplet potential. Since the 
anomalous high energy scattering cannot be accounted 
for in terms of central forces, one is led to consider the 
only other interactions which may occur in the p-p 
system subject to the restriction that the velocities 
appear in no higher power than the first, viz., tensor 
(Siz) and L-S forces.* We shall refer to these, collec- 
tively, as spin-orbit forces. Various phenomenological 
models have been suggested using spin-orbit coupling; 
in particular, Christian and Noyes® have employed a 
tensor force, whereas Case and Pais'® have proposed an 


+ Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951); 
W. K. H. Panofsky and F. Fillmore, Phys. Rev. 79, 57 (1950); 
Cork, Johnston, and Richman, Phys. Rev. 79, 71 (1950). 

‘C. L. Oxley and R. D. Schamberger, Phys. Rev. 85, 416 
(1952); O. A. Towler, Phys. Rev. 85, 1024 (1952). 

* Angles of scattering correspond to those measured in the 
center-of-mass system. 

® Birge, Kruse, and Ramsey, Phys. Rev. 83, 274 (1951). 

7 Cassels, Stafford, and Pickavance, Nature 168, 468 (1951). 
(sat. Eisenbud and E. Wigner, Proc. Nat. Acad. Sci. 27, 281 
*R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 

” K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 
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Fic. 1. Experimental differential cross sections for p-p scattering 
at 32, 240, and 345 Mev. 


alternative description in terms of L-S forces. In both 
cases the interactions are singular, the former varying 
near the origin as 1/r’ and the latter as 1/r’. Jastrow," 
on the other hand, has proposed a well-behaved triplet 
tensor potential in conjunction with a repulsive core in 
the singlet interaction. All of these models were adjusted 
so as to fit the low energy and 32-Mev data, and Born 
approximation estimates were made of the scattering 
at 350 Mev (except for the singlet scattering with the 
hard-core potential for which exact calculations were 
performed). The parameters of the different models 
are shown in Table I. 

In view of the singular nature of both the L-S 
potential of Case and Pais and of the tensor potential 
of Christian and Noyes, the validity of the Born 
approximation, even at high energies, is uncertain, and, 
for this reason, more exact calculations are highly 
desirable. Accordingly, calculations with these models 
have been performed using variational and numerical 
methods in integrating the differential equations. In 
order to insure the existence of solutions to the scat- 
tering problem, a zero cutoff has been introduced in 
the singular potentials at distances of the order of the 
nucleon Compton wavelength. The calculations, which 
we describe here, are confined to 240 Mev in line with 


1 R, Jastrow, Phys. Rev. 81, 165 (1951). 
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experiments currently in progress at the Rochester 
130-inch cyclotron. Calculations have also been per- 
formed for the singular tensor force at 450 Mev (the 
Chicago energy) in order to obtain an estimate of the 
energy dependence for a singular potential. The results 
bear out that, at these energies, the Born approximation 
is, indeed, poor for these potentials. Comparable calcu- 
lations performed with the Jastrow model which has a 
well-behaved triplet potential show that the Born 
approximation is much better, as expected. The re- 
sultant cross sections and their implications for the 
various potential models considered will be discussed 
in Sec. III following a brief resumé of the methods used 
in the computation which is given in Sec. IT. 

A particular consequence of spin-orbit forces is that 
they lead to a mixing of the triplet spin states so that, 
after a single p-p scattering, the outgoing particles are 
polarized.” A second scattering of these particles results 
in a distribution exhibiting an azimuthal asymmetry. 
Since polarization effects are confined to triplet states, 
and the relative importance of scattering in these states 
increases with energy, such effects might very well 
provide a means of distinguishing among various 
potential models which can be adjusted to fit the 
unpoiarized cross sections.'® Calculations of the polar- 
ization effects have accordingly been performed for 
each of the three potential models considered in this 
paper despite the fact that the agreement with the 
ordinary scattering cross-section data is, in some cases, 
poor. The results of these calculations are discussed in 
Sec. IV. 


II. METHODS OF CALCULATION 


The analysis which follows is based entirely on the 
nonrelativistic Schrédinger equation. Actually, rela- 
tivistic corrections involving both dynamic and kine- 
matic effects begin to assume importance at the energies 
which we are considering and, at 240 Mev, can amount 
to ~15 percent." Hence, one must allow for deviations 
of this order of magnitude in making any comparisons 
with experiment. 

The differential cross section in the center-of-mass 
system for the scattering of a beam of unpolarized 
protons by protons for the general case of spin-orbit 
forces, taking into account the identity of the particles, 
can be written, in the notation of Ashkin and Wu,!* as 


6 = osingt+ 2errip =e So(8) ao : # | Sm,'m,(0, ¢)|*, (1) 


ms,™ms’ 

2 J. Schwinger, Phys. Rev. 69, 681 (1946); L. Wolfenstein, 
Phys. Rev. 75, 1664 (1949). ; 

18 We should like to thank R. E. Marshak for suggesting the 
use of polarization effects as a test of potential models which 
suggestion served as the initial motivation for the present investi- 
gation. ‘i ; 

1H. Snyder and R. E. Marshak, Phys. Rev. 72, 1253 (1947); 
see also reference 10. 


18 J. Ashkin and T. Y. Wu, Phys. Rev. 73, 973 (1948). 
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where the singlet amplitude is given by 


So(0)=(1/2ik)  [4e(2L’+1)]! 


even L’ 


X {exp(2i5,-)—1} ¥i-°(@), (2) 


and the triplet amplitude by 


L+1 
Smy'm,(0, @) =(1/2ik) SY O[4e(2L+1)]}! 


odd L J=L-1 
X {exp(2i5,7") — 1} (SLm,—m,’'m,'| SLJm,) 
x (SLIm,| SLOm,)¥ p™—™' (8, @). (3) 


Here, 5,, is the singlet phase shift corresponding to the 
partial wave of orbital angular momentum L’, and 6,7" 
is the triplet phase shift corresponding to the orbital 
angular momentum L and total angular momentum J 
with z-component m,. The spherical harmonics Y ,™ 
and the expansion coefficients (SLm,—m,'m,'|SLJm,) 
are as defined in Condon and Shortley.'* The magnitude 
of the momentum of each proton in the center-of-mass 
system is given by hk. 

It is clear from our introductory remarks that our 
essential problem is to obtain a more accurate estimate 
of the triplet scattering cross section than is given in 
Born approximation for the various potential models 
considered. In discussing methods of computation of 
triplet phase shifts, we shall for the sake of generality 
assume that the spin-orbit interaction includes a tensor 
force so that we have to deal with both coupled and 
uncoupled radial wave equations. 

Three methods were adopted for the calculation of 
the triplet phase shifts. Generally speaking, phase shifts 
corresponding to small values of angular momentum 
were calculated by variational and/or exact procedures. 
The remaining phase shifts were always included in the 
scattering amplitude in Born approximation. The 
computation of phase shifts in Born approximation for 
spin-orbit forces is well known and will not be discussed 
here.!%15 

The variational treatment of coupled and uncoupled 
states was carried out using the procedure of Schwinger.” 
It will be recalled that the scattering is considered in 
the parity representation which is designated by the 
quantum numbers (—)#, S, J, m, where, for a given 
value of J, there are two modes or scattering eigenstates 
corresponding to the coupling of the L=J—1 and 
L=J+1 states, and one mode corresponding to L=J. 
In the p-p system, the situation is somewhat simplified 
in that, for even values of J, one can have only L=J+1, 
and for odd values of J, only L=J. The variational 
treatment of the uncoupled states is comparatively 
straightforward and will not be discussed further except 
to note that the trial functions used were 5, = krj1(kr), 
where jkr) =(r 2kr)*J 144(kr). 

16 E, U. Condon and G. H. Shortley, Theory of Atomic Spectra 


(The Macmillan Company, New York, 1935), p. 76. 
17 F, Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949). 
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The coupled modes are characterized by the wave 
functions (uy*Fy_.7"+wy*F 74,7")/r and (uy?¥Fy_,"™ 
+w PF 7,,7")/r, where a and y label the two modes 
and where the F;/™ are the normalized spin spherical 
harmonics.'® The essential property of the scattering 
eigenstates is that, asymptotically, for each mode, uy 
and wy involve the same real phase shift. A variational 
expression can be obtained for kcoté, in terms of the 
functions uy and wy for which appropriate trial func- 
tions can then be chosen, say, Wy and £yw,. Two values 
of &y, vis., £7* and £77, are then determined by requiring 
kcotéy to be stationary with respect to variations in 
€,, leading finally to the two phase shifts 6y* and 6,7. 
In our calculations, 7; and Wy were chosen to corre- 
spond to Born approximation functions, ie., wy 
=krjz_i(kr) and Wy= krjz41(kr). 

The scattering, for each mode, is determined not 
only by the phase shift but also by the constant 
asymptotic ratio of —w,/u, which we call the amount 
of admixture ny. An integral expression for ny can be 
obtained in terms of the functions uy and wy which 
one can again replace with the trial function ay and 
&,w,. The two amounts of admixture 7,* and ny 7 are 
not independent but satisfy 


1+-n5°ns7=0. (4) 


It is to be noted that the scattering amplitude 
involves three independent parameters for a given even 
value of J, viz., 6y*, 6y7 and n,*. On the other hand, 
in the LSJm representation, the phase shifts 67+,:7° 
and 6,417! are complex so that one apparently has eight 
parameters but only three are independent.'* It is to 
be borne in mind that it is only the phase shifts 5,* 
and 6,7 which are computed by a variational principle 
but not the amount of admixture 4,*. 

The Born approximation in the parity representation 
is obtained from the variational formulation by assum- 
ing the potential to be a small perturbation, so that 
only leading terms in the potential are considered. We 
again use trial functions corresponding to plane wave 
solutions. It then follows that the amount of admixture 
is unaltered from its value assumed in the trial function, 
resulting in the equality ny=£,. This definition of the 


TaBLE I. Parameters for phenomenological p-p potential models. 


Potential model 
Singular tensor 
force Hard core L-S force 





Singlet 
potential —Var<re 


O,r>P. 


o,r<ro 


- enrlts 
—Vee~'r-r0l"e, r> 19 -Ve— 
r/Ys 


ViSise~r/re Fn ~ —") 
(r/rd dr /rad \ r/re 


Triplet 
potential 
Parameters 


0.40 1.18 


1.07 


r, in 10-4 cm 
re in 107%? cm 0.75 
ro in 107 cm 0.60 
V, in Mev 375 

Vi in Mev : —50.8 


45.8 
+29.8 


18 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941). 
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TasLe II. Singlet phase shifts for the singular tensor-force 


model at 240 Mev. 


6, (Born) 61 (exact 


0.261 
0.237 
0.035 


Taste III. Triplet phase shifts for the singular tensor-force 


model at 240 Mev. 


re =1.40h/M< 
Vi=18 Mev 


re =0.844/Mc 
Vi in Mev 
18 18 18 

Varia 

tional 


Varia- 
tional 


Varia 


tional Exact Born Exact 


2.570 0.884 


+0.897 0.521 1.119 1.067 1.8105 


0.449 0.559 —0.337 —0.3345 —0.442 —0.338 —0.3379 


0.1108 
0.0203 
—0.0405 
—0.0127 


- 0.035 0.233 0.020 
0 0.006 0.005 
- 0.024 0.033 0.029 
0 0.004 —0.004 


0.1268 —0.037 0.018 

0.0223 0 0.005 
—0.0399 —0.024 —0.029 
—0.0139 0 —0.003 


0.200 
—0.003 
0.154 
0.005 


0.3237 
—0.0127 
0.1725 
0.0203 


0.3386 0.172 

—0.0139 0 
0.1719 0.184 
0.0223 0 


0.202 
—0.004 
0.153 
0.005 


+0.173 0,198 
rf) 0.004 
+0.184 0.068 
0 0.006 
£ 0.074 0.077 0.071 —0.074 —0.071 
0.4324 
0.2864 
—0.0032 


—0.867 
0.177 
—0.029 


—0.634 
0.185 
—0.013 


0.627 
0.186 
-0.013 


—0.4093 
0.2994 
—0.0007 


0.862 0.069 


+0.176 
0.029 


Born approximation in the parity representation is 
equivalent to that in the LSJm representation provided 
one consistently neglects terms in 6. 

By an exact procedure, we mean a numerical inte- 
gration of the differential equations. The solution of 
uncoupled equations was carried out using the particular 
method of Feinstein and Schwarzchild.'® The extension 
to coupled equations was carried through as follows. 

The differential equations take on the general form 

ul’ (x) + f(x)u(x)+g(x)w(x) =0, 
w’' (x) +h(x)w(x)+2(x) u(x) =0, 
where u(x)/x and w(x)/x are the radial wave functions 
for L=J—1 and L=J+1, respectively. Now consider 
the Taylor series expansions about x of u(x+A). Then 
u(x+A)+u(x—A) = 2u(x)+ Au!’ (x) 
+(A*/12)u‘*(x)+---. (6) 
Neglecting (A4/12)u‘*(x) and denoting x+nA by xn 
and u(x,) by u,, we have 
Unti= Buta—UnitCrWn, 
where 
B,=2—A?f(x,), 
Cr= —A’g(x,). 
We find, similarly, 


Wn¢1= DpWa—Wa-1tCartn, (10) 


“L. Feinstein and M. Schwarzchild, Rev. Sci. Instr. 12, 405 
(1941). 
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where 


Dy=2—A*h(xn). (11) 


Clearly, if uo, wo and ™, w; are known, then u and w 
can be extended into the asymptotic region by simul- 
taneous application of (7) and (10). The choice of A is 
governed by consideration of the error involved in 
neglecting the fourth and higher order derivatives. In 
practice, it is convenient to integrate the differential 
equations as far out from the origin as possible in terms 
of power series expansions and then to extend these by 
the numerical procedure. 

We can generally find two independent sets of u and 
w which are regular at the origin.”° If these solutions 
are Ug, We and up, wy, a Wronskian condition holds, 


Ugly — Uptle +WaWs —Wrewe =0, (12) 


which supplies a useful check on the numerical analysis. 
The phase shifts themselves are determined by forming 
the appropriate linear combinations which asymptoti- 
cally represent the incident plus outgoing spherical 
waves. 


III. UNPOLARIZED SCATTERING CROSS SECTIONS 
(a) Singular Tensor-Force Model 


Christian and Noyes® attempted a fit of both the 
32-Mev and 345-Mev p-p data without seeking to 
maintain the charge-independence hypothesis. On the 
basis of the lower energy data, they chose for the 
singlet potential a square well since potentials of other 
conventional shapes yield too much small angle scat- 
tering. Since the singlet potential contributes only to 
forward scattering at the higher energy, most of the 
scattering must take place in triplet states. In conse- 
quence of the large momentum transfers which are 
required, i.e., large cross sections at large angles, they 
were ultimately led to choose a triplet potential which 
is singular at the origin and of the form Verip 
= V,S\.e~7/2°, where x=1/r; (see Table I for the values 
of the parameters). Good agreement is obtained with 
the 32-Mev data, and Born approximation estimates 
give a fairly flat cross section for angles greater than 
30° at 345 Mev. It is to be noted that no choice of 
sign was made for V; since the analysis at 32 Mev is 
still confined to exploring the tail of the potential. 
This holds even though one might have expected the 
Coulomb-nuclear interference to be sensitive to the 
choice of sign. 

In actual fact, it is known that solutions to the 
scattering problem may not exist for potentials which 
have a 1/r’ singularity at the origin.” Considering, for 
the moment, the radial equations corresponding to the 


* If the potentials are so singular that no such solutions can be 
found, a cutoff can be applied at x=, to the potentials, in which 
case the solutions for x>x, are obtained by equating values and 
derivatives at x= x, to those of the inside solutions. 

21N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, Oxford, 1949), second edition, 
p. 40 
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uncoupled P» and P; states for either sign of V;, we have 
(t4,2™)"" + (1—2/22?—dAye2/*/x*)u,/™=0, J=0,1 (13) 


where x=kr, K=hkr;, Xo= 4.444, \:=+2.222 for 
V.=+18 Mev. For small x, the solutions of this 
equation are given by xj,(x), where v(v-+1)=2+Ay. 
Since xj,(x)~x’+! when x~0, well-behaved solutions 
exist provided »>0.” Thus, we must have 


v=4[—1+(9+4d,)!] 20, (14) 


or \y2 —2. Regardless of the sign of V;, this relation 
cannot be satisfied for both J=0 and J=1. If —2.5 
<Ay<-—2, both radial wave functions u(x)/x are 
unbounded at the origin; however, one is less singular 
than the other. If the potential is so attractive that 
Ay<—2.5, the wave functions u(x)/x behave as 
x exp[+4i(|9+4),|)! logx] near the origin, oscillate 
rapidly and their proper linear combination is unknown. 
Therefore, in order to insure the existence of well- 
behaved solutions for the J=0 and J=1 partial waves, 
we have introduced a zero cutoff in the triplet potential 
from the origin to distances r.~h/ Mc. The introduction 
of such a cutoff would of course, at the same time, 
guarantee the existence of well-behaved solutions for 
coupled or uncoupled states corresponding to higher 
angular momenta; in actual fact, such solutions do 
exist in these states in the absence of a cutoff. It is 
clear that these considerations are independent of 
energy. 

Table II lists the singlet phase shifts for the singular 
tensor-force model at 240 Mev. Since the shape of the 
singlet potential is that of a square well, exact analytical 
solutions are easily found, and comparison with Born 
approximation phase shifts illustrates the good agree- 
ment to be expected at high energies for well-behaved 
central potentials. The cross section due to singlet 
scattering alone is contained in Fig. 3 and is seen to be 
peaked in the forward direction and to fall off rapidly 
with increasing angle. The concentration in the forward 
direction is due to the constructive interference of the 
even Legendre polynomials at 0° and the destructive 
interference at 90° (the phase shifts are all of the same 
sign). 

In virtue of the coupling of different angular momen- 
tum states, the triplet phase shifts for even J (with the 
exception of the degenerate case J =() are all complex; 
in the parity representation, they are real. Phase shifts 
for odd J correspond to uncoupled states and are 
consequently always real. Table III incorporates the 
results of Born, variational and exact calculations of 
phase shifts for J/<3 at 240 Mev for two choices of 
cut-off radius, r-=0.84h/Mc and r,=1.40h/Mc. In the 
case of the coupled phase shifts, we use the notation 
6,7™=K,/™+i¢,7™. Also listed are the corresponding 
quantities 6%, 5, and 7,* in the parity representation.” 
~ For a solution to be well-behaved, the radial wave function 
u(x)/x must be finite when x=0. 

% We adopt the convention that 7,* is always less than one in 
absolute value. 
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The variational calculation for r-=0.84h4/Mc was 
performed for both signs of V;. Comparison with the 
Born approximation shows that considerable changes 
occur for V.= —18 Mev, and the resultant cross section 
as shown in Fig. 2 is very anisotropic.* A more reason- 
able cross section is obtained with V;=+18 Mev, and 
this choice of sign was hence used in all further calcu- 
lations and is implied throughout the following dis- 
cussion.”® 

The uncoupled phase shift 65,"' corresponds to a 
repulsive potential, and there is very good agreement 
between the variational and the exact values. On the 
other hand, 6;°° corresponds to a strongly attractive 
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Fic. 2. Differential scattering cross sections for the singular 
tensor-force model at 240 Mev corresponding to Born approxi- 
mation and variational treatments of the triplet scattering 
(V;=+18 Mev, r-=0.84h/Mc). In the latter case, p) with 
J <3 were included in variational treatment, higher J phases in 
Born approximation. The singlet scattering cross section is exact. 

* Throughout this paper, Born approximation cross sections 
always correspond to those obtained by replacing exp(2iég) —1 in 
the scattering amplitude by 2i5s, where ég represents the Born 
approximation phase shift. 

% The fact that there is moderate agreement between the Born 
approximation cross section and that obtained by the variational 
method for one sign of the potential, V;= +18 Mev, but not for 
the other, is to be regarded as quite fortuitous in view of the large 
differences in the phase shifts as obtained by the two procedures. 
It is evident from Fig. 3 that more exact calculations for the case 
V.=+18 Mev maintain the correspondence in cross section with 
that given in Born approximation, although the phase shifts 
differ considerably (see Table IIT). This conclusion has also been 
reached by Don R. Swanson [Phys. Rev. 87, 208 (1952) ]. 
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Fic. 3. Differential scattering cross sections for theJsingular 
tensor-force model at 240 Mev corresponding to exact treatment 
of triplet scattering for two values of cut-off radius (V;= 18 Mev). 
Phases with J<2 were calculated exactly, those with J=3, 4, 
and 5 were included in variational treatment, higher J phases in 
Born approximation. Also shown is the exact singlet cross section. 


potential, and the variational calculations, while giving 
results which approach the correct ones, are neverthe- 
less still far from adequate. This particular phase shift 
depends in a sensitive way on the cut-off radius as is to 
be expected in view of the fact that no phase shift 
exists at all in the absence of a cutoff. It is to be noted 
that the coupled phase shifts are not very sensitive to 
the change in cut-off radius which is again reasonable 
since well-behaved solutions exist even without the 
cutoff. 

For purposes of simplicity, it is best to compare the 
results for the coupled states in the parity representation 
(see Table III). Here, the inadequacy of the Born 
approximation trial functions is clearly indicated by the 
large changes in the amount of admixture 2° as one 
proceeds from the Born approximation to the varia- 
tional calculation, and then to the exact calculation. 
Note that a comparison of Born approximation with 
variational estimates for the phase shifts in the more 
complicated LSJm representation can be misleading, 
although the agreement with the exact results is, in 
any case, inadequate. 

The cross sections corresponding to the exact phase 
shifts for J=0, 1, 2 and the two choices of cut-off 
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radius, 0.844/Mc and 1.40h/Mc, are shown in Fig. 3. 
Phase shifts corresponding to J/=3, 4, 5 were computed 
by means of the variational method and found to be 
generally small (< 0.05). Higher angular momentum 
phase shifts were inserted into the scattering amplitude 
in Born approximation. The cross sections remain 
essentially flat at ~ 4.4 and 6.4 mb, respectively, between 
45° and 90° and show a rapid rise at smaller angles. 
Thus, below 25°, the rise of singlet scattering to values 
greater than 5 mb renders impossible any satisfactory 
fit in this region. The experimental cross section at 90° 
corresponds to an intermediate value of r-. 

Calculations have also been made of the scattering 
cross sections at 450 Mev. Potential models become 
quite questionable at these energies; nonetheless, it is 
of interest to study the qualitative predictions of the 
present nonrelativistic theory in the absence of any 
better theory. 

Table IV includes the 450-Mev phase shifts for J <3 
as obtained in Born approximation, by variational 
treatment and by exact calculation. At this energy, the 
Born approximation appears to be even more unreliable. 
The fact that the cut-off radius used for the Born and 
variational calculations was 1.02h/Mc does not prevent 
a comparison of the results as obtained by the various 
methods except for the 6,° phase shift. 

If we compare the results of the exact calculations as 
the energy is varied from 240 Mev to 450 Mev (see 
Tables III and IV), we see that 6, is altered only 
slightly, while the other phase shifts show increases of 
roughly 40 percent. The cross sections as shown in 
Fig. 4 are similar in shape for both values of cut-off 
radius, the difference at 90° being 0.7 mb in contrast 
to 2 mb at 240 Mev. The rise at small angles is again 
a manifestation of the singlet scattering. 


TABLE IV. Triplet phase shifts for the singular tensor-force model 
at 450 Mev (V;=18 Mev). 


rein h/M 
1.02 1.02 0.84 
Phase 


shifts Exact 





Born Variational 


5,” 1,093 


2.4135 


1.160 
—0.4406 


0.1992 
0.0364 
— 0.0352 
—0.0216 


3," —0.546 —0.409 


K»» —0.041 0.010 
ti 0 0.003 
K» —0.009 —0.017 

0 —0,002 


0.4373 
—0.0216 
0.2030 
0.0364 


0.210 0.201 
0 — 0.002 
0.241 0.175 
0 0.003 

—0.113 —0.108 

—0.3987 
0.3615 
0.0074 


—0.711 
0.191 
—0.007 


—0.928 
0.223 
—0.023 
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(b) Hard-Core Model 


An attempt to give a phenomenological description 
of p-p scattering within the framework of the charge- 
independence hypothesis has been made by Jastrow." 
There is introduced in the singlet state an infinite 
potential barrier at small distances surrounded by an 
attractive exponential well. The presence of the repul- 
sive core allows for agreement with the 32-Mev data 
even though an exponential well is used. At high 
energies, the main effect of the core is to change the 
sign of the S-phase shift with respect to the sign of the 
D, G, --+ phase shifts. The resultant S-D interference 
is such as to diminish the singlet scattering at small 
angles and to enhance it at 90° which is in sharp 
contrast to the singlet scattering observed for the 
singular tensor-force model. In triplet states, the hard- 
core model has an exponential-well tensor force (the 
parameters of the singlet and triplet potentials are 
included in Table I). In comparing the predictions of 
the hard-core model for scattering at high energies 
with experiment, the singlet cross section was evaluated 
exactly, while the triplet scattering was calculated in 
Born approximation only." The latter is peaked at 
~45° and combines with the singlet scattering to give 
reasonably flat cross sections. 

In order to test the validity of the Born approxima- 
tion for the case of a well-behaved spin-orbit potential, 
a calculation of the triplet scattering has been performed 
at 240 Mev using the variational procedure. The Born 
approximation phase shifts together with those obtained 
by use of the variational method are listed in Table V. 
It is evident that the plane-wave trial functions are in 
this case reliable, as is to be expected. 

In Fig. 5, we compare the differential scattering cross 
section obtained in pure Born approximation with an 
improved cross section based on the variational esti- 
mates of the triplet phase shifts for J<3 (higher 
angular momentum states, as always, being included 
in Born approximation). For the singlet scattering, we 


TABLE V. Triplet phase shifts for hard-core model at 240 Mev. 





Variational 
—0.546 
0.282 


0.042 
—0.005 
—0.009 

0.003 


—0.115 

0.003 
—0.166 
—0.005 


0.082 


0.877 
0.016 
—0.137 


Born 
—0.555 
0.277 


Phase shifts 
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Fic. 4. Differential scattering cross sections for the singular 
tensor-force model at 450 Mev corresponding to exact treatment 
of triplet scattering for two values of cut-off radius (V;= 18 Mev). 
Phases with J <2 were calculated exactly, those with J=3, 4, 
and 5 were included in variational treatment, higher J phases in 
Born approximation. Also shown is the exact singlet cross section. 


have used the exact cross section as abstracted from 
Jastrow’s published curve at 250 Mev, the variation 
in cross section over the energy interval 240-250 Mev 
being considered inconsequential. Unlike the case of 
the singular tensor-force model, the corrections intro- 
duced by the variational treatment are quite small 
(=0.3 mb for 6> 30°).2* In view of the nonrelativistic 
nature of the calculations and of the present experi- 
mental discrepancy as to the magnitude of the cross 
section, the quantitative agreement is encouraging. 


(c) L-S Force Model 


Case and Pais! incorporate in their model the other 
type of spin-orbit force which can act between two 
protons, viz., the L-S force. They also try to retain 
the charge-independence hypothesis. The model, as 
proposed, can only be considered qualitatively since no 
attempt was made to fit the low energy data with any 
degree of precision. For example, the singlet potential 
was chosen to be of Yukawa shape; actually, this would 
~ In the text, we have confined ourselves to one sign of the 
odd-parity force, viz., V;= —50.8 Mev. For the other choice of 
sign, V;= 50.8 Mev, the deviations of the results of the variational 
calculations from those of the Born approximation are somewhat 


larger (=0.7 mb). The resultant differential cross section is 
smaller than that in Born approximation except at small angles. 
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Differential scattering cross sections for the hard-core 
model at 240 Mev corresponding to Born approximation and 
variational treatments of the triplet scattering. In the latter 
case, phases with J <3 were included in variational treatment, 
highe r J phases in Born approximation. Also shown is the singlet 
scattering cross section which is exact. 
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lead to too much small-angle scattering at 32 Mev. The 
triplet potential is very singular, varying as 1/r* in the 
neighborhood of the origin, and only Born approxima- 
tion estimates were used to determine the parameters 


of the model. The extreme singularity cannot, of course, 
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Differential scattering cross sections for the L-S force 
model at 240 Mev corresponding to Born m5 HET and 
variational treatments of the triplet scattering (V;=+29.8 Mev 

r.=h/Mc). In the latter case, phases with L <3 were included in 
vasdentonsl treatment, higher Z phases in Born approximation. 
Also shown is the singlet scattering cross section calculated in 
Born approximation. 
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be taken literally?” and, in making more exact calcu- 
lations, we have accordingly introduced a zero cutoff 
at r-=h/Mc. 

In the LSJm representation, the operator L-S has 
definite eigenvalues, so that states corresponding to 
different values of Z are unmixed in the presence of the 
interaction. Hence, the phase shifts are all real. 

Table VI shows the results of variational calculations 
of the triplet phase shifts for both signs of V/* (the 
actual parameters employed with the model are listed 
in Table I). We note that the P-phase shifts change 
rather considerably in going from the Born approxi- 
mation to the variational estimates. In view of the 
singular nature of the potential, one can expect further 
large changes in performing an exact calculation. For 
example, for V;= 29.8 Mev an exact calculation of the 
P:-phase shift was performed giving 6;7=0.539. Al- 
though the results of the variational calculation can- 
not be taken too seriously, the large deviations from 
the Born approximation are significant. 

The corresponding cross sections which are plotted 
in Fig. 6 illustrate the complete inadequacy of the Born 
approximation for this type of potential. In fact, the 


force model at 240 Mev. 





Taste VI. int cones shifts for L-S 


Vi in Mev 
29.8 
Variational 


—0.301 


—29.8 
Variational 


1.039 


+29.8 


Phase shifts Born 


6,° 





5! 
6? 
63 
63° 


+0.020 
+0.060 


0.381 
—0.193 
0.088 
0.020 
—0.056 











qualitative fit with experiment obtained in Born 
approximation is almost wholly destroyed by the vari- 
ational calculations. Inasmuch as the parameters of the 
present model were originally based on a Born approxi- 
mation analysis, there appeared to be no point in 
carrying out more exact calculations. 


IV. POLARIZATION EFFECTS 


Consider the scattering, in their center-of-mass sys- 
tem, of unpolarized protons by unpolarized protons. 
In the presence of spin-orbit forces, it can be shown 
that the outgoing particles will be polarized in a 
direction normal to the plane of scattering.” Thus, if 
we consider that the incoming particles move in the 
z-direction, then, particles scattered through an angle 
1, 1 will a gener rally have a nonzero expectation value 


7 T his was clearly recognized by Case and Pais who note that 
their Born approximation results are only qualitative (see refer- 
ence 10). 

*8 If we put aside the question of charge independence and do 
not consider the n-p interaction, then the analysis of ee and 
Pais does not uniquely fix the sign of the triplet p-p for 

* L. Wolfenstein, Phys. Rev. 75, 1664 (1949); 76, S41 (1949) ; 
82, 308 (1951). 
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for the y-component of the spin which is given by 


Im >> Som,(Sim,* —S —1m,*) 


, (15) 





1 
8y(hi, 01, ¢1) =—— 
(2)! | So|?+ LD | Sma’m,|? 


s,m,’ 


where k;, the momentum of either particle, and 8, are 
in units of #. For convenience, we consider particles 
scattered through 6;, ¢:=0°, since 8, will then represent 
the only nonvanishing component of the polarization. 
If the polarized particles are now scattered again by an 
unpolarized proton target, then a consideration of the 
scattering in their center-of-mass system shows that 
the intensity of outgoing particles will have an azi- 
muthal asymmetry given by 


1=To(ky, Re, 1, 92)[1+28,(h, 81, ¢1=0°) 
X P(k2, 82, $2) J, 


where the y2-axis is parallel to the y,-axis of the first 
scattering and the 22-axis is in the direction of incidence 
of the polarized beam. J) represents the unpolarized 
intensity. According to Wolfenstein and Ashkin* and 
Dalitz,™ 


(16) 


P(k, 0, 6) =28,(k, 9, ), (17) 


so that 


T=I (ki, ko, #1, 62)[1+ P(hi, 41, ¢;=0°) 
X P(ke, 62, 2) |. 


This last expression can be further simplified if one 
neglects the degradation of energy of the proton in the 
first scattering. This approximation is a reasonable one 
for the cases of interest to us since the largest polar- 
ization effects occur in the neighborhood of 45° in 
the center-of-mass system (on general grounds,” 
P~siné cos@ cos¢>_ » dn cos’"@), and, corresponding to 
this angle of scattering, a particle initially having a 
kinetic energy of 240 Mev in the laboratory system 
will come off with 205 Mev. 

Hence, assuming @,;=0@.=0, and ki=k,=k, Eq. (18) 
becomes 


(18) 


I=I(k, 0)[1+6(k, 8) cos], (19) 


where 
5(k, 0)=[P(R, 0, ¢) Jonce?. (20) 


Perhaps the more interesting quantity from an 
experimental point of view is 26, which we shall refer 
to as the asymmetry in a double-scattering experiment : 


PO. ind testa 
I(¢ =90°) 


(21) 





It is a straightforward matter to use the variational 
and/or exact triplet phase shifts computed in Sec. III 
in conjunction with the above formulas to evaluate the 
polarization effects in a double p-p scattering for each 


*®L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
* R. H. Dalitz, Proc. Phys. Soc. (London) A65, 175 (1952). 
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Fic. 7. Asymmetries in a double p-p scattering for singular 
tensor-force model at 240 and 450 Mev for (a) r-=1.40h/Mc, 
(b) r-=0.84h/Mc. The phases correspond to those used in Figs. 
3 and 4. 


of the potential models which we have considered. The 
results are shown in Figs. 7-9. As expected, the maxi- 
mum in 26 tends to occur at @~ 45°. In the case of the 
singular tensor-force model, 25max is 0.18 and 0.28 for 
the energies 240 and 450 Mev, respectively, if we choose 
the cut-off radius r.=0.84h/Mc; the polarization effects 
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Fic. 8. Asymmetry in a double p-p scattering for the hard-core 
model at 240 Mev. The phases correspond to those used in 
Fig./5. 
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Fic. 9. Asymmetries in a double p-p scattering for the L-S 
force model at 240 Mev with V;=+29.8 Mev. The phases 
correspond to those used in Fig. 6. 


90 


are not very different for the larger cut-off radius 
r-=1.40h/Mc. The L-S force model also yields large 
asymmetries, viz., 25max~0.3 and 0.5 for V;=29.8 Mev 
and — 29.8 Mev, respectively. The hard-core model, on 
the other hand, predicts rather small asymmetries 
with 28max~0.015.” 

One can understand these results qualitatively by 
expressing P(k, 0, @) in terms of the phase shifts. For 
simplicity, let us consider only the real parts of the 
phase shifts with J<3. Then 

2 sin@ cos@ cosd 


————(a+  cos*@), (22) 
k’o(k, 0) 


P(k, 0, $) = 


where a is given by 
53775, ] ll 361725 °° J+-4.5[ 615,79 ] 
4 4.5[637°5;"" J+ 9[6 745479 ]— 1.5[63753?"] 
an 1.5[6,7°5,2° ]— 6[63746,?"], 


a=3[ 


(23) 
with 

(24) 
The quantity 8 is generally smaller than a and need 
not be given explicitly here; o(k, @) is the ordinary 
unpolarized differential scattering cross section. 

In the case of the hard-core model, where the Born 
approximation is quite good for the triplet scattering, 
the first two terms on the right-hand side of Eq. (23) 
are large compared to the remaining terms. Since 6,°° 

® We should like to remark that P(k, 0, ¢=0°) turns out to be 


always positive for all the potentials considered for 0<@<2/2 
except for the case of the L-S force model with V.= —29.8 Mev. 


[ay ]=sinx siny sin(x—y). 
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is a comparatively large phase shift, the quantity 
3[63745,° J—3[6,745," ] 
depends in an important way on the difference between 
5,7" and 6; which are of the same order of magnitude 
and of the same sign. Thus, the polarization effects 
tend to be small.* For this particular model, tensor 
scattering is predominant only in the neighborhood of 
5°. The singlet scattering gives no polarization so that 
the asymmetry falls off very rapidly with angle on 
either side of the maximum.* 

In the case of the singular tensor-force model, the 
Born approximation phase shifts are unreliable. If one 
uses the exact values for 6,°° and 6,", and the J=2 
phase shifts obtained by the variational treatment 
(which do not differ greatly from Born approximation 
phase shifts), the asymmetry is, indeed, small. Thus, 
at 240 Mev, 2é5max is calculated to be ~0.02 for 
r-=0.84h/Mc. On performing an exact calculation, 
however, the coupled P-phase shifts are changed con- 
siderably. This enhances the difference between 6,”! 
and 63” and, in addition, increases the importance of 
terms in Eq. (23) involving 6,°°. The result is an 
increase in the asymmetry for a double p-p scattering 
by a factor of 10.% 

The largest polarizations of all are predicted by the 
L-S force model. In this case, the main contribution to 
a comes from 

3[6375,° ]— 36,76," ]+-4.5[61'6:"]. 

We note first that 5,’ and 6;* are now of opposite sign, 
since, for J=2, the eigenvalues of L-S are 1 and —4 
for L=1 and 3, respectively. Furthermore, the P-phases 
are large in comparison with the higher angular momen- 
tum phase shifts. The net result is that one obtains very 
large asymmetries. However, it must be borne in mind 
that these calculations are not exact and that, in any 
case, the agreement with experiment of the unpolarized 
cross sections is poor, so that these results should not 
be taken too seriously. 


V. CONCLUSIONS 


It appears clear that the use of the Born approxima- 
tion to provide estimates of scattering for singular 
potentials is unjustified, even at high energies. Thus 
we have found that the result of more exact calcula- 
tions, w hen performed for the three potentials which 


& This is not unexpected since the Born approximation is 
reliable in this case for the triplet phase shifts and it is known that 
polarization effects vanish identically in Born approximation. (See 
reference 29.) 

% For the other choice of sign of the odd-parity force, V:= 50.8 
Mev (see reference 26), the asymmetry in a double scattering is 
of the order of several tenths of a percent. For this case, P(k, 6, 
@=0°) <0 for 0~45° 

% We should like to e mphasize that the results for the singular 
tensor-force model previously reported [L. J. B. Goldfarb and 
D. Feldman, Phys. Rev. 87, 208 (1952) ] were based on variational 

calculations of the J=2 phase shifts and accordingly the polar- 

ization effect was considerably underestimated. We are indebted 
to Don R. Swanson for pointing out to us that large polarization 
effects actually do obtain with this particular model. 
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have been proposed to describe the p-p interaction, 
has been to modify strongly the previous predictions 
for those potentials which are singular. Indeed, the use 
of Born approximation trial functions in the variational 
procedure is, in itself, inadequate for these cases. 

The singular tensor-force model of Christian and 
Noyes, which was treated exactly, now presents only 
moderate agreement with experiment for the choice of 
sign V;=+18 Mev, but only for angles greater than 
45°. The predominance of singlet scattering at lower 
angles introduces too much anisotropy, so that devia- 
tions from experiment become considerable. The large 
corrections, introduced by the variational treatment of 
the L-S force model of Case and Pais, lead to an even 
less encouraging picture. While it is conceivable that 
more exact calculations would remove the large ani- 
sotropies, there is no a@ priori reason to expect this. 
On the other hand, the predictions of Jastrow’s hard- 
core model are essentially unchanged on performing a 
variational calculation for the triplet scattering (which 
is reliable for this case). The cross section is reasonably 
flat, although its magnitude is somewhat low. 
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It must be emphasized that the preceding remarks in 
regard to the singular potentials are based on calcula- 
tions performed with a zero cutoff at distances of the 
order of the nucleon Compton wavelength. It is always 
possible that a better fit with experiment might be 
obtained with a different choice of cutoff. In any case, 
the exact nature of the cutoff must be taken seriously. 

The asymmetry in a double p-p scattering experiment 
was calculated in order to provide an additional means 
for distinguishing among the potential models. On this 
basis, the hard-core model which is found to yield small 
asymmetries is quite different from the singular tensor- 
force potential which predicts large asymmetries. The 
L-S potential also predicts large asymmetries, but it 
must be emphasized that this model, particularly, gives 
a poor fit with experiment. Finally, we should like to 
reiterate that the foregoing analysis is completely non- 
relativistic, and it is quite possible that polarization 
effects, in particular, would be modified in a more 
consistent relativistic theory. 

We should like to thank Professor R. E. Marshak for 
useful discussions. 
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An analysis employing the recent nuclear reaction theories of 
Wigner and others is given of the experimental data on the low 
energy interactions of s, p, d orbital neutrons and protons with C® 
and s neutrons and protons with O. Assuming the equality of 
nn and pp nuclear interactions, it is possible to account for the 
data on the s interactions if the level spacing is considered in 
addition to the customary two resonance parameters: reduced 
width and level position; in particular, the displacement of con- 
jugate levels can be attributed to the difference of the external 
wave functions for the odd particle, although with an uncertainty 
of about 25 percent which is due primarily to the lack of precise 
knowledge of the internal Coulomb energy of the excited states. 
The large magnitudes of the reduced width and level spacing 
indicate that two-body potential interactions exist between the 
odd particle and the C® and O" cores, and the values ef the 
respective logarithmic derivatives indicate that these interactions 
are of about equal strengths. The energy dependence of the radia- 


I. INTRODUCTION 


INCE there is considerable experimental material 


on the low levels of the mirror nuclei, N and C®, 
it seems worth while to attempt a detailed inv estigation 
of such matters as the extent of the validity of the 
independent-particle model, the assumption of equality 
of mn and pp nuclear forces, and the applicability of the 


* Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 


tive capture cross section of s neutrons and protons with C® can 
be understood if an additional quantity, the final-sfate reduced 
width, is included in the theory to take into account the energy- 
dependent external contribution to the transition moment, The 
experimental data are only sufficient to treat the p and d inter- 
actions in the one-level approximation; a reasonable explanation 
can be given of the observed displacements of conjugate levels in 
terms of the differences of the electromagnetic properties of the 
odd particle such as: external wave functions, spin-orbit inter- 
actions, and variations of the internal Coulomb energy. There is 
some indication from the data on radiative transitions that the 
independent-particle model also prevails in the p states; on the 
other hand, the small reduced widths of these states suggest a 
many-body description. Derivations based on the recent theories 
are given of the one-channel formulas and of the general one-level 
formulas which include the negative-energy alternatives. The 
radial dependences of the resonance parameters are discussed. 


recent theories of nuclear reactions. The analysis is 
carried out by means of the theories due to Wigner and 
others,'~® and we are therefore concerned with the de- 


1E. P. Wigner, Phys. Rev. 70, 15 (1946). 

2 E. P. Wigner, Proc. Am. Phil. Soc. 90, 27 (1946). 

3 E. P. Wigner, Phys. Rev. 70, 606 (1946). 

‘ Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947), 
referred to as FPW. 

SE. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947), 
referred to as W-E. 

». P. Wigner, Phys. Rev. 73, 1002 (1948). 
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termination from the data of the characteristic quan- 
tities: partial reduced level widths, unshifted level 
positions, displacements of corresponding levels, and 
level spacings; we are also concerned with radiative 
transition moments. The displacement of corresponding 
s states'® has already been investigated by Ehrman ;"' 
the present treatment offers several new aspects to this 
problem. Section II presents the terminology and 
derivations of the formulas used for the interpretations 
of the data given in Secs. III and IV. The derivations in- 
clude the negative-energy alternatives which enter in the 
consideration of level displacements. A formula is given 
for the electric dipole radiative capture which includes 
an energy-dependent contribution from the external 
moment in addition to the resonance contribution from 
the internal moment, the former being important for 
the treatment of transitions between levels with large 
reduced widths. Some relations between the quantities 
of the nuclear reaction theory in the one-channel ap- 
proximation and the effective range theory are dis- 
cussed as the latter theory is appropriate for the 
analysis of the scattering of low energy neutrons by C”. 

The available experimental data are surveyed in the 
introduction to Sec. III, and the subsequent analysis is 
given in three parts covering the interaction of s, p, d 
neutrons and protons with C'*. The s interaction data 
are rather extensive and permit some consideration of 
the level spacing in addition to the two resonance 
parameters (of the one-level approximation): reduced 
width and level position; the treatment of the p and d 
interactions, however, is limited to the one-level ap- 
proximation. A comparison of the low energy inter- 
actions of s neutrons and protons with C'® and O!* is 
made in Sec. IV. 


Il. THEORY 
A. Terminology 


The terminology of Wigner and Eisenbud** is used to 
describe the nuclear configuration space. The external 
region of this space is subdivided into channels which 
comprise alternative pairs c of two bodies with an 
energy of relative motion €,, which may be positive or 
negative, relative angular momentum /h, and reduced 
mass M,; the members of the pair are separated by 
distances r, which are greater than or equal to the 
channel radii a,. We attempt to choose the a, greater 
than the range of nuclear forces between the bodies in 
order that the external wave functions reflect the solu- 
tions of the wave equation containing only the Coulomb 

*T. Teichmann, dissertation, Princeton University (1949), 
(unpublished). 

8 T. Teichmann, Phys. Rev. 77, 506 (1950). 

*T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

© The letters s, p, d are used throughout to denote the relative 
orbital angular momentum of the channel (C® or O'+proton 
or neutron) which is a good quantum number since C” has zero 
spin; the 4-integer subscript denotes the total nuclear spin. It is 
not intended that this notation imply that configuration is a good 


quantum number in the internal region. 
u J. B. Ehrman, Phys. Rev. 81, 412 (1951). 
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interaction. It is desirable, on the other hand, to choose 
the a, as small as possible, consistent with the above 
requirement, so that the characteristic quantities of the 
resonance theory which are determined from the data 
will contain primarily information concerning the 
nuclear interactions. A common prescription for the 
channel radii (which we shall follow) is a,-= (e?/2mc?) 
X (A1c!+Aae), Aire and Az. being the mass numbers of 
the bodies of the pair. The letter c is used to describe all 
of the features of the channel, unless it is necessary to 
distinguish the positive-energy (€.,>0) from the nega- 
tive-energy (€._<0) channels in which case the symbols 
c+ and c— will be used, respectively. 

The rest of the nuclear configuration space is the 
internal region 7 which includes not only that part 
wherein all particles are close together but also that part 
representing pairs c with separation r.<a, and the 
total subspace with three or more bodies in relative 
motion. The hypersurface which separates the internal 
from the external region is denoted by S. In order to 
keep the number of characteristic quantities of the 
theory to a minimum, one can usually ignore the c— 
channels by allowing their radii to be infinite in which 
case they become a part of the internal region. However, 
in the treatment of level displacements and, as em- 
phasized by Wigner,® in the consideration of the be- 
havior of cross sections near threshold, it is necessary 
to include the near-threshold channels in the external 
region. 

If the channel radii are large enough, the external 
wave function can be factored as 


P(Q.)veFelre)re, (1) 


where §.i(r-)r-! and P;(Q.) describe the relative radial 
and angular distributions, and y, is the product of the 
wave functions for the internal distributions of the 
pair. We will simplify the equations by absorbing the 
factors P;(Q.) and r,~ into ¥.; the subscript ¢ will then 
also be used to characterize the / and will be omitted 
from all but one of the symbols in an equation, provided 
there is no ambiguity.'? It is assumed that on S 


f VWerdS = beer. (2) 
s 


B. External Wave Functions 
The radial factor in (1) satisfies the wave equation 


F.’+(2M./h?)(ee-—V.) F-=0, (3a) 


(where a prime signifies differentiation with respect to r) 
with the interaction 


Ve=LZicLrce*re + (h?/2M )U(l+1)r-~. (3b) 
In the notation of Yost, Wheeler, and Breit," the posi- 


12 The letter s (c in this paper) is used by W-E to characterize 
the channel spin. For the present problem this is not necessary 
since the channel spin is always }. 

13 Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936). 
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tive-energy solution which is regular at the origin is 
designated by F(kr) and has the asymptotic form for 
large r, 


F..~sin(x—}la—7 log2x+<¢), (4a) 


and a solution which is linearly independent of F and 
irregular at the origin is conveniently taken with the 
asymptotic form for large r, 


G.~cos(x—}$lr—n log2x+) ; (4b) 


the quantities entering (4) are 
Xep=hkr; Rep=(2M|e| /h*)!; 
Nee =MZ\Zre7/h*k; 0-4 =argl'(1+/+ in). 


The general solution §(r) will be a linear combination 
of F and G. The Wronskian relation for these two par- 
ticular solutions, which directly follows from (3) and 
(4), is 

F'G—G'F=k.4. (5) 


Extensive tables have been prepared by Breit and his 
collaborators" for obtaining F and G and their deriva- 
tives when 7>0; they are used here. If there is no 
Coulomb interaction, F and G are related to the Bessel 
functions 

Foy =(x/2)y4(2), 


bat (6) 
Gey = (—1)(9x/2)*J_14 (x). 


For the c— channels only the solution to (3) vanishing 
at large distances from the origin can occur; it is the 
Whittaker function’® 


W_», 144(2x--) 


exp(—x—7 log2x) f” t\h" 
A Freee) a 
r(i+/+n) 0 2x 


When 7>0, this form is convenient for obtaining the 
radial dependence of W; for obtaining its logarithmic 
derivative to the required accuracy, it was expedient 
to use the power series expansion,'® which is too lengthy 
to be given here. If there is no Coulomb interaction in a 
c— channel, we have from (7) for s, p, d orbitals 


(8s) 
(8p) 
(8d) 


Another convenient set of linearly independent solu- 
tions to (3) consists of a unit-flux emerging wave E,, 
and a unit-flux incident wave E,,*; in terms of F and G, 
they are 


W,4(2x) =exp(—~), 
W 0, 4(2x) =(1+27) exp(—x), 
W 0, 4(2x) = (1+3x1+3x-*) exp(—x). 


Eu = (M/kh)'(G+iF) expi(}lr—o), (9a) 


and 
E.4*=complex conjugate E.,. 


4 Bloch, Hull, Broyles, Bouricius, and Breit, Phys. Rev. 80, 
553 (1950), and Revs. Modern Phys. 23, 147 (1951). 

16 W. Magnus and F. Oberhettinger, Formeln und Satze fiir die 
Spesiellen Funktionen der Mathematische Physik (J. Springer, 
Berlin, 1948), second edition, Chap. VI, Sec. 2. 
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We also put 
E._=(M/kh)}W_, 144(22). (9b) 
According to (5), (9) the flux equation is 
(h/2iM ..)(E*E’— EE’*)=1, (10) 


and it is, of course, zero for the c— channels. 

In discussing conditions at the nuclear surface, we 
shall need to evaluate the real and imaginary parts of 
the logarithmic derivatives, g-= E’/E. From (5) and 
(9), these are 

ge48*= (FF’+-GG’)(F°+4)", 
£04 '™ = k(F?+G*)"=M/h| E|?, 
geRe= WW, 


(11) 
g™ = 0, 
where 
ge=ghe+ igi, Te= Ge. 
As there are no tables of W_,, 44 and as it is difficult 
to evaluate g._®* from the power series expansion for W, 
the WKB approximation was investigated, viz., 


age-= —§+3[gxr+U(l+1) ]&", (12) 
where 


€=(1(/+1)+ 2nx+27]}}. 


In three different cases (12) was compared With exact 
evaluations and found to be quite satisfactory if (/+4)? 
is substituted for /(/+-1) as observed by Yost, Wheeler, 
and Breit for the positive-energy solutions.'*!* Expres- 
sion (12) with this substitution is used hereafter for the 
evaluation of g-. when 70. 

The quantity dg.,®*/de enters in the determination of 
the reduced width from the experimental width. In 
the barrier region where G>F, G’>F’, it can be ob- 
tained by approximating g.,"*=G’/G and taking the 
slope of a plot of G’/G as a function of «. However, in 
the case of the s proton interaction with C', this slope 
could not be obtained with sufficient accuracy so that 
we used the expression” 


d(aG’/G)/d loge 
=2x,0¢ “eo a)— f ends] (13) 
0 


6 As an illustration of the validity of this approximation, the 
table below lists the various evaluations for the first excited s 
states of O'’ and F"’, which are treated in IV. The difference of 
the logarithmic derivatives of the mirror levels enters in the de- 
termination of the level displacement, and it is apparent from this 
example that it can be obtained accurately from the WKB— 
(1+-4)? approximation for F'’ and the simpler, exact expression 
(8s) for O". 

Values of —age_; a= 4.60X 10-8 cm. 


Exact WKB—(/+))? WKB—i(i +1) 


Channel 





O*+n, x=1.770, 7=0_ 


1.770 1.802 1.770 


O*+ p, x=0.275, n=4.36 = 1.387 1.384 


" This expression can be obtained from Eqs. (49) and (50) of 
reference 24 by setting 6,=4:=4 and then taking the limit as 
Er>E,. 
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where 


©o(x) = ¢ oG(x), 


2rn 
Co 
e*r1—] 


the quantity © (x) being tabulated as an auxiliary 
function for G." 


C. One-Level, Many-Channel Formulas 


The essential elements of the one-level nuclear reac- 
tion formula, which will be needed in the later discus- 
sion, can be obtained quite simply from a consideration 
of the boundary conditions which must be satisfied by 
the external wave functions at the surface S and by an 
application of Green’s theorem. The present steady- 
state derivation draws mainly from the first of Wigner’s 
recent papers! but includes the negative-energy alterna- 
tives as indicated in later papers ;** as we require less 
general results than those obtained by him, a somewhat 
simpler treatment will suffice. A more general deriva- 
tion employing the R matrix formalism of Wigner and 
Eisenbud® leads to essentially the same results. Some 
aspects of the present treatment were suggested by the 
work of Feshbach, Peaslee, and Weisskopf.* 

On the surface S the value and normal gradient of 
any general solution to HW= EY are represented as 


v= HV ., (14a) 
grad, V= > W-(D.—acV-), (14b) 
and the logarithmic derivatives as 


fe=D./Ve; (14¢) 


the quantities V, and D, denote the value and deriva- 
tive of F, at r.=a, (note that ¥, contains the factor 
r.'). We consider now the particular solution Y, which 
has an incident wave, normalized to unit flux, only in 
the e (entrance) channel, and emerging waves in the 
positive-energy r (reaction) channels, and exponentially- 
decaying wave functions in the c— channels (c+ will 
denote any or all positive-energy channels if it is un- 
necessary to distinguish the e from the r channels). 
In the external region this particular solution can be 
represented as 


V.=P.(E*— UE.) — DcreWeU eck. 


The submatrix U,,,.; is the unitary, symmetric colli- 
sion matrix giving the coefficients of the unit-flux 
emerging waves in terms of the coefficients of the unit- 
flux incident waves; the submatrix U, gives the 
coefficients of the E,_. The important quantities are the 
logarithmic derivatives on S which, for the r and c— 
channels, are the g. of (11); the e channel, however, 
contains a scattered wave in addition to the incident 


(15) 


wave so that 


fe=f.™ T if.™=(E,'*—U,.E, \(E.*—U,..E.) f (16a) 
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Expressing U/,, in terms of f,, we have 
Ve= (E.*/ E.)(fe— 8") (fe— 8) . (16b) 
all external wave functions being evaluated at r.=a,. 
Comparing (14) with (15) and using (11) and (16b), 
we find 
|V.|2= (4M ,/h)g.™™/| fe—gel?, (17a) 
(17b) 


(17c) 


)| U.,| 2 f Ba 
3. F?. 


The reduced widths are defined here by the relations 


v2= (h/2M,)| Vel2/ f |W. [2dr (18) 


each of which is a measure of the probability that the 
pair of particles c appears at the nuclear surface; the 
reduced widths and the logarithmic derivatives contain 
all the information needed concerning conditions within 
the internal region. Introducing (18) into (17b), the 
reaction cross sections and the coefficients of the ex- 
ponentially-decaying wave functions are expressed in 
terms of the reduced widths: 


Oer= The *(21.+1)| Ver|?, 
| U,,|*= 4y?g,Img im ‘y2| fe—g.l?, 
| UT, o~ | == 47k, Was 2g Im /y | fe—8el?. 


(19) 


By applying Green’s theorem it may be shown that the 
width term in the denominator of the resonance formula 
arises from the imaginary part of (f.—g,) and that the 
energy term and the level shift arise from the real part. 

For two general solutions ¥,;(4,) and W.(E,) of the 
equation HW¥=EW we have, using Green’s theorem, 
(14), and (2): 


(E2— E)) : WV \W_*dr 


-f [Wi(HV2)*—2*HY, jdr 


-f (h?/2M .)(W2* grad, V¥i— WV; grad, W¥2*)dS 


= > (a, 2M.) Vie | ee" (fie— fre*). (20) 


By defining quantities analogous to (18), 


1: c= (¥# 2M Vieac [ f Wi¥2*dr (21) 


(20) may be simplified to 
E,— E\= Lev 12, (fie foe*). 
If we set E,= Ee, the imaginary part of (22) becomes 


vefe™+Or77g7=0, (23a) 


(22) 
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which is equivalent to the expression for conservation 
of flux, 


|U..|?-+Do-| Ure|?=1. (23b) 


The c— channels do not appear in (23) since g.-'™=0. 
Because g.+'™>0, (23a) requires that f,™< 0. Adding 
and subtracting a term y7g.'™ in (23a), we can write 


gim— fina r 272 (23c) 
P=Dal, To =2r'g™; 
I’ is the total width and the I'., are the partial widths. 
In order to treat the real part of (22), we introduce 
the one-level approximation which is to consider that 
v1. °?=y2=constant for a finite range of energies and 
of boundary conditions on S. This amounts to the 
assumption that over the resonance region, which must 
be narrow compared with the level spacing, the shape 
of the internal wave function does not change in first 
approximation [according to (20) its logarithmic de- 
rivatives on S will change in second approximation— 
see reference (1)], its amplitude, however, depends 
critically on the external conditions. Variations of the 
reduced widths are attributed to other levels and ex- 
pected to he of order (E—E,,..)/D, where D is the level 
spacing. We let E:=Eyesonance be the energy at which 
f-®e=g.R* and let E.=E be the variable energy, then 
the real part of (22) becomes 


(f.Re— g Re) = (Exes +A—E)/y2 


where 


(24a) 
where 


A= Des de= — Des vel ge®(E)—ge®*(Eres) ]. (240) 


Inserting (24a) and (23c) into (19) we obtain the abso- 
lute square of the components of the collision matrix: 

| Ue epse|?=T eV epee (Eres tA—E)*+3I?}", (25) 
this expression also being applicable to the c— channels 
with [',.=2y’kW~. (The I’ are not, however, real 
widths since they do not contribute to the total width 
I.) A relation typifying the resonance theory, which 
follows from (18) and (17a), is 


f |Wel2dr=AT (Enea tS—E)+407H1, (26) 


t 


The quantity A, which as defined above is zero at 
E=E res, is generally not constant, even in the one- 
level approximation, but a function of energy through 
the external wave function factors. In many cases, a 
linear expansion of A with respect to E about the reso- 
nance is adequate. With such an expansion the cross 
section given by (19) and (25) becomes 


Oer= whe 7(21. +1) tl tL(E— Eves)? +30? 
with 
Poy t=Toyf1+Den72(dg-®*/dE) F's =Eres-, 
rt=Zor.,!. 


BR, G. ‘Thomas, Phys. Rev. 81, 148 (1951). 


(27a) 


(27b) 
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Equation (27a) is the type of expression with which 
experimental resonance data are usually compared so 
that the I’.,t may be regarded as the observed widths. 
As a consequence of the distinction between I'., and 
I',,', it is not strictly correct to obtain reduced widths 
by merely dividing the observed width by the barrier 
factor, 2g.'™, more detailed considerations being re- 
quired. Generally dg®*/dES< Mah~ (it is, however, 
zero for s neutron positive-energy channels) so that 
those terms in the sum of (27b).should be considered for 
which y22h?/10Ma. It is apparent from (20) that the 
inclusion of the c— channels in the sum in (27b) is sim- 
ply a consequence of not including them in the volume 
integral r appearing in (20) and (21). Provided Eyes is 
not near a threshold for a c— channel, these channels 
may be ignored by a redefinition of r and then the only 
concern is the c+. 

The above expression for A differs from that given by 
W-E,'® but this distinction is purely formal, lying en- 
tirely in the choice of the reference energy. We can 
obtain their expression for A, by assuming the existence 
of a solution X,(£,) satisfying the equation HX,=E,X) 
and the boundary condition® 


Sre= —6. (28) 
for all c, the 6, being an arbitrary set of finite real 
numbers. Substituting X,(E,) for ¥2(E2) and ¥(E£) for 
W,(Z;), and assuming that y:,2=y2=constant, the 
real part of (22) reduces again to (24a) but with 


An=DesAne=— LDr2(g-®(E) +5.) 


and with E,,. replaced by Ey, the reference energy; A, 
is interpreted as the total level shift and the A), as the 
partial level shifts, referred to the boundary condi- 
tion (28)."° 

If a level is bound, all channels are then c— and the 
cross section formula is of no significance ; nevertheless, 
A, signifies the shift of the level from its position with 
the reference boundary condition given by (28). 

The same type of argument as that which led to 
Eqs. (24) can be used to compare corresponding levels 
of mirror nuclei. In Eq. (20) we replace ¥,(£,) by 
V,(E,), a solution to H,V¥,=E,¥V,, and W2(E2) by 
V,(E,), a solution to H,V,=E,¥,, where the sub- 
scripts n and p denote the nucleus with the odd neutron 
or proton, respectively. If we assume equality of nn 
and pp nuclear interactions, then H,—H,=V is the 
difference of the Coulomb, electromagnetic spin-orbit, 
and mass energies. Furthermore, in the one-level ap- 
proximation we assume that, irrespective of the 
boundary conditions, in the internal region WV, and ¥, 
are the same to within a multiplicative constant. Then 
the real part of (22) reduces to 


E,— E,= —(V)e+Ara— Ary, (30a) 


19 In W-E the boundary condition on the X) is b.=/-/ae, where 
I. is the channel orbital angular momentum; in reference 6 the 
condition b-= —1/a- is used. A detailed discussion on the choice 
of 5. is given in reference 9. 


(24c) 








1114 Rs: ie 


if we take 6,,.= bos The difference, 
Anp= Der r2(erc™—fae™), 


is referred to as the boundary-condition level displace- 
ment” and (V), is the mean value of V in the internal 


region. 


Arar (30b) 


D. One-Channel Approximation 


In the one-channel approximation, we disregard the 
terms in (22) with c#e as regards their effect on f. 
but otherwise consider the reactions if there are r 
channels. That is, the total level shift and width are 
attributed entirely to the e channel. This approxima- 
tion is suited to the treatment of the levels of C" and 
N? below 6 Mev since the channel for emission of the 
odd neutron or proton can be taken as the e channel 
and, aside from radiation, all others are c— channels of 
high binding energy; these c— channels may be elimi- 
nated from (22) by allowing their radii to be infinite 
in which case the y.* vanish. Expression (30b) for the 
displacement of corresponding levels will depend only on 
the boundary conditions on the e channels; (in ITI, 
however, we consider the possible effect of the c— on 
this displacement). Although the formulas of the one- 
channel case may be well known from the treatments of 
the two-body interactions, they are repeated here in 
order to indicate the notation, only those formulas 
being given which are needed in the later discussion. 
Here we are not restricted to the one-level approxima- 
tion. 

In the one-channel case the imaginary part of (22) 
is assumed to be zero so that f,!"=0, and in the limit 
as E,— +E, the real part of (22) is 

—y.?=df/dE, 


and (27b), which relates the reduced widths to the 
observed widths in the one-level approximation, becomes 


Veo? = (2gi™/Tt)—(dg®e/dE), E=Ezes. (31b) 


(31a) 


In connection with (24a), the resonance energy was 
defined as the energy at which 


f=g.F; 


the maxima of the reaction cross sections may, however, 
be shifted slightly from the resonance energy on ac- 
count of the energy dependences of the factors g,'™, 
g-i™, ke in (19). If the e channel has negative energy, 
the bound levels will appear where (31c) is satisfied. 
According to (16b) the ee component of the collision 
matrix for positive energy e channels has modulus one 


(31c) 


20 We distinguish here between “shift” and “displacement.” 
The former is used to denote the shift of a level for any particular 
reason and the latter denotes the difference of the corresponding 
shifts of conjugate levels. For example, the A) are the level shifts 
which contribute an amount A,,—Ayp to the displacement of 
conjugate levels. The net displacement is the difference of the dis- 
placements of a conjugate pair of excited states from that of the 
ground states; it is the displacement which is apparent when the 
energy level diagrams of the mirror nuclei are placed side by side 
with their ground states at the same level, as in Fig. 1. 
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and can be written 
U..=(—1)" exp2i(o.+6.), (32a) 
the nuclear phase shift being 


6.= tan [g'™/(f—g®*)]—tan“"(F/G). (32b) 


If the incident part of the wave function for the e 
channel arises from an incident plane wave beam of unit 
flux, the particular solution (15) is to be multiplied by 
(—1)'*33k-(2/,4+-1)!; in the external region, r times the 
radial part of its wave function is then given by 


— ite (4aeM /hk*)¥(21,+1)4 exp[i(o. +.) ] 


X(F cosé+G sind). (32c) 


In the interaction of s nucleons with C®, the one- 
level approximation is shown to be inadequate by the 
observed variation of y2 by about a factor of three in 
the energy range investigated; according to (31a) this 
variation will also be indicated by a deviation of the 
energy dependence of f, from linearity. The effects of 
other levels can be included by means of the R-matrix 
formalism; in the one-channel case the R-matrix is 
simply the R function and equal to the reciprocal of f 
if we set b,=0:° 


fo=R=Darve(A,— Ey. (33) 


The yy)? are the energy-independent reduced level 
widths. They are to be distinguished from the energy- 
dependent quantity y?(Z) which we have designated as 
the reduced width; according to (33) and (31a) 


¥?(E) = R*, DYayn?(A,—£), (34) 


and 
V(E=E))=y2". 


It is y* which can be determined from the width of a 
resonance level rather than y,? unless E,., should 
happen to coincide with E,; thus, we are primarily 
concerned with the former quantity. However, in the 
one-level approximation 7’ is considered to be constant, 
only one term in the R function being considered, and 
there is then no distinction. Expressions (33) and (34) 
involve too many parameters for applications. A satis- 
factory way of treating deviations from the one-level 
approximation with but one additional parameter is to 
approximate 

R=R,+7(AE,—E)", (35) 
R,, being a constant which is the order of magnitude of 
the average reduced width divided by the level spacing. 
Wigner' has shown that this form will give accurately 
the cross section for scattering over a wide range of 
energies provided there are no intervening resonances. 
Another way of introducing the effects of the other 
levels is, as suggested by FPW, to represent the energy 
dependence of f by 


f(E)=—K tanZ(E), 


where K is a wave number for the incident particle 


(36) 
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within the nucleus, ~1X10"% cm-', and Z(E£) is a 
monotonic increasing function which is anticipated to 
have a fairly smooth energy dependence. This repre- 
sentation is particularly convenient and will be used in 
III and IV. Wigner has shown that every R function 
can be put in this form with a convergent series repre- 
sentation for Z(£). 

In comparing mirror interactions we assume that V 
is sufficiently uniform in the internal region so that 


Sa(En)= fp(Ep— (V)-). (37) 


The net displacements of mirror levels are obtained 
by matching the ground states, as in Fig. 1, thus 
correcting for the energy difference given by (30a) for 
the ground state. However, (37) and (30a) indicate that 
in order to have a common scale for the nuclear excita- 
tion energy of the excited states, the ground state of the 
odd-neutron nucleus should be displaced by an amount 
equal to the ground-state boundary-condition displace- 
ment, A,,—Ay », above the ground state of the odd- 
proton nucleus, assuming that the quantity (V), is the 
same in the excited state as in the ground state. 

It has been shown by Teichmann”™ that nuclear 
resonance levels and their widths may be interpreted in 
terms of the quantities of the effective range theory, 
such as scattering length and effective range. This 
theory has been applied with considerable success to the 
analysis of the s mp and pp interactions;*™ the s 
(C”+n) interaction will be shown to be similar in some 
respects to the *S, mp interaction so that it is appro- 
priate to use the effective range theory in the former 
case in order to bring out the similarity. Moreover, we 
will be able to use the graphs given by Blatt and 
Jackson™ for interpreting the interaction parameters 
in terms of the strengths and intrinsic ranges of various 
potentials. In dealing with broad levels, the nuclear 
resonance theory is considered objectionable on account 
of the sensitivity of its characteristic parameters to the 
channel radius; the effective range theory, on the other 
hand, does not contain a channel radius.” 

If there is no Coulomb or centrifugal interaction, the 
comparison-function potential is conveniently taken to 
be zero everywhere, and the expansion of the effective 
range theory is 


k cotdo= — at 4frok®— Protk'+ --- (38) 


1 E. P. Wigner, Ann. Math. 53, 36 (1951). 

2T. Teichmann, Phys. Rev. 83, 141 (1951); Th. Sexl, Natur- 
wiss. 19, 454 (1951). 

% J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 118 (1949). 

™ H. A. Bethe, Phys. Rev. 76, 38 (1950). 

25 However, an attempt to adapt this theory to the (C¥+ )) s 
interaction encounters the difficulty, due to the strong Coulomb 
barrier, that the comparison function, usually designated y, is 
in the internal region much larger than the actual wave function, 
and as a result the effective range has little significance and the 
expansion which is analogous to (38) has poor convergence. One 
may overcome this difficulty by suitably modifying the com- 
parison-function potential, but then the computation becomes 
unnecessarily difficult and available graphs cannot be used for 
interpretation. 
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where ro is the effective range, a the scattering 
length, and P the shape factor. Expression (38) holds 
for a bound state with the substitutions: coté=—i, 
=—i(2MB/h*)'; B is its binding energy. According 
to (32c) and (38) the relation between the logarithmic 
derivative and the scattering length at a nuclear energy 
E, corresponding to the neutron threshold is given by 


f\(E.)=a(1— 8), (39a) 


where a is the channel radius, which is not to be mis- 
taken here for the scattering length. The reduced widtl. 
at Eo is given by 

“(°(Eo) = (h?/2Ma)(1—8)*(1—8+48—43na), 


which follows from (31a), (32c), and (38). 


B= aa, 


(39b) 


E. Radiative Capture 


Channels for radiation were not included in the con- 
siderations of II-C. It is evident that Eq. (23a), ex- 
pressing conservation of flux, must include a term in 
f-™ to take account of the radiation and there will 
thus be terms in the total width for partial radiative 
widths, as already shown by FPW. No investigations 
have been reported concerning the effect of radiation 
on the real part of f., leading to terms in the total level 
shift from the partial radiative shifts; such terms are 
expected to be negligible owing to the smallness of 
radiative widths. 

An expression is given here for the electric dipole 
s-wave capture cross section, obtained from the usual 
formula for the transition rate between states, which 
separates the contributions to the transition moment 
from the external and internal regions. The reduced 
width of the final state, to which the external contribu- 
tion is proportional, enters as a parameter additional 
to those contained in the familiar resonance capture 
formulas. The contribution to the radiation from the 
internal region is assumed to be proportional to 
J;|¥|%dr as given by (26) in the one-level approxima- 
tion; the contribution from the external region is cal- 
culable in terms of the known wave functions. It is 
known that the contribution to the dipole transition 
moment in the photodisintegration of the deuteron 
arises predominantly from beyond the range of nuclear 
forces so that it should not be surprising that in the 
treatment of radiative capture in light nuclei, some of 
which have rather large reduced widths, it is also neces- 
sary to include the external contribution. 

Only the one-channel case is considered and in order 
to simplify the notation a two-body type of wave func- 
tion is used to describe the internal as well as external 
regions. Neglecting exchange effects, the cross section 
for electric dipole emission is given by** 

| ¢° : 
oy(e—>f) = 64x4(hy) 2 A%4'| f ruaustr| /3K, (0) 
} 0 


* G. Breit and D. M. Yost, Phys. Rev. 48, 203 (1935). 
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where hy is the transition energy, q, is the statistical 
factor for the formation of the initial state ((/.+3+4) 
(2/.+1) for the state with spin J=/+}), A=(Z,A2 
A,Z»)/(A,+Az) is the reduced charge number, q’ is 
the angle-spin integration factor (s;—>pj, q'=3; sy, 
q’=4) and u, and uy (fo%ufdr=1) are r times the radial 
parts (the angle-spin part being normalized to unity) 
of the initial- and final-state wave functions. As we are 
not concerned here with interference from the various 
partial waves, “, can be taken real and is given by the 
modulus of (32c). Equation (40a) can be put in a con- 
venient form by separating the radial integration into 
internal and external parts and by introducing the 


quantities 


a a 
02= aus(a) | f u2Zdr, ap=oupta) / f ufdr, 
0 0 
a - na a } 
M=a Prva /| f uedr- f wir] ;  (40b) 
0 0 0 


3 is a dimensionless measure of the transition moment 
from the internal region (if the radiation is due to the 
nucleon from the entrance channel, IN<1); 62 and 67 
are dimensionless measures of the reduced widths, 
y’= (i? /2Ma), for the two states. With the quantities 
(40b) and (17a) for evaluating u.2(a)=7k,-*(21,4-1) 
xXlV. 


, we find 


x 


J ru,u,dr 4nMk, 


X (N+ 0.0;J)?| fe—ge®e| N05? 


*h-1(21.4+1)atgl™ 


(40c) 


W here 


rs 


J=a f rw.wydr, w(r)=u(r)/u(a), 
a 


” 


V=1+4 6/°a ‘| wy dr. 


a 


In the case of proton capture, V and the energy-de- 
pendent quantity J are found by numerical integration, 
the quantity wy being obtained from (7). In the radia- 
tive capture of thermal neutrons to a final p state with 

binding energy B, they are 
V=14+06/7(x;+2)/2(x,;+1)’, 
3x5+3)—x/(4p+2) 87 )/xP(1+2,), 

xy= (2M Ba?/h*)!. 


J=p0(B—1)-, 
(40d) 


The dimensionless quantity J is a function of the 
energy both because w,, which is a multiple of (32c), 
contains the energy-dependent phase shift 6, and be- 
cause the external wave functions F and G are functions 
of the energy. By means of (32b) the energy dependence 
contained in 6 can be factored out in the form 


J=ko-"\(f—g®*)FGI'+J" 


R. G. THOMAS 


where 


J'=a “f [F(r)F(a)*—G(r)G(a)" rw,dr, 


J" =a°(F+@) a | [G(r)G(a) 


+F(r)F(a)rw;dr. (40e) 
Although the critical energy dependence of F and G in 
the barrier region, which is attributed to the factor Co 
of (13), does not appear in J’, J’, and (FG), the latter 
quantities are nevertheless expected to be mildly 
energy dependent. 

If the radiative capture formula is written in the usual 
one-level form 


Cey= whe Taf (Eves t—EY +4302}, 


w= (21,4+1)q, being the statistical factor, then by com- 
paring (40a, c, e) with (40f) and introducing the one- 
level formula, Eq. (24a), we find that 


4 hv \? a\? 
rela”) ay(2) 0 
3X moc® ro 


ErvestA—E P 
x n+ 20.(- - "| moc, 


i@s 


(40f) 


where 
a=e/he, 


om’ =MN+0.0,J", 


l.*=272(FG)“ <a, ro=e*/moc. 


The energy dependence of the interference between the 
internal and external contributions is thus clearly evi- 
dent. This dependence is also expected to occur with 
radiations of other multipolarities. 


Ill. THE ENERGY LEVELS OF C'* AND N® 
Experimental Data 


The experimental data on the energy levels of C® and 
N" published prior to July, 1950 have been surveyed in 
“Energy Levels III.’’? Considerable additional infor- 
mation has subsequently been gathered, so that it is 
necessary to give a brief summary. 

Levels in N™ shown in Fig. 1 have been observed at 
2.37 and 3.52 Mev from the C"(p, y)N™ resonances. 
By reason of the large width-without-barrier of the 
2.37 resonance, it is attributed to s capture.** The 
resonance at 3.52 Mev was first observed by Van Patter 
and its energy dependence found to be adequately de- 
scribed by a one-level Breit-Wigner formula.?® These 
two levels were also observed by Grosskreutz®® in the 


27 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

% Fowler, Lauritsen, and Lauritsen, Revs. Modern Phys. 20, 
236 (1948). 

27D. M. Van Patter, Phys. Rev. 76, 1264 (1949). 

#0 J. C. Grosskreutz, Phys. Rev. 76, 482 (1949). 
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energy spectrum of neutrons from C"+d and by Gold- 
haber and Williamson* in the elastic scattering of 
protons by C”. A partial wave analysis® of the elastic 
scattering at the 2.37 resonance shows it to be due to 
s-waves ; however, the anomalous energy-dependence of 
the cross section in the vicinity of 3.5 Mev is inter- 
preted as due to a doublet, rather than a single level, 
with one component at 3.50 which is p; and the other 
at 3.55 which is ds. No evidence for any other levels 
below 6-Mev excitation was found in the elastic scatter- 
ing experiment. The fact that only a single level was 
observed at 3.52 from C"(p, y) presents no difficulty 
because the radiation from a d, level to the p; ground 
state would be magnetic quadrupole which is expected 
to be considerably weaker than magnetic dipole radia- 
tion from the p; component. The angular distribution of 
the radiation from the 2.37 level was found to be iso- 
tropic by Devons and Hine in agreement with an s; 
assignment.* The angular distribution of the radiation 
from the 3.52 level, as measured by Day and Perry, 
was found to be anisotropic with the coefficient of 
cos*@ at resonance agreeing with the calculated value 
for a level spin 3; however, the energy dependence of 
this coefficient indicates that the level may be formed by 
d-waves with an s-wave background.* The angular 
distribution of neutrons from C"+d also indicates that 
the 2.37 level is formed by the capture of an s neutron 
in the stripping process; ** the level at 3.5 Mev, though 
not resolved, indicates d, rather than p capture or a 
mixture, which may be due to the fact that the reduced 
width, which enters as a yield factor in this process, is 
5-times greater for the dy component than it is for the 
p; component (see below). 

The level of C® at 3.10 Mev is well established from 
measurements of proton groups and gamma-radiation 
from C"+d." The measurement of Rotblat** and the 
analysis, by means of the stripping theory due to 
Butler,*’ of the angular distribution of protons from this 
reaction, associated with this level and the ground state, 
indicate that they are s; and #;, respectively, and the 
fact that the resulting radiation is electric dipole, as 
determined from the measurement of the internal pair 
formation coefficient for the transition,** is consistent 
with these assignments. Rotblat** has also observed in 


photographic emulsions proton groups associated with 
levels at 3.7 and 3.9 Mev, and from their angular dis- 


31G. Goldhaber and R. M. Williamson, Phys. Rev. 82, 495 
(1951). 

# H. L. Jackson and A. I. Galonsky, Phys. Rev. $4, 401 (1951). 

%S. Devons and M. G. N. Hine, Proc. Roy. Soc. (London) A199, 
56 (1949). 

* R. B. Day and J. E. Perry, Jr., Phys. Rev. 81, 662 (1951) and 
R. B. Day, Ph.D. thesis, California Institute of Technology 
(1951), (unpublished). 

36 F]-Bedewi, Middleton, and Tai, Proc. Phys. Soc. (London) 
AGA, 1055 (1951). 

%* J. Rotblat, Nature 167, 1027 (1951). 

37S. T. Butler, Phys. Rev. 80, 1095 (1950) and Proc. Roy. Soc. 
(London) A208, 559 (1951). 

38 R. G. Thomas, Phys. Rev. 80, 138 (1950). 

% J. Rotblat, Phys. Rev. 83, 1271 (1951). 
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TABLE I. Q values of the B(a, p) reactions. From the compila- 
tion of reaction energies, (see reference 45) the ground-state 
Q-values are: Ba, p)C", 0=4.071+0.010 Mev; B"(a, p)C*, 
Q=0.778+0.007 Mev. 


Reference 
(42) (43) 


4.07 4.08+0.12 


Remarks 


Ba, pyc». 
(ground state) 

Weak 

B"(a, p)C™- 
(ground state) 

(2nd state in C™) 


3.35+0.25 
1 


0.75+0.01 0.85 0.6540.15 


0.24+0.02 0.31 
0.15+0.15 
0.07 
—0.31 
— 1.57 


(3rd state in C™) 
B'°(a, d)C? 
Weak 


—0.22 
—0.57+0.15 





tribution he determined that the levels are formed by 
the capture of » and d neutrons, respectively. This 
finding is in accord with the mirror nuclei hypothesis 
and the observed doublet in N", comprising py and dy 
components, provided that the additional splitting in 
C® can be accounted for as a result of the differences 
of the electromagnetic properties of the odd nucleons. 
The 3.68-Mev level is most clearly evident in the 
N!5(d, a)C™ reaction which was investigated with 
magnetic analysis of the reaction products by Malm 
and Buechne:*’ who, however, failed to observe the 3.9 
level but noted that a weak group associated with such 
a level might be obscured by the presence of a broad 
group associated with the 9.6 level in C® formed from 
the competing N"(d, a)C” reaction. 

Additional results concerning the C"™ levels have 
been obtained from the B'°(a, p)C™ reaction. Because 
they are not easily interpreted, we list the more recent 
Q values® in Table I. Reference 41 used magnetic 
analysis of the particle groups, the others range measure- 
ments. References 43 and 44 apparently do not resolve 
the second and third excited states. The first excited 
state of C is evidently not formed in this reaction. The 
group with 0=3.35 found by reference 43 may come 
from another reaction as Blundell and Rotblat® report 
that there is no level in C® in the vicinity of 1 Mev. 
We assume that the weak groups with Q values of 
—1.57 and —1.75 Mev belong to another reaction since 
no levels appear in C™ from the scattering by C” of 
neutrons with an energy less than 2 Mev," except for 
the broad background which is attributed to the s 
interaction associated with the 3.10 bound level.'* A 
complete survey of these and earlier B(a, p) investiga- 
tions has been given by Slatis, Hjalmar, and Carlsson.* 
A 3.8-Mev gamma-ray has been observed with 1.4-Mev 

© R. Malm and W. W. Buechner, Phys. Rev. 81, 519 (1951). 

‘l G. M. Frye and M. L. Wiedenbeck, Phys. Rev. 82, 960 (1951). 

@R. J. Creagan, Phys. Rev. 76, 1769 (1949). 

*® J. L. Perkin, Phys. Rev. 79, 175 (1950). 

“ Slatis, Hjalmar, and Carlsson, Phys. Rev. $1, 641 (1951). 

oat Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
eS M. Blundell and J. Rotblat, Phys. Rev. 81, 144 (1951). 

47D. W. Miller, Phys. Rev. 78, 806 (1950). 

‘8 Slatis, Hjalmar, and Carlsson, Arkiv. Fys. 17, 315 (1951). 
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Fic. 1. The energy levels of C4“ and N™ below 6 Mev. 
alpha-particles ;° this gamma-ray may be emitted from 
either or both the 3.7- and 3.9-Mev levels. In Fig. 1, 
which shows the levels of C* and N® below 6 Mev, we 
have adopted Rotblat’s value of 3.9 for the position of 
the second excited level of C'*; the B'°(a, p) data, how- 
ever, favor a somewhat higher energy. 

Thus, there appear at low excitation energies levels in 
C and N"® which may be characterized as s, p, d 
neutrons and protons interacting with a C® core. We 
turn to the study of the widths, displacements, spacings, 
and radiative properties of these levels. 


s Interaction 


According to (31c), the known positions of the C?+ p 
resonance at 2.37 and the C® bound level at 3.10 de- 
termine {(£) and therefore Z(E) from (36) at the re- 
spective excitation energies; these data are plotted in 
Fig. 2(a) for Ka= 2.5 and 3.5 and with a channel radius 
a=4.9.°° Tentatively we assume that the nuclear energy 
of N" is the same as that of C when both energies are 
referred to their ground states. A third value of Z at 
E=4.95 is obtained from the epithermal neutron 
scattering length for carbon using (39a). This scattering 
length, as measured by Havens and Rainwater," is 
a~!=(¢/4r)'=6.11X10-" cm; this datum is in agree- 
ment with that of Jones.” Since there is no measurable 
spin or isotopic effect in the coherent scattering of 

* Bennett, Roys, and Toppel, Phys. Rev. 82, 22 (1951). 

5° The energy of relative motion, ¢, will be given in laboratory 
units unless stated otherwise. The nuclear excitation energy E is 
referred to the ground state and given in Mev in the center-of- 
mass system. Nuclear radii are given in units of 10-" cm. 

51 W. W. Havens, Jr., and L. J. Rainwater, Phys. Rev. 75, 1296 


(1949) 
8 W. B. Jones, Phys. Rev. 74, 364 (1948). 
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thermal neutrons," the presence of a small amount of 
C® can be disregarded. We obtain dZ/dE at 2.37 from 
the width, 't=35 kev, of the C+ resonance using 
(31a, b). This slope appears as a solid line in Fig. 2. 
The sensitivity of the computation from (31b) of 
y*, and likewise of dZ/dE, to the choice of a for the 
resonance at 2.37 is illustrated in Fig. 3 by plotting 
6-*=h?/2May* as a function of a, using (13) for ob- 
taining dg®*/dE. The radial dependence is due to the 
positive quantities g'™ and dg®*/dE; g™ decreases with 
decreasing a more than dg®*/dE and to such an extent 
that for a<2.7 the positive-definite @ becomes nega- 
tive. This difficulty arises from the fact that we assume 
that only the Coulomb interaction exists in the external 
region (r>a) when, evidently, nuclear interactions are 
also present. The net effect of ignoring these (attractive) 
nuclear interactions is that a value of g'™ is used which 
is too small and a value of dg®*/dE which is too large; 
consequently the value obtained for 6 is low and, for 
sufficiently small a, can even have the wrong sign. From 
the plot of Fig. 3 and the sum rule for reduced widths,™ 
one can infer that the range of the nuclear interaction 
is > 3.6. The determination of ? at this resonance is also 
especially sensitive to the experimental value of It; 
this sensitivity is an indication that the strong Coulomb 
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Fic. 2. A plot of Z=tan~!(—f/K) as a function of E for the s 
interactions: (a) a=4.9 for C"%+,n; a=5.27 for O%+> , n; 
(b) a=4.4 for C®+ 9, n. 


8 FE. O. Wollan and C. G. Shull, Phys. Rev. 73, 830 (1948); 
Burgy, Ringo, and Hughes, Phys. Rev. 84, 1164 (1951); W. C. 
Koehler and E. O. Wollan, Phys. 85, 491 (1952). 

4 Dep ynct=3h?/2Ma; E. P. Wigner, Am. J. Phys. 17, 99 (1949). 
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barrier for the incident proton makes it difficult to 
obtain accurate information concerning the nuclear 
interaction. Published values of nuclear radii of carbon, 
which have been obtained in various ways, are indicated 
at the top of the graph. 

The evaluation of reduced widths from (31b) is also 
particularly sensitive to the value of / which is assumed 
for the incident particle, and this fact can be used 
advantageously to set an upper limit on /. As shown by 
Ehrman," assignments of />0 to the 2.37 resonance 
level in N™ are excluded because 7? would be negative 
for any reasonable choice for a, thus conclusively es- 
tablishing that this resonance is due to s protons. 

A value for dZ/dE at 4.95 Mev can be obtained from 
the plot of &cotds for the low energy scattering of 
neutrons by carbon shown in Fig. 4. The data obtained 
by Miller, although of high relative accuracy (the 
k cotd plot considerably exaggerates the scatter of the 
points), is not claimed to be precise in absolute magni- 
tude ;** since it is in excellent agreement with the abso- 
lute measurements of Williams,** it is assumed to be 
absolute throughout. 

In order to compute k cotd, it is necessary to sub- 
tract the scattering contribution from the higher angular 
momenta, 


4arkZ 1¢0(2/-# 1) sin*s:, (41a) 


6, being given in terms of f and the external functions 
by (32b). The subtraction was actually carried out for 
scattering from a hard sphere, fizo= ©, of radius 3.9, 
Subsequently, however, Wigner*’ has shown that as a 
consequence of the finite contribution to the R function 
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Fic. 3. Reciprocal of the reduced width, in dimensionless units, 
plotted as a function of the channel radius for the C®+ p resonance 
at ep=0.456 kev. Nuclear radii obtained in various ways are indi- 
cated at the top of the graph: (1) Neutron scattering at 95 Mev 
(theory: transparent nucleus)—J. De Jurenand N. Knable, 
Phys. Rev. 77, 606 (1950); (2) From the ground-state Coulomb 
energy difference, R-=1.46A!; (3) Neutron scattering at 25 Mev 
(theory: schematic)--H. Feshbach and V. F. Weisskopf, Phys. 
Rev. 16, = (1949); (4) Total neutron cross section at 42 Mev 
(theory : nucleus)—P. H. Hildebrand and C. E. Leith, 
sage Ev. | Rev. 8, 842 (1950). 


6D. We) W. Miller (private communication). 

% Lampi, Freier, and Williams, Phys. Rev. 7% 853 (1950) ; 
Freier, Fulk, and Williams, Phys. Rev. 78, 508 (19 

87 FE, P. Wigner, Proc. Cambridge Phil. Soc. 47, 700 (1951). 
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Fic. 4. Plot of & cotd for the scattering of low energy neutrons 
by carbon. The points at ¢,=0.4, 0.6, 0.8 Mev have vertical lines 
through them to indicate the possible uncertainty of the correc- 
tion for the scattering of the higher partial waves. 


from distant high energy levels, the value 
Sf 0= Sr(E) log(X#+-T})/(XI1—T}) —(41b) 


is to be preferred. Here E=e+B, X=E+T, B being 
the binding energy of the incident neutron (or pro- 
ton), 7 its kinetic energy in the nucleus, and Spr(E) 
= (7.?)wD~ is the average reduced level width divided 
by the level spacing, evaluated at an excitation energy 
E. With this expression for fi, (41a) yields a negligibly 
small contribution, but since (41b) is only an estimate, 
we have indicated the possible uncertainty of the 
k coté plot by drawing vertical lines through the points 
at 0.4, 0.6, 0.8 Mev; the tops of these lines correspond 
to scattering from a hard sphere of radius 4.1 and the 
bottoms to no correction, as indicated by (41b). In any 
case, the correction is almost negligible below 0.8 Mev 
and resonances in the scattering do not occur below 
én= 2.1 Mev®® so that the plot should be of some sig- 
nificance. 

From the plot, together with the datum from the 
bound s state at 3.10, we find that the interaction 
parameters lie between: [7o= 2.9K 10-8 cm, P=0.02] 
and [ro=3.6X10-" cm, P=—0.08]. From (39b) we 
then find #(E= 4.95) =0.55-40.25 with a=4.9, and the 
value of dZ/dE=2MaK/h?#(f?+ K*) corresponding to 
it is represented on Fig. 2(a). This value of # is clearly 
smaller than the value #(£=2.37)=1.4 obtained from 
Fig. 3 for the same a. This variation of & indicates that 
the one-level approximation is inadequate for treating 
the s interaction over a 23-Mev range. 

The curves given by Blatt and Jackson enable one to 
say something about the nature of the neutron inter- 
action; according to Figs. 6 and 10 of their paper, the 
long-tailed interactions are excluded and a square well 
would have a radius of about 4.7 and a depth of about 
11 Mev. In connection with the use of these curves, we 
note that according to almost any model, a node is 


58 Bockelman, Miller, Adair, and Barschall, 
69 (1951). 
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Fic. 5. The quantity J of Eq. (40c) as a function of the proton 
energy for an s— transition in the capture of protons by C” 
using a channel radius of 4.9X 10~" cm. 


predicted for the internal wave function. Consequently, 
these may not apply exactly to our case although we 
would not expect very much change, other than in the 
determination of well depths, if the node were included. 
We have verified that a square well wave function with 
a node gives a k coté plot that is nearly identical with 
that shown in Fig. 4 for the case without the node. 
However, the radius of the well is 4.0 and the depth is 
35 Mev. 

Also shown in Fig. 4 are the straight lines correspond- 
ing to P=0 with either the 3.68 or 3.10 levels as the 
bound s state. If the 3.68 level is taken as the bound s 
state, we find P= —0.14 with ro about 3.0; judging from 
Fig. 10 of reference 23, these values are unreasonable. 

Returning to Fig. 2(a),it appears that in order to have 
the points and slopes determine a smooth curve, it is 
necessary to increase E for N™ with respect to C® by 
about 150 kev. In the ensuing analysis of the p-interac- 
tion, it is shown that due to the level shift terms A, 
and the differences of the electromagnetic spin-orbit 
interactions of the odd particle, the ground-state excita- 
tion energy of N"® is shifted downwards with respect 
to C® by about (39—27)-kev. Consequently, either the 
quantity (V), is (150+12)-kev less in the s state than 
in the ground state or else the C”+-n and the C"+p) 
nuclear interactions differ by this much. This diminu- 
tion is only 5 percent of the total Coulomb energy due 
to the odd proton, and it is reasonable to expect this 
amount for a state having a large reduced width com- 
pared to that of the ground state (which will be shown 
to be about 15 times smaller). From a compilation of 
various theoretical calculations of Coulomb energies,*® 
it appears that +200 kev may be a reasonable estimate 
of possible variations of the internal Coulomb energy 
in different states of N™. 

The energy at which Z(£)=0 is the unshifted level 
position in the theory of W-E, corresponding to the 
boundary condition 6=0 in (28); thus, E,=1.3 for C# 


8° W. E. Stephens, Phys. Rev. 57, 938 (1940). 
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and 1.1 Mev for N™. The reduced width at Ej is @?=1.5. 
The energy required to increase Z by 7 is the level spac- 
ing, which is about 12 Mev. This large reduced width 
(the upper estimate given by the sum rule® is 3.0) and 
level spacing demonstrate that the interaction is essen- 
tially a two-body type with no amalgamation of the odd 
particle within the C” core; (the number of nuclear 
traversals of the incident particle is @~* in the classical 
sense). 

There is an additional datum on the s-wave interaction from the 
angular distribution of the scattering of 4.2-Mev protons by C® 
(E=5.9 Mev. From a phase shift analysis it was concluded that 
s-waves alone could account for this distribution with 5)=127°.@ 
By means of (32b) we determine that f=9.6 and thus Z=1.9 for 
Ka=3.0, a value which is considerably displaced from the curves 
of Fig. 2a. This discrepancy may be due to the omission of the 
higher partial waves in the phase shift analysis or to the presence 
of narrow s resonances at higher energies causing Z to behave 
erratically (see IV on the O%+ ,m s interactions where such 
erratic behavior is observed). 


By introducing the neutron scattering data into the 
analysis and the use of (36), which effectively amounts 
to including the level spacing as a third parameter in 
the analysis, it has been possible partially to overcome 
the critical dependence on the channel radius in the 
level displacement computation, which was observed 
by Ehrman." Figure 2(b) gives a plot of Z using a= 4.4 
wherein the N"* datum at 2.37 is displaced by less than 
50 kev from the smooth curve determined by the C?+-n 
data. Although a 150-kev discrepancy was observed 
with a=4.9, we would in fact expect (V), to decrease 
with increasing a. The resonance parameters as ob- 
tained from Fig. 2(b) are: #?=2.0, E.=0.6, D=19 
Mev; these differ from those found with a=4.9. The 
quantities 0? and E, are, however, by definition func- 
tions of a. This dependence has been investigated by 
Teichmann who shows that? 

dE,/da= (U—«)6,?/a (42a) 
and 
dy”, da = [2(ea- Vv )R. —_ yr? 10,2 ‘a, (42b) 
where 


Ro=> tr¥ee (E,—)), 02=2M ay)? h’; 


Vand eare the quantitiesentering (3),and Ra ~ (7")w/D. 
These two relations are a consequence of (3) and the 
definitions of Ey, y,?. The observed radial dependences 
of 6? and E, are in qualitative agreement with these 
derivatives. However, the variation of D with a is 
more than expected, which is probably, to a certain 
extent at least, because we are trying to obtain more 
information from the data than entitled to. 

Having determined the s interaction parameters, we 
should be able to account for the energy dependence of 
the electric dipole radiative capture cross section for 
transitions to the ground state. The reduced charge 
number entering in (40a) is 6/13 for both neutron and 
proton capture so that, aside from a common E de- 


bed Heitler, May, and Powell, Proc. Roy. Soc. (London) 190, 180 
(1947). 
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pendence, the differences of the cross sections should be 
due to differences of the external wave functions. 
The C"(p, y) resonance cross section, as measured by 
Fowler, Lauritsen, and Lauritsen® and also by Sea- 
grave, is (1.25+0.15)10~ barn. Hall and Fowler® 
as well as Bailey and Stratton® measured this cross 
section below resonance and found deviations from the 
usual Breit-Wigner formula, which increased with 
decreasing proton energy. In particular, the cross sec- 
tion at €¢,=120 kev is (6.1+0.9)10~ barn, which is 
about two-times greater than the value predicted by the 
extension of the Breit-Wigner curve fitted to the 
resonance data (and taking into account the (hy) 
dependence of the radiative width). 

The thermal neutron capture cross section of graphite 
is listed as 4.5 mb and that of C¥ as about 100 mb, so 
that the C” isotopic cross section is about 3.5 mb and 
perhaps less considering the possibility of contributions 
from impurities. This cross section is about five times 
smaller than that calculated by extending the C"(p, y) 
resonance data, taking account of the differences of the 
external wave functions and the (hv)* factor but neglect- 
ing the external contribution to the transition moment. 

Because of the large reduced width and level spacing 
of the initial s-state, these deviations are attributed to 
the omission in the usual resonance formula of the ex- 
ternal contribution to the transition moment, rather 
than to large variations of the internal transition 
moment SM of (40b). Contributions to the capture from 
higher partial waves are estimated to be negligible. 

When the values of f, and 6, obtained from Fig. 2(a) 
are substituted into (40c), the possible values of 3% and 
6, which will satisfy the C"(p, y) measurements at 
€p=456 and 120 kev can be determined. Considering 
the experimental uncertainties, these values lie in the 
region of Fig. 6 common to the two sets of parallel lines 
for each measurement. The values of J required in 
(40c) are given in Fig. 5. The possible range of values 
for IW and 6; can be considerably reduced by including 
the thermal neutron capture cross section to the ground 
state of C® (for which J=—0.70 according to (40d)) 
which we assume to be between 1.8 and 3.5 mb consider- 
ing the possibility that a part of the cross section may 
be due to transitions to excited states, as indicated 
below; (there are two sets of parallel lines because of 
the ambiguity in sign of IN+6,.6;/). With the assump- 
tion that IN can be treated as constant over a 2.9-Mev 
range of nuclear excitation energy (about one-fifth of 
the level spacing), the possible range of values is nar- 
rowed to the regions in Fig. 6 labeled I and IT. Further 
comments on Fig. 6 follow the discussion of the p 
interaction. 

Qualitatively, the anomalous behavior of the C"(, y) 
cross section is due to the fact that the external con- 


6 J. Seagrave, Phys. Rev. 84, 1219 (1951). 

®R. N. Hall and W. A. Fowler, Phys. Rev. 77, 197 (1950). 

% C. L. Bailey and W. R. Stratton, Phys. Rev. 77, 194 (1950). 
“« M. Ross and J. S. Story, Repts. Progr. Phys. 12, 291 (1948). 
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Fic. 6. Square root of the final-state reduced width plotted as a 
function of the internal transition moment 9M for various transi- 
tions in the capture of s protois and neutrons by C®. 


tribution to the moment is of the same sign as the 
internal contribution and increases with decreasing 
proton energy. Since the neutron scattering length of 
C® is positive and only slightly larger than the channel 
radius, the external contribution to the C#(m, y) 
process is opposite in sign to the internal contribution 
thus yielding a small cross section. In contrast, in the 
capture of thermal neutrons by Li’ the negative scatter- 
ing length provides a large external electric dipole 
transition moment, which is qualitatively capable of 
explaining the anomalously large cross section.® 

In connection with the energy production in stars by means of 
the carbon cycle, it is required to know the C™ proton capture 
cross section at stellar temperatures. This cross section can be 
obtained with sufficient accuracy by writing (40f) as 
Coy = the %w(hv/hvren)*T y—re0' Vet 

X([1+C(Ercea—E)P/C(Ercee—E+30."), (43) 

the parameters Pie's r,' being found from the behavior of the 
cross section in the vicinity of the resonance and the constant C 
from the cross section at ¢,= 120 kev. At proton energies which are 
sufficiently below the resonance so that the width term in the 
denominator of (43) can be ignored, the expression obtained by 
this procedure is 

ey=6.8X10-(hy)*e¢[ (0.42—¢,) 142.7} exp(—5.74¢."4) 
with Ay and ¢, in units of Mev, measured in the c.m. system. For 
example, at ¢,=28 kev, o¢y=6.1 10" barn. 


p Interaction 


The magnetic moment of C" falls very close to the 
Schmidt line for J=/—}=}4 suggesting that an inde- 


* R. G. Thomas, Phys. Rev. 84, 1061 (1951). 
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Tas_e II. Level shifts in kev due to the electromagnetic 
spin-orbit interaction. Rak SX 10-8 cm. 


Level NU cu 
dy 18 
diz 32 —27 
para —1i1 9 
pin 21 —18 


pendent-particle type of interaction prevails between 
the odd neutron and the C” core. Moreover, the radia- 
tive width for a magnetic dipole transition between the 
p; excited and the p; ground states of N™ indicates an 
almost complete overlap of the radial wave functions, 
suggesting that this type of interaction may also pre- 
vail in the p; state with J=/+-}. The radiative width, 
wl,” of the p; level, as measured by Van Patter’ as 
well as by Seagrave,® is 1.3 ev. Assuming that a two- 
body interaction is involved between the odd proton 
and the core and neglecting possible interaction effects,” 
the width for a py, transition is given by® 


wl, = (2/9) (hv)*(e?/hc)(Mc*)-*(g,—gi)*x*, (44) 
where g,, g: are the spin and orbital g factors, and 
v(< 1) measures the extent of overlap of the radial wave 
functions. With g,=5.58, g:=0.96, hy=3.52, we find 
+=().90. Such a slight difference of the wave functions is 
to be expected, even with similar interactions, because 
of the difference of the binding in the external region. 
Further evidence for the similarity of these two states 
is provided by the fact that the intensities of the 
N+-d alpha-particle groups associated with them are 
very nearly equal." 

From a consideration of the shell model with strong 
spin-orbit coupling and of level assignments in other 
nuclei, it has been proposed that the odd proton of the p; 
state of N® is an excited 2p; configurational state 
whereas in the ground state it is in a 1p; configurational 
state. If this hypothesis is correct, we would expect 
a much smaller value of the overlap, x. On the other 
hand, it would seem consistent with the evidence for the 
large overlap to consider the py state as a p, hole in the 
1p proton shell and the p; ground state as a f; hole in 
the 1p proton shell. 

According to the analysis of Jackson and Galonsky,® 
the resonance parameters ascribed to the py com- 
ponent of the doublet at ¢,=1.7, as observed in the 
measurement, are: E,..=3.501, 
E,=3.508 (with the boundary condition 6=a~), 
rt (c.m.)=0.042 Mev, 2=(0.377X10-8 Mev-cm 
(@=0.08). The observed width is smaller than the value 
74+9 kev obtained by Van Patter or 70+10 kev 


elastic scattering 


® The difference between I, and I’, at this resonance is 
only a few percent and may therefore be ignored. This difference 
is small because the proton reduced width is small. 

®7 R. G. Sachs and M. Ross, Phys. Rev. 84, 379 (1951). 

* FE. U. Condon and G. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935). 

* Koester, Jackson, and Adair, Phys. Rev. 83, 1250 (1951). 
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obtained by Seagrave from C"(p, y). As mentioned 
above, the capture data fit a one-level formula and it 
is unlikely that the dy component of the doublet con- 
tributes significantly; therefore, we use the 70-kev 
value, which corresponds to #=0.12, for computing the 
boundary-condition displacement of the corresponding 
pf; levels. In the one-channel, one-level approximation 
the contribution to this displacement from the p, levels 
is then 


Ap,(C)—Ap,(N®) = 7°(gp®— gn) =90 kev, 


from (30b) with a=4.9. In order to compute the effect 
on the net displacement from the ground-state boun- 
dary condition difference, it is necessary to know the 
ground-state reduced widths. Assuming them to be 
equal, this information is provided by Fig. 6, there 
being, however, the two possible values 6,°=0.07 or 
0.3, from regions I and II, respectively. With these 
values and /=1, the — state boundary-condition 
displacement is Ap,(C"*)—Ap,(N")=27 or 100 kev, 
respectively. 

Inglis’? and Mottelson™ have considered the differ- 
ence of the electromagnetic spin-orbit interactions in 
their treatments of the displacements of the first 
excited states of Be’ and Li’; a part of the displacements 
of the N%—C' levels may be due to this effect. Assum- 
ing again a two-body interaction and a uniform distri- 
bution of charge throughout a radius R., the contribu- 
tion to (V), from a particular level is” 


Zé(T-—g,)|-s/2M’CR2, (45) 


where Z is the core charge, 7~=1, 0 for an odd proton 
or neutron respectively, and g is the spin g-factor. 
Table II lists the shifts for various states using the 
Coulomb radius, R.=1.46A!. If some of the orbital 
motion is shared by the core, the shifts are expected to 
be smaller in absolute value. 

From Table II, the contribution to the differences of 
the E) are then 


Ep,(C¥)—Ep,(N¥)= 20 kev, 
Ep,(C™) oe Ep,(N") = — 39 kev. 


The net displacement of the excited p; states, as would 
appear in Fig. 1, is the difference of the total displace- 
ments of the excited and ground states : 90— (27 or 100) 
+20+39= 122 or 49 kev, the observed value being 160 
kev. Although neither of the calculated values can be 
considered as in good agreement with the observed 
value, the ground state reduced width @=0.07 from 


7D. R. Inglis, Phys. Rev. 82, 181 (1951), Eq. (15). This equa- 


tion should read E,,=(2/A)(137/1837)?Zgme? =0.0032Z(g/2)me*. 
The magnetic contributions there attributed to the droplet model 
should thus be reduced by a factor of two, bringing them much 
more nearly in agreement with the results of the more refined 
oscillator treatment on which the main conclusions of the paper 
were based [D. R. Inglis (private communication) ]. 

7 Ben R. Mottelson, Phys. Rev. 82, 287 (1951). 

%L. Rosenfeld, Nuclear Forces (Interscience Publishers, New 
York, 1948), Sec. 15.22, Eq. (11). 
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region I of Fig. 6 is preferred; the 38-kev discrepancy 
may be due to the diminution of the internal Coulomb 
energy of the excited state from that of the ground state. 
Although it was noted that this energy may be uncer- 
tain by as much as 200 kev, the overlap of the p; and 
p; radial wave functions indicates that the diminution 
is probably small. By fitting square-well wave functions 
to the logarithmic derivatives of these states, a Coulomb 
energy of the excited state is obtained which is 50 kev 
less than that of the ground state. This observation, 
however, is only intended to be suggestive, because 
square well wave functions are not compatible with the 
observed reduced widths of these levels. 

It is noteworthy that the ground-state reduced width 
#=0.07 is the same order magnitude, although some- 
what smaller, as that of the p; excited state. If the 
p; and p, states are indeed similar, we would in fact 
expect the reduced width of the more tightly bound 
ground state to be smaller. 


It is possible to give some justification to the use of the one- 
channel approximation in the boundary-condition level displace- 
ment calculations by giving an upper-limit estimate of the displace- 
ments from other possible (negative-energy) alternatives. Because 
the reduced widths of the p levels are considerable smaller than 
3h?/2Ma, the sum over reduced widths, other alternatives may 
have large reduced widths and contribute significantly to the dis- 
placements. As an example, we consider as alternatives for the 
pj states, 

C*: Beta, 

N™*; B® +a, 
and for the /} states, 

C¥: Be*+a, e=—13.1 Mev, 

N¥: B* +a, e=—11.9 Mev, 


the excited state of Be® being the one at 2.4 Mev which we assume 
to be Py and B® being its mirror; the alpha-particle is assigned 
zero orbital angular momentum. If the reduced widths for both 
pairs of alternatives are taken to be the upper estimate, 3/?/2Ma, 
the displacements are found to be 120 kev in both states. The net 
displacement of the excited levels would be the difference and thus 
zero. (If the reduced widths for these alternatives were not assumed 
to be equal, any net displacement between +120 kev could be ob- 
tained.) Other possible alternatives for these levels would have 
larger binding energies (smaller |g,®*—g,®*|) and thus give rise 
to smaller shifts. As this is an extreme example, we have some 
assurance that these alternatives do not contribute significantly 
to the net level displacement. 


e=—7.0 Mev, 
e=—6.0 Mev; 


We return to the discussion of the radiative capture 
of thermal neutrons by C”. The cross section for transi- 
tion to the 3.68 level is predicted in Fig. 6 as a function 
of SM and 6,. Although the factor g’(hv)* of (40a) is 
30 times smaller for a transition to this level than to the 
ground state, the external contribution to the moment 
may predominate because the binding energy of the 
final state is small (B=1.27 Mev so that /=—4.6). 
From the width of the mirror level of N™, 6; is expected 
to be about 0.35 and from the evidence for the simi- 
larity of the p; and , radial wave functions it is 
plasuible that IN~0.3. With these values we obtain 
from Fig. 6 a cross section of about 1.5 mb, which is not 
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inconsistent with the measurements by Kinsey ef al.” 
of the carbon neutron capture spectrum. Although these 
investigators do not report a gamma-ray of this energy, 
a rise in the counting rate with an end point correspond- 
ing to a 3.7-Mev transition is visible in Fig. 3 of their 
paper; considering the rapid diminution of the pair 
spectrometer sensitivity with decreasing gamma-ray 
energy, we estimate the upper limit for the intensity of 
this gamma-ray to be about 75 percent of that of the 
4.95 ground-state transition, which puts an upper limit 
of 1.5 mb on the cross section. Additional evidence 
favoring such a transition is given by ionization- 
chamber measurements of photoprotons from the dis- 
integration of deuterons by the capture gamma-rays ;“ 
a 3.65-Mev transition having an intensity comparable 
to that of the 4.95-Mev gamma-ray was observed. 
However, gamma-rays of 3.05, 3.40, and 4.1 Mev were 
also observed which we cannot account for in terms of 
the proposed level assignments; a cascade through the 
3.10 level should not occur since a single nucleon 
$y, (forbidden) transition would be required. The 
possibility of impurity contributions in this measure- 
ment is indicated. 


d Interaction 


According to the analysis of Jackson and Galonsky, 
the regonance parameters ascribed to the dy level of N¥ 
are: Eres=3.549 Mev, E,(6=2/a)=3.593, Tt (c.m.) 
=0.040 Mev, y,?=2.36X10-" Mev-cm (#=0.50). In 
the one-channel, one-level approximation the calculated 
displacement of the corresponding dy levels due to the 
boundary-condition difference is Ads(C™)—Ad(N") 
=190 kev. To this amount, 78 kev is added for the 
differences of the electromagnetic spin-orbit interac- 
tions (from Table II) and 27 kev subtracted for the 
ground-state boundary-condition displacement, ob- 
taining a net displacement of 240 kev, which is 100-kev 
smaller than observed. This discrepancy may be due 
to the diminution of the internal Coulomb energy of the 
excited state as a consequence. of its higher angular 
momentum and rather large reduced width. For in- 
stance, a square well, d orbital wave function has 80 kev 
less internal Coulomb energy in a uniformly charged 
sphere than a corresponding p function; but again, this 
observation is intended only to be suggestive as a square 
well wave function with the proper f value has a re- 
duced width four-times larger than observed. 

As the reduced width for this interaction is large and 
as there are no data permitting consideration of the level 
spacing, the boundary-condition shift computation is 
rather sensitive to the assumed channel radius. For 
example, with a=4.4 the boundary-condition displace- 
ment is 240 kev rather than 190 kev; with a=3.9 it is 
320 kev. 


% Kinsey, Bartholomew, and Walker, Can. J. Phys. 29, 1 


(1951). 
™ Richard Wilson, Phys. Rev. 80, 90 (1950). 
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No evidence has been found below 6 Mev for a dy 
interaction in either nucleus. 


IV. COMPARISON OF THE F'’—O" WITH THE 
N'*—C'# s LEVELS 


The analysis of the angular distribution of protons 
and neutrons from the O'®+d reaction indicates that the 
first excited states of O' at 0.871 Mev and of F" at 
().536 Mev are formed by the capture of an s neutron 
and proton, respectively, and that the ground states are 
formed by the capture of a d neutron and proton, re- 
spectively.”*-?? The spin of O'7 in the ground state is 
5/2 making the assignment J=/+} in agreement with 
the observed magnitude of the magnetic moment on the 
independent-particle model.7* The measured quad- 
rupole moment is also consistent with this assignment 
if the O* core is considered to be undistorted but its 
center displaced from the center of mass due to the 
presence of the odd neutron.’® These assignments are 
consistent with the measured internal conversion coeffi- 
cient of the O'’* radiation, which indicates that the 
transition is electric quadrupole or a mixture of this and 
magnetic dipole ;*° the s, assignment to O!"* is also com- 
patible with the observed isotropy of the gamma-radia- 
tion accompanying the deuteron reaction.*' Koester, 
Jackson, and Adair® have noted that these two levels 
of F'"—O" are the analogs of the first and third excited 
states of N", though in reverse order, and fit in a shell 
model scheme. Here we show that there is indeed a 
similarity in the energy dependence of the interactions 
of s nucleons with O"* and C®. 

Figure 2(a) also shows Z(E) for the O'*+ , m inter- 
actions with Ka=3.0, 4.0 using a channel radius of 
5.27. The points at E=0.536 and 0.871 are obtained 
from the values of f, for the bound levels. The point at 
E=4.145 Mev is from the O"* epithermal neutron scat- 
tering cross section, 3.73+-0.04 barns, as measured by 
Melkonian.™ The points determine a straight line which 
is parallel to the C”?+-p, m line, indicating that the 
respective reduced widths and level spacings are about 
the same. Since the C® neutron binding energy is 
0.8-Mev greater than that of O'’, the 2}-Mev displace- 
ment of the lines indicates that the O" interaction is 
about 1}-Mev stronger despite the use of a larger 
channel radius. The low energy neutron scattering cross 
section for O"* can be calculated from the extrapolation 
of Z(E) beyond 4 Mev; the values obtained are con- 
sistent with the observed “nonresonant” scattering up 
to e,=2 Mev. In this range Z is near r/2 so that f is 


’ Burrows, Gibson, and Rotblat, Phys. Rev. 80, 1095 (1950). 

* Fay Ajzenberg, Phys. Rev. 83, 693 (1951). 

? El-Bedewi, Middleton, and Tai, Proc. Phys. Soc. (London) 
A64, 756 (1951). 

7 F. Alder and F. C. Yu, Phys. Rev. 81, 1067 (1951). 

7® Geschwind, Gunther-Mohr, and Silvey, Phys. Rev. 85, 474 
(1952). 

* R. G. Thomas and T. Lauritsen (to be published). 

8! Jacques Thirion, Compt. rend. (1951). 

® E. Melkonian, Phys. Rev. 76, 1750 (1949). 
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large and the scattering essentially potential for the 
channel radius, 5.27, used in the calculation. 

Heitler, May, and Powell® also measured the s-wave 
phase shift from the scattering of 4.2-Mev protons by 
O'* (E=4.6). From a phase shift analysis they conclude 
that 59=140°; for this shift we find Z=2.2, a value 
lying considerably off the dashed lines of Fig. 2(a) 
through the low energy points. As with their C®+ ) 
measurement, the discrepancy may be due to the omis- 
sion of the higher partial waves in the analysis or to an 
erratic behavior of Z. In connection with the latter 
possibility, Baldinger, Huber, and Proctor® find from a 
phase shift analysis of the scattering of neutrons by O'* 
an inverted s resonance at ¢, = 2.4 Mev (E=6.4) having 
a width of 180 kev; this level is also identified as s-wave 
by Bockelman ef al.* The presence of such a narrow 
level implies that Z increases by 7 in a narrow energy 
interval. A similar phenomenon has been observed by 
Laubenstein from the scattering of protons by O'*;* at 
€,p= 2.66 (E=3.1) there is an inverted resonance which 
is only 20-kev wide and attributed to s protons, im- 
plying that Z also increases by 7 in a narrow region 
about E=3.1. According to the sum-over-levels,’:? the 
width of this resonance corresponds to a level spacing of 
about 150 kev and the neutron resonance at E=6.3 toa 
level spacing of about 1 Mev. Such level spacings are 
not compatible with the observed level density. How- 
ever, it is not known to what extent the sum-over-levels 
is valid or, equivalently, to what extent a smooth energy 
dependence for Z is to be expected. At any rate, it ap- 
pears that there are narrow s-levels in addition to the 
broad levels, the latter being depicted by Fig. 2(a).t 

The energy difference of the ground states of F'? and O", as 
obtained from recent Q determinations, is about 140 kev less 
than the value obtained from the assumption of a uniform distri- 
bution of charge throughout a volume with a radius equal to 
1.46A!. This deviation may be partly due to the boundary-condi- 
tion level displacement. If the reduced widths of the ground states 
of F” and O" are assumed to be the same as that of the dy state 
of N, we obtain a boundary-condition displacement of Ady(O") 
— Ady(F') = 190 kev and an additional displacement of 40 kev due 
to the electromagnetic spin-orbit interaction (from Table II). 
Therefore, the nuclear excitation energy of F'’, referred to the 
ground state of O'’, may be about 200 kev less than its value 
referred to the ground state of F'’; if this is the case, the point in 
Fig. 2(a) at E=0.536 should actually be placed somewhere be- 
tween E=0.3 and 0.4 when comparing with the O"” data. The 
possibility of this shift does not affect the above conclusions con- 
cerning the 0+ , m s interaction. 


V. CONCLUSIONS 


An analysis using recent nuclear resonance theories 
has been made of the available data on the interaction 
3 Baldinger, Huber, and Proctor, Phys. Rev. 84, 1058 (1951). 
* Laubenstein, Laubenstein, Koester, and Mobley, Phys. Rev. 
84, 12 (1951); R. A. Laubenstein and M. J. W. Laubenstein, 
Phys. Rev. 84, 18 (1951). 

t Note added in proof: According to a private communication 
from F. J. Eppling of the University of Wisconsin, angular dis- 
tributions of protons scattered by O"* indicate that the E=3.1 Mev 
level is py rather than sj. 
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of s, p, d nucleons with C”, and of s nucleons with O". 
The large reduced widths and level spacings charac- 
terizing the s interactions at low excitation energies are 
indications that two-body types of potentials predomi- 
nate between the odd nucleon and the C” and O" cores; 
the near equality of the resonance parameters for the 
s-nucleon interaction with C” and O" is an indication 
that the respective potentials are similar. The displace- 
ment of the corresponding s states of N® and C® is 
accounted for within an uncertainty of about 25 percent 
which is due to the lack of precise knowledge concerning 
the internal Coulomb energy of the excited states. 
Within this uncertainty, there is no evidence for the 
inequality of nn and pp nuclear forces. In the O'%+ 9, n 
s interactions there appear to be narrow levels in addi- 
tion to the broad level. By utilizing radiative capture 
data between various states, it is possible to compute the 
level displacement of the conjugate p; states, again 
with an uncertainty of about 25 percent, the agreement 
with observation being satisfactory. The reduced widths 
of the p; and p, states are about 15-times smaller than 
the value expected for a simple two-body potential, 
such as a square well, between the odd particle and core, 
and it is inferred from the sum rule for processes that 
other alternatives are involved. In contrast, the mag- 
netic moment of the p; state of Cand the large value of 
the internal transition moment IN connecting the s; 
and p, states suggests that the single alternative, odd 
nucleon plus C” core, occurs a major fraction of the 
time in the p states. Thus, there is evidence for both 
the independent- and many-particle models; this para- 
dox is not new, and we refer to interesting discussions 
by Weisskopf.** 

The position of the dy state in C™ is somewhat un- 
certain and the computation of the displacement sensi- 
tive to the assumed channel radius. At any rate, the 
splitting in C'’ of the py and dy levels, which are almost 
unresolved in N", can be qualitatively understood as 
due to the differences of the electromagnetic properties 
of the odd nucleon. 

% V. F. Weisskopf, Helv. Phys. Acta 23, 187 (1950) ; Science 113, 
101 (1951). 
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Some concluding remarks concerning the channel 
radius may be appropriate. In the present investiga- 
tion a rather large radius, a= 4.9X 10-" cm in the case 
of the C® interactions, was used to insure that the 
nuclear forces do not extend significantly into the ex- 
ternal region. It was found that a 10 percent smaller 
radius gave a better account of the level displacements 
associated with the s and d interactions with C”; how- 
ever this observation is not particularly significant in 
view of the other uncertainties in the computation, 
such as in the internal Coulomb energy and in the 
representation used for the energy dependence of the 
logarithmic derivatives. It does not appear possible to 
solve for a from the given data,® although a lower limit 
of 3.6X10-" cm could be set in the case of the C?+p 
s-wave interaction. The value a=4.9 is from 20- to 
50-percent larger than the values obtained in various 
measurements (indicated on Fig. 3), but this is not 
unreasonable because these measurements do not 
necessarily indicate the limit of the nuclear interactions. 
The resonance parameters are found to be sensitively 
dependent upon a, which is to be expected in the barrier 
region where these parameters are, by definition, func- 
tions of a. On the other hand, in applications involving 
approximations the cross-section formulas are found to 
be rather insensitive to reasonable variations of a, pro- 
vided that the same value is consistently used. 

The author wishes to express his appreciation to 
Professors T. Lauritsen, R. F. Christy, W. A. Fowler, 
and Dr. Claude Bloch for their helpful discussions and 
suggestions. He is grateful to the AEC for a predoctoral 
fellowship which enabled him to carry out this in- 
vestigation. 


* In a recent paper by D. C. Peaslee, Phys. Rev. 85, 555 (1952), 
a “phenomenological” radius for C“ is determined from the same 
data as treated here. The significance of this determination is 
questionable because the critical radial dependence of the N™ s 
proton reduced width was apparently neglected. Taking into ac- 
count this radial dependence, the radius so determined would 
actually be that radius which would enable the one-level ap- 
proximation to fit the interaction data from E = 2.37 to 4.95 Mev; 
we could not determine such a radius. 
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Some Neutron Deficient Strontium Isotopes* 
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Bombardment of rubidium with protons produced Sr*, half-life 29 minutes, Sr®, half-life 25 days, and 
Sr®, half-life 38 hours. Sr*' and Sr*® are assigned on the basis of their positron decay to known Rb® and Rb®, 
respectively. The half-life of Rb® has been redetermined as 83 days, and it has been shown that it decays in 
part to the 1.8-hour Kr®™, Sr® probably decays by electron capture to a short-lived isomer of Rb™, which 
in turn decays by emission of 3.15-Mev positrons. In this case, the mass assignment is based on the energy 
required to produce the activity in a bombardment, because the known Rb® was not observed as a decay 


product 





Y bombarding rubidium chloride with protons at 

energies from 25 Mev to 100 Mev in the Berkeley 
184-inch synchrocyclotron, we have prepared three new 
strontium isotopes and have studied their radioactivi- 
ties. Sr*! and Sr have been identified by their decay 
to Rb®* and Rb*®, whose masses were assigned by 
Karraker and co-workers! with a mass spectrograph. 
The third activity is assigned to Sr® on the basis of 
the energy required to produce it. There seems to be no 
previous report of any strontium isotopes of mass less 
than 84. 
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Fic. 1. Yield of Rb® as a function of time of separation from 
Sr®, curve G. Curves A to F show the growth of Kr® into the 
individual rubidium samples. Each curve is corrected for chemical 
yield of rubidium. 


* This research was performed under the auspices of the AEC. 

t Now with E. I. du Pont Company, Oak Ridge, Tennessee. 

' Reynolds, Karraker, and Templeton, Phys. Rev. 75, 313 
(1949). 

21D. G. Karraker and D. H. Templeton, Phys. Rev. 80, 646 
(1950). 
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In a bombardment of a thick target of rubidium 
chloride for 1 hour with 25-Mev protons, the strontium 
fraction, isolated as described below, showed the fol- 
lowing activities: Sr®, 70 minutes half-life; Sr®, 65- 
days half-life, Sr*™, 2.7-hours half-life; and an unknown 
activity of 38-hours half-life. Subsequent bombard- 
ments at higher energy also produced this new activity. 
From a single aliquot of strontium activity, rubidium 
was separated at 24-hour intervals for a week. The 
slope of the yield vs time curve (Fig. 1) corresponded to 
a 34-hour half-life. Each rubidium sample showed an 
initial growth at a rate consistent with the 1.8-hour 
half-life of Kr®". The assignment of Kr®™ has been 
checked by Bergstrém, Thulin, and Andersson’ with an 
electromagnetic isotope separator. The subsequent de- 
cay, measured in four cases for more than 2 years, 
corresponded to a half-life of 83 days. Thus the 38- 
hour activity is Sr*, decaying to Rb® which in turn 
decays in part to Kr", The discrepancy between the 
half-life of Sr** determined by decay and that deter- 
mined by the yield of rubidium is probably due to a 
small loss of strontium in each step, and the former 
value is considered more reliable. The value 83 days 
determined here for the half-life of Rb® is much more 
reliable than the value 107 days reported previously? 
which was based on decay of a much weaker sample. 
The decay of Rb™ to Kr" was not observed previously. 

Measurements on the zvV2 beta-spectrometer de- 
scribed by Hyde and O’Kelley* have shown that Sr® 
has positrons with 1.15+-0.05 Mev energy limit as de- 
termined by a Kurie plot of the spectrum (Fig. 2), and 
electron lines corresponding to K and L conversion of 
gamma-rays of energies 0.040, 0.074, 0.101, 0.151, and 
0.165 Mev. Absorption measurements with beryllium, 
silver, and lead showed the presence of K x-rays and 
gamma-rays. The energies of the gamma-rays are not 
estimated because of interference from other activities. 


Rb*® 


Aluminum, beryllium, and lead absorption measure- 
ments show that Rb® (half-life 83 days) emits elec- 


a Bergstrom, Thulin, and Andersson, Phys. Rev. 77, 851 (1950). 
4 E. K. Hyde and G. D. O’Kelley, Phys. Rev. 82, 944 (1951). 
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NEUTRON DEFICIENT Sr ISOTOPES 


trons, K x-rays, and gamma-rays. The most energetic 
gamma-ray is estimated to be 0.8 Mev in energy. Meas- 
urements with a crude beta-spectrogtaph (‘bender’) 
indicate that the energies of the electrons correspond 
to gamma-rays of 0.15 and 0.45 Mev, but these values 
are only approximate. 


Sr® 


With protons of 60-Mev energy and above, another 
activity, with half-life 29 minutes, was observed in the 
strontium fraction. Separation of rubidium at 20- 
minute intervals for 4 hours resulted in yields which 
fell off with time according to a half-life of 22 minutes. 
Again the discrepancy was assumed to be due to loss 
of strontium at each separation step. This rubidium 
decayed with a 4.7-hour half-life. Its identity as Rb* 
was further confirmed by the detection with the 
“bender” of soft electrons (~0.2 Mev) whose intensity 
was decreased by flaming, but which rapidly grew in 
again. These electrons are due to Kr*™, with 13-second 
half-life. The “bender” also showed positrons, whose 
energy by aluminum absorption was 1.1 Mev, com- 
pared with 0.990 Mev reported by Karraker and 
Templeton.? Thus the 29-minute activity is Sr. 

To eliminate the possibility that growth of daughters 
distorted the original decay curve and thereby caused 
an incorrect half-life to be derived, the following ex- 
periment was carried out. Strontium was separated 
from several aliquots at regular intervals and immedi- 
ately counted. A plot of these initial activities, which 
are substantially free of daughter activities, represents 
the decay of the strontium itself. Such a curve gave 31 
minutes as the half-life of Sr*. 

Sr®* emits both positrons and conversion electrons, 
but time did not permit determination of their energies. 


Sr’? 


With protons of 40-Mev energy and above, a stron- 
tium activity of 25-day half-life was observed. A search 
for a rubidium daughter activity revealed none with 
half-life between a few minutes and 1 year. This 
activity is tentatively assigned to Sr® on the basis that 
more energy is required to produce it than Sr®, and 
less than Sr*!. Because of the failure to observe the 
6.3-hour Rb® as a daughter, additional chemical tests 
were made to verify that the activity was actually a 
strontium isotope. Passage through a cation exchange 
resin produced no change in the ratio between the 25- 
day and 38-hour activities. In addition, no activity of 
similar half-life and radiation characteristics has been 
reported for any other element. Thus we are forced to 
conclude that Rb® exhibits isomerism, and that little 
or none of the Sr® decays to the 6.3-hour state. 

Measurements with the wvV2 spectrometer have 
shown that Sr® emits positrons with 3.15+0.03 Mev 
energy limit (Fig. 3). Because of their high energy, 
these positrons probably come from a short-lived ru- 
bidium daughter rather than from Sr® itself. Lead 














1 
125 


l 
R50 0.75 


1 
LO 
ENERGY Wey 


Fic. 2. Kurie plot of positron spectra of Sr® and Sr®. A, com- 
bined spectra; B, extrapolation of Sr® spectrum; C, spectrum 
for Sr®, 


absorption measurements indicate gamma-rays of 0.95 
and 0.15 Mev. The “bender” showed electrons corre- 
sponding to at least two gamma-rays in the range 0.15 
to 0.40 Mev. Without more data it is impossible to 
say which of these radiations belong to Sr® and which 
to Rb™". 


TARGET PREPARATION 


Spectrographic analysis of stock rubidium nitrate 
showed its cation to consist of 86 percent rubidium, 5 
percent cesium, 8 percent potassium, and 1 percent 
sodium. About 1 gram of this salt was purified by elu- 
tion from a Dowex-50 cation exchange column 11 mm 
in diameter and 81 cm in length, washing with 6 M 
HC] at a rate of 0.2 ml per minute. The sodium and 
cesium were eluted in peaks well separated from the 
rubidium, and most of the potassium was removed. 
About 0.6 g of rubidium chloride was obtained contain- 
ing 0.4 percent potassium and spectroscopically free of 
sodium and cesium. Targets for bombardment in the 
184-inch cyclotron were made by wrapping 25 to 50 
mg of this purified rubidium chloride in aluminum foil 
0.001 inch thick. 


CHEMICAL SEPARATIONS 


After bombardment with protons the rubidium 
chloride was dissolved in water. The solution was boiled 
to expel any inert gas isotopes. Strontium carrier was 
added and precipitated with excess fuming nitric acid. 
The resulting suspension was chilled in an ice bath for 
5 minutes and then centrifuged. The supernatant solu- 
tion containing the rubidium was removed, and the 
strontium nitrate was dissolved in a small amount of 
water, A few milligrams of the stock rubidium nitrate 
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Fic. 3. Kurie plot of positron spectrum of Sr®, curve B; these 
positrons probably belong to a short-lived Rb®". The initial part 
of the curve, marked A, contains activity due to Sr®. 


was added to the solution, and the strontium was re- 
precipitated with fuming nitric acid. After removal of 
the supernatant, the precipitate was redissolved and 
diluted to an arbitrary volume from which several 
accurately measured aliquots were taken. The strontium 
in an aliquot was again reprecipitated with fuming 
nitric acid. After removal of the supernatant, the pre- 
cipitate was dissolved in water and the solution neu- 
tralized by bubbling ammonia through the solution. A 
few milliliters of a saturated solution of ammonium 
oxalate was added to precipitate the strontium as 
SrC,0O,-H,O. After removal of the supernatant, the 
precipitate was washed once with water, once with 95 
percent ethanol and finally slurried up in 0.5 ml of 95 
percent ethanol and placed on a previously weighed 
aluminum dish 0.002 inch thick and approximately 1.0 
inch in diameter. The ethanol was evaporated to dry- 
ness with a heat lamp. The sample was allowed to cool 
and was then weighed to determine the chemical yield 
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of the strontium. The dish was mounted for counting. 
In the initial bombardments, the purification pro- 
cedures were extended to include a silve chloride pre- 
cipitate scavenge, and a portion of the strontium frac- 
tion was passed throguh a Dowex-50 cation resin 
column. As no differences were noted between the 
decay curves of the strontium which had undergone 
these additional steps of purification, and the decay 
curves of the strontium which had not undergone such 
measures, these steps were omitted in subsequent bom- 
bardments as consuming too much time. 

To isolate the radioactive rubidium in an aliquot 
which resulted from the strontium decay, the following 
procedures were used: a solution containing a known 
amount of stable rubidium was added to the aliquot. 
The strontium was precipitated with excess fuming 
nitric acid. The resulting suspension was chilled in an 
ice bath for 5 minutes and then centrifuged. The 
supernatant was removed to a clean centrifuge cone 
and evaporated to approximately 0.5 ml. A few milli- 
grams of strontium was added and precipitated with 
more fuming nitric acid. Again the supernatant was re- 
moved to a clean centrifuge cone and evaporated to 
about 0.5 ml. The solution was chilled and 0.5 ml of 
70 percent HClO, was added to precipitate the ru- 
bidium as RbCIO,. This precipitate was washed once 
with 50 percent ethanol, once with 95 percent ethanol 
and finally slurried up with 0.5 ml of 95 percent ethanol 
onto a previously weighed aluminum dish. The ethanol 
was evaporated with a heat lamp. The sample was 
allowed to cool and was then weighed to determine the 
chemical yield of rubidium. The sample was mounted 
for counting. 

Radioactive krypton was expelled from rubidium 
samples by heating the rubidium sample with a bunsen 
burner to dull redness. For the purposes of this separa- 
tion, the rubidium was mounted on 0.020-inch Monel 
metal disks. 

Decay and absorption measurements were made with 
Amperex, chlorine-quenched, argon-filled, end-window 
Geiger-Miiller counters. The window thickness was 
approximately 4 mg/cm? of mica. 

Samples for the rv2 beta-spectrometer were mounted 
on Tygon films of 20 to 30 ug/cm? with about 10 to 50 
ug of material in the sample. 
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A spectrometric investigation of the radiations of Ce has revealed that there are beta-ray groups of 
1.090+0.005, 1.390+0.005, and 0.710+0.010 Mev maximum energy. In addition, there was evidence for a 
fourth lower energy group which could not be resolved. Electromagnetic radiations of energies 0.0349 
+0.001, 0.126+0.005, ~0.160+0.010, 0.289+0.005, 0.356+-0.005, 0.660+0.010, and 0.720+0.010 Mev 


were found. A decay scheme for Ce" is proposed. 





I. INTRODUCTION 


ARLY studies of the radiations of Ce using ab- 
sorption methods showed the presence of a beta- 
ray of maximum energy ~1.36 Mev'~ and gamma-rays 
of energy about 0.5 Mev! or 0.6 Mev.’ Later absorption 
and coincidence studies‘ indicated additional gamma- 
rays of 0.040, 0.20, and 0.89 Mev. More recent spec- 
trometric studies’ have shown gamma-rays of 0.0575, 
0.2906, and 0.3484 Mev, obtained through observation 
of internal conversion lines. A recent spectrometric 
investigation® of the beta-spectrum has revealed that 
there are at least two beta-groups of 1.09 and 1.37 Mev 
with indications of a third of lower energy, about 0.37 
Mev. Also found® were gamma-rays of energy 0.705, 
0.649, 0.283, 0.057, and 0.0354 Mev. 

In the present investigation the radiations of Ce’ 
have been examined in a magnetic lens spectrometer and 
in a sodium iodide scintillation spectrometer, with a few 
gamma-gamma coincidence experiments employing two 
sodium iodide scintillators. The Ce'* sources employed 
were prepared both by pile irradiation of cerium oxide 
enriched in Ce' and by isolation from fission product 
mixtures. The enriched Ce was obtained through the 
Isotopes Division of the U. S. Atomic Energy Com- 
mission and showed the following mass analysis: 
Ce8*—0.016 atom percent ; Ce*—0.055 atom percent; 
Ce'““—16.51 atom percent ; Ce’—83.42 atom percent. 
The principal impurity listed for the samples was 0.15 
percent gadolinium. To remove radioactive gadolinium 
formed during neutron-irradiation of the cerium, three 
cerium-gadolinium chemical separations were made, 
employing lanthanum as a stand-in carrier for gado- 
linium. The chemical procedure used was based on the 
cerium-rare earth separation commonly employed,’ i.e., 
precipitation of ceric iodate from a strongly acidiz 
solution leaving rare earths in the supernatant liquid. 
This procedure also served to remove all Pr'® grown 


+ This work was supported by the AEC. 
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6 FE. Kondaiah, Phys. Rev. 83, 471 (1951). 
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from Ce’ during irradiation and during the time 
between the end of the irradiation and the beginning of 
chemical separations. The principal radioactive con- 
taminant in Ce samples freshly prepared in this way 
was the Ce'!, which amounted to ~1 percent of the 
radioactive disintegrations in the sample. In the beta- 
spectrum, this impurity contributed only at energies 
below 0.581 Mev, the maximum beta-ray energy® of 
Ce", For the preparation of Ce sources from fission. 
products, samples of uranium enriched in U™* were 
irradiated with thermal neutrons in a pile. To minimize 
the amount of Ce" isolated along with Ce, advantage 
was taken of the difference in the half-lives of the 
La"! (3.7 hr)® and La (19 min)!® parents, and the fact 
that Ce! has a very low independent fission yield" 
while Ce has an independent fission yield of about 1.6 
percent. (The total yields of Ce and Ce are 5.7 
and 5.4 percent, respectively.”) With an irradiation of 
about one-half hour duration, followed by isolation of 
Ce within the next hour, Ce could be separated before 
much Ce had grown from La™!. Sources freshly 
prepared in this way contained small amounts of Ce 
activity but could be obtained in higher specific yield 
than when the Ce’ was made by neutron-irradiation 
of enriched Ce, A disadvantage of fission product 
sources was that in addition to Ce! a small amount of 
Ce was also isolated along with the Ce (~0.5 
percent of the total activity). 


Il. BETA-SPECTRA 


The beta-ray spectrometer used in this study was a 
single coil magnetic lens type described in a previous 
paper from this laboratory.“ In running the beta- 
spectra a resolution of about 2.5 percent was used, and 
a G-M counter with a 3.5-mg/cm? mica end window 
served as the detector. 

Beta-spectra were taken with two kinds of sources. 
The Ce(n,7)Ce' sources consisted of approximately 
6 mg of cerium oxide spread over an area of ~0.3 cm? 
and mounted on a 0.3-mil Dural backing. The source 
was cemented to the backing with a drop of ~20-to-1 

8M. Freedman and D. Engelekemeir, Phys. Rev. 79, 897 (1950). 

*S. Katcoff, reference 1, Paper 172. 

10H. Gest and R. Edwards, reference 1, Paper 171. 

4 Goldstein, Schuman and Rubinson, reference 1, Paper 181. 


3 FE. Steinberg and M. Freedman, reference 1, Paper 219. 
1, Langer, Phys. Rev. 77, 50 (1950). 
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Fic. 1. Electron spectrum of Ce™. 
acetone dilution of Duco cement added to the powdered 
CeO, and allowed to dry under a heat lamp. The fission 
product Ce'* sources consisted of ~1 mg of CeO, 
mounted in a similar manner over about the same area. 
The spectrometer was calibrated with a source of 
Cs7— Ba™™ using the conversion line of the 663-kev 
gamma-ray for calibration. 

The momentum distribution of the electrons from a 
fission product source is shown in Fig. 1. Measurements 
were begun one hour after final separation of Pr from 
the Ce" source and required about three hours. In 
addition to the Ce and Ce initially present, the 
source contained Pr' which grew in over this four hour 
period. This nuclide did not contribute electrons with 
energies above 0.92 Mev, its maximum energy." An 
internal conversion line corresponding to K conversion 
of a gamma-ray of energy 0.289+0.005 Mev is seen 
superimposed on the beta-spectrum. Figure 2 shows the 
Fermi plot of the Ce'* analyzed into three components. 
The maximum energies are 1.390+0.005, 1.090-+0.005, 
and 0.710+-0.010 Mev. Assuming straight line Fermi 
plots, the intensities of the 1.39-, the 1.09-, and the 
0.71-Mev beta-groups are in the ratio 1.0: 1.33: 1.0. The 
values of F, the Fermi function, were taken from the 
graphs of Moszkowski.'® In addition to the three beta- 
groups found, there was evidence of a fourth group of 
somewhat lower energy. This could not be resolved due 
to the presence of Ce"! and Pr'*, which had grown in, 
and to conversion lines. Its intensity appeared to be 
less than the intensities of the 0.71- or 1.39-Mev beta- 
groups. With the assumption that the three beta-ray 
groups found represent nearly all of the beta-transitions, 
the log ft values for the 1.39-, and 1.09-, and the 0.71- 
Mev betas are 7.75, 7.2, and 6.7, respectively. If the 
fourth group could have been resolved, and its intensity 
computed, it is not expected that the above values of 
log ft for the three higher energy beta-rays would be 
much. The 1.39-Mev beta and 
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probably the 1.09-Mev beta have linear Fermi plots. 
Because of the pile-up of errors after two subtractions, 
plus the presence of Ce! and the conversion contribu 
tions, it is not possible to make a statement regarding 
the shape of the 0.71-Mev component. 


Ill. GAMMA-SPECTRA 


Gamma-ray measurements were made from both 
Ce!(n,y) sources and from fission product sources. 
Figure 3 shows the electron spectrum from a 1-mil 
uranium radiator with a fission product Ce source 
and with the spectrometer set to ~2.8 percent reso- 
lution. The Ce'* beta-rays were absorbed out with a 
copper absorber placed between the source and uranium 
radiator. As in all measurements of photoelectrons 
ejected from uranium radiators, the source was left in 
the spectrometer for three days to check on the decay 
of the photopeaks. In Fig. 3 the photopeaks correspond 
to gamma-rays of 0.289+0.005, 0.356+0.005, 0.660 
+0.010, and 0.720+-0.010 Mev. The spectrometer was 
calibrated with the 0.663-Mev gamma of Cs'*7— Ba!#7™16 

In addition to the gamma-ray measurements made 
with the lens spectrometer, some measurements were 
also carried out with a scintillation spectrometer. The 
instrument consisted of a sodium iodide crystal, an 
RCA 7140A photomultiplier tube used in conjunction 
with a ten-channel pulse analyzer. With this instrument 
it was possible to measure x-rays and gamma-rays of 
energies below those measurable with the beta-ray 
spectrometer, but with much poorer resolution (~20 
percent). The scintillation spectrometer was calibrated 
in appropriate energy regions with the 0.057-Mev"’ 
x-rays of Ta'*!, the 0.320-Mev'® gamma-ray of Cr*!, the 
0.4112-Mev!® gamma-ray of Au'®’, and the 0.663-Mev 
gamma-ray of Cs'*7— Ba’, Measurements were made 
on Ce from both fission product and (n,7) sources 
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Fic. 2. Fermi plot of electron spectrum of Ce™. 
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and gamma-rays were observed at 0.0349+0.001, 0.126 
+0.005, 0.290+0.005, and 0.660+0.010 Mev. A typical 
gamma-ray spectrum as measured on the scintillation 
spectrometer is shown in Fig. 4. The 0.057-Mev gamma- 
ray reported by Kondaiah*® and by Keller and Cork® 
and observed through its conversion electrons was not 
observed in the scintillation spectrum, and is apparently 
highly converted. Within experimental error, the 0.0349- 
Mev line corresponds to Pr K x-rays arising from 
internal conversion. With the poorer resolution of the 
scintillation spectrometer, the 0.356-Mev gamma-ray 
could not be resolved. It is estimated that it is approxi- 
mately a factor of 5 less intense than the 0.290-Mev 
gamma-ray. Likewise the 0.720-Mev gamma-ray could 
not be seen. It appears from the lens spectrometer data 
to be of lower intensity than the 0.660-Mev line, al- 
though it is difficult to estimate their ratio. The inten- 
sity ratio of the 0.290-Mev gamma to the 0.660-Mev 
gamma is very roughly 4, in agreement with the 
estimate of Kondaiah.® The intensity ratio of the 
0.290-Mev gamma to the 0.126-Mev gamma is very 
approximately 5. 

Supplementing the gamma-ray measurements made 
with a single sodium iodide crystal, a few coincidence 
experiments were run utilizing two sodium iodide scin- 
tillators. In this way it was hoped to find lower intensity 
gamma-rays in coincidence with previously found 
gammas, but which had not been resolved above the 
high Compton backgrounds in the single crystal experi- 
ments. The coincidence circuit had a resolving time of 
0.95X10-* second. The circuit was gated by pulses 
from one crystal corresponding to a chosen energy 
interval, and coincidences registered between the first 
and second crystals were measured as a function of the 
energy of the coincident gammas counting in the second 
crystal. In these experiments the Ce’ samples were 
placed between the two sodium iodide crystals separated 
only by the thickness of the sample plus Lucite ab- 
sorbers to remove betas (a few centimeters). When the 
coincidence circuit was gated with pulses from the 
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Fic. 4. Scintillation spectrum of gamma-rays of Ce". 


first crystal corresponding to the energy interval 0.095 
to 0.145 Mev, a coincident gamma-ray of ~0.160 Mev 
was found. The energies of the 0.160-Mev and the 
0.126-Mev gamma-rays add to (within experimental 
error) the energy of the 0.290-Mev transition and 
apparently offer an alternative mode of decay from the 
0.290-Mev level. In another similar experiment the 
0.035-Mev line was found in coincidence with the 
0.356-Mev gamma ray, and probably with the 0.290- 
Mev gamma-ray. As both gamma-rays are partially 
internally converted this result might be expected, 
assuming the decay scheme proposed below. 


IV. PROPOSED DECAY SCHEME FOR Ce! 


Figure 5 gives a proposed decay scheme for Ce™. 
The log ft values for the 1.39- and 1.09-Mev beta-groups 
are 7.75 and 7.2, respectively, placing these beta- 
transitions in the first-forbidden group.”® The log ft 
value of 6.7 for the 0.71-Mev beta-group seems too 
high for an allowed transition but is consistent for a 
transition where AJ = 1, No, Al= 2(/-forbidden) thus the 
choice f7jx—h9;2. This leaves the question of the place 
of a fourth beta-group in the decay scheme. Were the 
fourth beta-group to feed directly the level lying only 
0.057 Mev above what is proposed as the /g;z level of 
Pr, it is possible that the two beta-groups were not 
resolved. If the higher of the two Pr levels were 


»® Mayer, Moszkowski, and Nordheim, Argonne National Labor- 
atory Report No. 4626, May, 1951. 
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Fic. 5. Proposed decay scheme of Ce: 8,~=1.395 Mev; 
82” = 1.09 Mev; 83> =0.71 Mev; 71=0.290 Mev; 72=0.360 Mev; 
¥3=0.660 Mev; y4=0.720 Mev; ys=0.057 Mev; ys=0.126 Mev; 
¥7=~0.160 Mev. 


assigned to fy.2, then the beta-ray feeding that level 
should be an allowed transition on the basis of the 
assignment of f7/2 for the Ce". Such a transition should 
produce a beta-group of greater intensity than any of 
the others. Because the 0.71-Mev group is less intense 
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than the 1.09-Mev group, it seems likely that it is not 
an unresolved combination of the allowed and forbidden 
transitions. The assignment f7/2 as shown in Fig. 5 is 
therefore questionable. It also seems unlikely that this 
level is fr2 because the K/L conversion ratio of the 
0.057-Mev gamma as measured by Keller and Cork is 
less than unity, suggesting an £2 (or higher) transition.” 
If the 0.057-Mev transition were an [7/2/92 (M1) the 
K/L conversion ratio should be much greater than 
unity.”! Perhaps the 0.057-Mev gamma-ray is in cascade 
with an undiscovered gamma which in turn is fed by 
the fourth lower energy beta-ray group. A more careful 
examination of the low energy end of the beta-spectrum 
of Ce’ is required to determine the place of a lower 
energy beta-group in the decay scheme and a more clear 
picture of the upper-lying levels of Pr. This must 
involve obtaining samples of Ce! without serious con- 
tamination by Ce. A further possibility, of course, is 
that the assignment /g/2 is also incorrect and 8;~ may 
be simply a first-forbidden transition. 

The K/L conversion ratio of the 0.290-Mev gamma 
is approximately® 10, and the assignment g7/2—ds5;2 is 
consistent with this measurement. From our coin- 
cidence experiments we cannot, of course, say whether 
the 0.126-Mev gamma lies above or below the 0.160- 
Mev gamma in the decay scheme. 

The assistance of L. M. Langer and M. Bunker with 
the 8-spectrometer measurements and of J. W. Starner 
with the scintillation experiments is gratefully acknowl- 
edged. 


21M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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The Parallel Susceptibility of an Antiferromagnet at Low Temperatures* 


Jack R. TessMant 
Department of Physics, University of California, Berkeley, California 
(Received July 10, 1952) 


The spin wave method of Heller and Kramers is applied to a cubic antiferromagnetic crystal, oriented 
so that the direction of alignment of the sublattice spins is parallel to an external magnetic field. Taking 
into account exchange interactions and an anisotropy term, then the parallel susceptibility x is zero at 
7 =0°K, in agreement with the result of the molecular field treatment of the problem by Van Vleck. If 
nearest neighbor magnetic dipole interactions are included, x» is nonzero but negligibly small: xy~10-" 
at T=0°K. For T>0 but much less than the antiferromagnetic Curie temperature, if the dipole interactions 
are neglected and the anisotropy is small, such that ¢=.S(24/K)4/kT<1, where K is an anisotropy con- 


stant, then xn « 7%. If $>1, then xn « 74 exp[—S(24/K)§/kT]. 


1. INTRODUCTION 


N antiferromagnetic crystal does not exhibit any 
net spontaneous magnetization in the absence of 
an external magnetic field, because the magnetizations 
of the ordered sublattices, below the antiferromagnetic 
Curie temperature, are equal and opposite. In an ex- 
~ * This work was assisted in part by theONR. ; 
t Now at Department of Physics, Pennsylvania State College, 
State College, Pennsylvania. 


ternal field, the magnetization of a two-sublattice anti- 
ferromagnetic crystal depends upon the orientation of 
the external field H with respect to the directions of 
alignment +e of the sublattice spins. 
Using the modification of the Bloch spin wave method 
due to Heller and Kramers,' Hulthén? investigated the 
1G. Heller and H. A. Kramers, Proc. Roy. Acad. Sci. (Am- 


sterdam) 37, 378 (1934). 
? L. Hulthén, Proc. Roy. Acad. Sci. (Amsterdam) 39, 190 (1936). 
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susceptibility of a two-sublattice antiferromagnet at 
low temperatures, when HLe. He found, after quan- 
tization, that the perpendicular susceptibility x, « (1 
—bT*), where 6 is a constant. Hulthén recognized that, 
for small external fields, it is energetically favorable for 
the sublattice spins to set themselves approximately 
perpendicular to the external field if only exchange in- 
teractions are considered. Hence, he did not investigate 
the case when H|!e. However, if some anisotropy is 
present and H is applied parallel to e, the sublattice 
spins may remain parallel and antiparallel to the field 
rather than turn perpendicular to it. 

Generalizing work by Néel* and by Bitter,‘ Van 
Vleck® investigated both the perpendicular and parallel 
susceptibility using a molecular field model. He found 
that x, should be constant between 0°K and the anti- 
ferromagnetic Curie temperature, and that x, should 
be zero at T=0. 

In this paper we apply the spin wave method used 
by Hulthén, and the recent clarifications of the 
method,®? to the case when H|!e. We investigate the 
ground state of the system taking into account exchange 
interactions, an external field, anisotropy, and nearest 
neighbor magnetic dipole interactions. This will yield 
x at T=0. Then, omitting the dipole interaction term, 
we shall obtain expressions for x,, at 7>0 for the cases 
of small and large anisotropy. 


2. x1 AT T=0°K 
A. Neglecting Magnetic Dipole Interactions 


Let the lattice structure of our crystal be simple 
cubic with N atoms and lattice constant a, subdivided 
into two face-centered cubic sublattices, m and n, such 
that the six nearest neighbors of any one atom, of 
either sublattice, are all members of the other sub- 
lattice. We shall assume that, for each of the atoms, 
Sm’S or Sa*~— S, where S is the spin quantum number 
of the atom. Then, writing S?=.S(S+1), since 
(Sm*)?= S?#—[(Sm?)?+(Sm¥)?] 

and (S,*)?=S?—[(S,7)?+(S2")"], 
therefore 


Sm?~S—[(Sm7)?+ (Sm)? /28, 
Sa? —S+[(Sa7)*+(Sa%)* 1/28. 


(1) 


The antiferromagnetic exchange interaction energy 
of the crystal is 


Ki=J ¥: S.:S,, 


<m, n> 


where J is positive and the summation is over all pairs 
of nearest neighbors. We note that the sign convention 


3L. Néel, Ann. phys. 5, 256 (1936). 

‘F. Bitter, Phys. Rev. 54, 79 (1937). 

5 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 

®M. J. Klein and R. S. Smith, Phys. Rev. 80, 1111 (1950). 

7P. W. Anderson, Phys. Rev. 86, 694 (1952). I should like to 
express my gratitude to Dr. Anderson for having had the oppor- 
tunity to study his paper prior to publication. 
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for J is opposite to that usually employed in ferro- 
magnetism. 

In the presence of an external magnetic field H 
in the +2 direction, there is an additional energy, 


K2= — gua (> mSm*+ L253’), 


where gusSm is the magnetic moment operator for 
atom m. 

We assume the presence of an anisotropy energy of 
uniaxial symmetry which may be approximated by 


Ha= K{ Lol (Sm7)?+ (Sm)? J+ Dal (Sa)? +(Sa")*)}. 


This term will maintain the +: axes as the directions 
of magnetization of the sublattices. In a magnetic field 
H, the directions of magnetization of the sublattices 
would become approximately perpendicular to the field 
were it not for the anisotropy energy. 

Collecting terms, and applying Eqs. (1), the total 
Hamiltonian, H=3,+H2+H,, is 


H= —3INS(S+1) +3) {E[(Sm2)?+ (Sm")*] 
X (14+ K’—a)+D al (Sa7)?+ (Sa¥)? J(14+K'+a)} 
+J SX (Sm*Sa7+Sm%Sa"). (2) 


<m, a> 
Here, é 
K’=K/3J and: a=Hguz/6JS. (3) 

Consistent with the approximation of (1), we have 
dropped terms of higher order than the small quantities 
(Sm7)?/S? and (Sq¥)?/S?. 

We introduce, following Anderson,’ two sets of spin 
waves through the transformation, 


Sm? = (2S/N)! ¥xOix exp(ik- m), 
Sm¥=(25/N)§ Du Pix exp(—ik-m), 
Sa*=(25/N)* DxOox exp(ik- m), 
Sa¥= —(2S/N)4 DxP2x exp(—ik- n), 


(4) 


where k, the spin wave vector, takes on N/2 discrete 
values with k, ,,. going from —2/a to +2/a. 

The new operators approximately satisfy the com- 
mutation relations 


[Oin, Pixe ]=tbexr, [Oon, Pow} =i8en'. 
All other commutators are zero. Also, 
Lal (Sm*)?+ (Sm J=S De(OuQurtPiPr®), 
Lal (Sa*)?+ (Sa¥)? J=S Du(QruOoux*+ PoePrr*), 
DX (Sm7Sa7+Sm"Sn”)=S YO u(OieQou*+Oin* Ore 
<m, n> 
— PixPox*— Pix*Px)(coskza+cosk,a+cosk,a). 


Qix* is the Hermitian conjugate of (1x. Henceforth, as 
a convenient abbreviation, we shall drop the conjugate 
sign and write (0? for QQ*, etc. None of the succeeding 
arguments is affected thereby. 
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The Hamiltonian (2) now takes the form 
R= —3INS(S+1)4+3JS Di (@(QOne+ Pu’) 
+ B(Qox?+ Pox?) +2Cx(QirQou— PixPx) |, 
where 
@=1+K’—a, 
@®=1+ K’+a, 
Cy = 4(cosk,a+coskya+cosk,a). 
The bracketed expression in (5) has the form 
b= @(0°+ P2)+@(02+ P?)+2C(Q:02— PiP2). 
Let us transform to new variables g, p by the canonical 
transformation® 
P,=(1—w)""(— whit po), 
P2=(1—w)“"(pi-— wp»). 


Vi =(1 +w) (wg) T Jz), 
Ve = (1 } Ww) ach +wq2), 
The mixed terms in ® will be eliminated if w satisfies 
the equation 
Cw’ +(A@+8)w+e=0. (7) 
The resulting expression for ® is 
= (Gw?+8+2ew)[(1+w)92+ (1—w)*p,?) 
+(Q+@w*+ 2ew)[(1+-w)*g22+ (1—w)*p* J. 
Since [g:, Pi: ]=[q2, p2]=i and all other commutators 
vanish, therefore the eigenvalues of ® are 
&= (2u+1)(@w?+ 8+ 2e@w)/(1—w”*) 
+(2v+-1)(@+ @u?+2eCw)/(1—w"), wv, v=0,1,2,°°-. 
Substituting the values of w and 1/w from the solution 
of Eq. (7), we obtain 
b= (u+4){®—@+[(@+@)?—4e?]}} 
+(v+4){@—@8+[(@+@)?—4e?]!}, uw, v=0,1,2,---. 
In terms of K’ and a, we have 
b= (2u+1){a c( { K’)?—e?}}} 
+(2v+1){-—a+[(1+K’)*—e?]}}}. 
Only @ contains the external field H. 
The eigenvalues of the Hamiltonian (5) are, therefore, 
3INS(S+1) 
+3JS Yox(2Quet1){at+[(1+K’)?— ee? ]}} 
+ sIS dx 2v~ + 1){ —at[(l + K’)?— C,? |}. 
In the ground state, 4.=»,=0, and we have 


3JNS(S+1)+6JS Y((1+K")?—e2 ]}. 


(8) 


(9) 


Ho 


The ground state is independent of H. Therefore, at 
7=0, when the antiferromagnet is in its ground state, 
the magnetization Myp= —(1/V)(035Co/0H) is zero. V is 
the volume of the crystal. Likewise, the parallel sus- 
ceptibility x(7=0)=Mo/H=0. This agrees with the 


8’ F. Keffer, thesis, University of California, Berkeley, 1952 
(unpublished) 
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result obtained by Van Vleck® from a Weiss molecular 
field approach to the problem. 

The above analysis is not valid for a sufficiently 
strong external field, for then the antiferromagnetic 
direction becomes perpendicular to the applied field, 
despite the anisotropy term, and the nonzero per- 
pendicular susceptibility allows the energy of the sys- 
tem to decrease. Mathematically, it can be seen that 
if a>[(1+K’)?—@,2]}, then, from Eq. (8), the ground 
state is given by ».= ©. That is, spin waves of in- 
finitely large amplitude are energetically favored. It 
is no longer true that Sm*S, and the above analysis 
is invalid. 


B. Including Nearest Neighbor Magnetic Dipole 
Interactions 


Thus far we have considered only the exchange inter- 
action energy. We shall now investigate the effect, on 
xn at 7=O0°K, of including the nearest neighbor mag- 
netic dipole interaction energy. The effect of the dipole 
interactions on the magnetization of a ferromagnet has 
been previously investigated by Holstein and Primakoff.® 

The nearest neighbor magnetic dipole interaction 
energy adds to the Hamiltonian a term 


3G 
KHy=G De Sm Sa-— = (Su* fmn)(Sa* fma), 


<m, n> a <mn> 


where G=g’u,"/a*. The coordinates of the nearest 


neighbors to a lattice point at the origin are 
C=+(0, 0, a). 


A=+(a,0,0), B=+(0,a,0), 


Thus, 
3y=G » ( oo 25m *Sn?t+Sm4Sa¥+ Sm “Sa*) 
<A> 
+G YO (Sm7Sa7— 2S m"Sa"+Sm*Sn*) 
<B> 
+G XO (Sm*Sa*+Sm¥Sa”—2Su'Ss*), 


<C> 


where the summation over (A) means summation over 
all pairs of nearest neighbors, m and n, such that point 
n has the coordinates A relative to point m. 

The approximation (1) reduces K, to the terms 


Ku=G YO (—2Sm*Sa7+Sm"”S 0”) 
<A> 
+G ¥ (Sm*Sa*—2Sm%Sa") 
<B> 
+G YO (Sm*Sa7+Sa"Sa"). 


<C> 
After the transformation (4), we have 


H4=2GS ¥i[(—2 cosk.a+coskya+cosk,a)Q0ix0ox 
—(coskza—2 coskya+cosk,@) PixP2x }. 


® T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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The total Hamiltonian, H=%1+52+H3+K,y, in- 
cluding exchange interaction, external field, anisotropy 
term, and nearest neighbor dipole interaction, is now 


X= —3INS(S+1)4+3S DL @Ou2+ Pr) 
+ B(Qox?+ Po?) +2Di.0ix02u— 2FuPixPox], (10) 
where @ and @ are defined in (6) and 
Dy = }(cosk,a+coskya+cosk,a) 
+(G/3J)(—2 cosk,a+cosk,a+cosk,a), 
Fx = }(coskza+cosk,a+cosk,a) 
+(G/3J)(coskza—2 coskya+cosk,a). 


(11) 


The bracketed expression in (10) has the form 
*/= a(Q°+ >?) + B(02+ P2?)+2D0102—2F Pi P2. 


Transform to new variables g,p by the canonical 
transformation 


Q:=(1+ (ww)! }-"(0q1 +92), 
P, = [1 a (vw) 1}'\(—whit po), 
Q2=[1+ (rw)! }"(qi two), 
P,=(1—(vw)!}"(pi— vpr). 
If » and w satisfy the simultaneous equations 
Qv+ Dw+ C(1+2w) =0, 
Dov+ @w+ C(1+ rw) =0, 
then there will be no mixed terms in ®’. We get 
Qv’+ B+ 2D , Qw*+ 8+ 2Fw : 
$’= q —fp 
[1+ (mw) © [1 (ow) 
A+ Bw*+ 2Dw G+ Br?+ 25 
— q?+ oy 
[1+ (vw) [1— (vw)? 


The commutators [q1, ~p:]=[q2, p2]=%, and all other 
commutators vanish. Thus the eigenvalues of ©’ are 








’ = (2u+1)(1—vw)—"(@v?+ 8+ 2D) 1( Qu? + 8+ 2Fw)! 
+(2v+1)(1—2w)"(@+ Bw?+ 2Dw) (A+ Br?+ 250)!, 
ps, »=0, 1, 2, ++. 


In the ground state of the Hamiltonian (10), we have 
p= v=0, yielding 


Ho= —3INS(S+1)+3JS ¥x(1—ww) 
X[(@v2-+ B+ 2Dy0)#( Qw*+ B+ 2F,w)! 


+(@+Gw?+2Diw)!(@+Bv?+2F,0)!]. (14) 


Now, at T=0, the magnetization My= —(1/V)(05o/ 
0H) = — (gue/6JSV)(0Ko/da). Thus, Mo can be ob- 
tained by differentiating (14) and inserting the values 
of v and w from (13). A persistent application of the 
rules and procedures of algebra and differential calculus 


leads to 


2Qo 


gus’ 
* O(S+I)V © (Di—Fi)? 


Det Fu Pf 1+Fx/ Go}? 
a 
2@, JLi-Ds/@o 


Diet Fu Pf 1—Di/ Go}? 
+s Teed 
1+ Fx/ Qo 


—2(i- Dy/A\t+5s/ ee). (15) 











2Qo 


Here Q@o=1+K’'(= @+a=@®—a). Second-order terms 
and higher in the small quantity, a= gugH/6JS, have 
been dropped. In addition, it has been possible to 
eliminate a number of terms by noticing the symmetry 
relationships between Dy and S, over the range of k 
values. 

If we expand the expression in curly brackets, in 
(15), in powers of Dy/@o and F_/@o, the lowest non- 
vanishing even power term has the value 

(1 ‘32Q°)(De-- Fu) (Duet Fy)*. 
Odd power terms need not be considered since they 
vanish when }°, is performed. (Dx°5,7 is an even or 
odd power term according as 8+-7 is even or odd.) Thus, 
eur’ N 
o= —({(Du— Fu)?( Dat Fu)*)n- 
96] (S+ 1) @o5 2V 


Substituting the values of Dy and SF, from (11) and 
noting that 


(coskz, y, 2)w= (cos*kz, y, 22) w=O0, 
(cos*ks y,22)w=4, (cosths, y 22) =#, 


we get 
((Du— Fu)*( Dut Fu)? w= G/3P+O0(G/F*). 


Therefore, 
H eure H 


K=e——_—_ —_ —-- —__—_-, 
576(S+1) a? J* 576(S+1) J? 


and 


xu(T=0) =M,/H~10°G/*~10-". (17) 


Thus, we see that the dipolar interactions mix into the 
ground state a negligible amount of states having total 
5*40. 


3. xu FOR T>0° 


Let us now determine the behavior of x,, at tempera- 
tures above T=0°K but at temperatures low compared 
to the antiferromagnetic Curie temperature, so that we 
may continue our assumption that Sm*~S and S,*~— S. 

The magnetization is given by M=—(1/V)(@F/dH), 
where F= —kT InZ is the Helmholtz free energy func- 
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tion and Z= >> exp(—H/kT) is the partition function, 
the summation being over all eigenvalues. 

We shall take (5) as the Hamiltonian, that is, we 
shall include exchange interactions, anisotropy, and an 
external field, but not dipole interactions. The eigen- 
values of this Hamiltonian are given in Eq. (8), which 
we shall write as 


KR=—3INS(StVYAYD u(uict}) hot td e(vat} hor, 


where hw,+=6/S{+a+[(1+K’)?—@,?]}}}. 
The partition function is, therefore, 


2 
Za= eI NS(S+)/kT : 


ok "k=O 


exp{ —[(uut}) hos 
x 

+ (vet $)hon J/kT} 

= g8J NS(S+1 kT TT > exp{ —[(uut4)hox* 

Kk kr 0 

+ (vn+ 4) hon /kT} 

= g 3 NS(S+1)/k7 IIx exp[ —h(wxt+orx-) ‘2kT } 
x [1—exp(— hoyt/kT) J [1 — exp(— hoy /kT) J", 


where >, and J, are over the V/2 values of k. Thus, 


F = —kT InZ=3JNS(S+1)+4 Ea(hoxt+hor-) 
+kT >> y Inf1—exp(—hwyt/kT) ] 
+kT >, In{1—exp(—hwy-/kT) J. 


Only the last two terms involve the external magnetic 
field, and therefore, only they need be considered in 
obtaining the magnetization M=—(1/V)(0F/0H). 
Expanding the logarithm in an infinite series, we have 
hot /kT) J+ In 1 — exp(— hoy /kT) ] 


In{1 


exp( 
> pe 'Lexp(— phat /kT)+ exp(— phox /kT) ] 


2>> p-'cosh(6pJ Sa/kT) 


p= 
v 


X exp{ —6pJS[(1+ K’)?— C2 )'/kT}. 
Substituting a= Hgus/6/S, we obtain 


M = (2/V)(gueS/S). X sinh(pSHgus/SkT) 


k pl 
Xexp{ —6pJS[(1+K’)?— C2 )'/kT}. 
For large values of p, the exponential becomes negli- 
gibly small; thus we can write, for Hgus<kT, 
sinh(pSHgun/SkT) =pSHgus/SkT. 
Then, 


2 S I if gu zB? a0 


=— —— ¥ ¥ pexp{ —6pJS[(1+ K’)? 
VS+1 kT " : 


p=l k 


M 


—@,?}/kT}. (18) 
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The >>, can be evaluated as follows: 


Dx=(N/2)(p expt })av 


NiO? oe 
~- (—-) f pexp{ }dk. (19) 
2\29r knye= t/a 


For K’K1, we have (1+K’)*~1+2K’. The principal 
contribution to the integral will come from values of 
C, in the neighborhood of 1. From (6), we see that 
this means k,,,,.~0. In this region, C,2~1—4k’a? and 
the integral in (19) can be written 


* 6JS 
I= f p exp| —p a + }ka?)idk 


—2 


=*( kT 
7 2(3)4J'S 


a C4 
yf u? exp[ —p(¢?+u*)! ]du, 


a’ 0 


where (?= (72J2S?/k?7") K’ = 24S°/ K/k*T*, and we have 
let k=(k7/2(3)'JSa)u. (k, the magnitude of the wave 
vector, on the left side, is not to be confused with the 
Boltzmann k on the right side.) 

In the limit of vanishingly small anisotropy con- 
stant K, and thus ¢, the integral can be performed 
readily, and we get 


I= (r/3(3)4a*)(kT/JS)%p~. (20) 


Combining (18), (19), and (20), and noting that 


2 
DL p*=2'/6, 


p=l 

we obtain’® 
M 1 
H 144(3)§S”(S+1) @& J 
for (= $(24J/K)'/kT<1, and T<T,. 

At low temperatures and for large values of K, we 
have (>>1, and the integral J can be evaluated by the 
method of steepest descents. We need only consider 


p=1. We get 
a a7 
ims 3) (|) sd : 
3(3) a S*\ J 


Combining (18), (19), and (22) gives 
M 1 gus? (24) K)(kT)! 
“H 24@)eS\S+) PF 
Xexp[—S(24JK)'/kT]. (23) 


10 After obtaining this relationship, there came to the attention 
of the author a recent manuscript by T. Nakamura in which this 
same result is obtained. Nakamura only considers the case of 
vanishingly small anisotropy. I should like to thank Dr. Naka- 
mura for having had the opportunity to see his manuscript prior 
to publication. 

Note added in proof: Two additional articles have appeared 
recently in which the method of spin waves is applied to anti- 
ferromagnetism: J. M. Ziman, Proc. Phys. Soc. (London) 65A, 
540 (1952) and R. Kubo, Phys. Rev. 87, 568 (1952). 


gus? (kT)? 
———, (21) 


xu= 


(22) 
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The temperature dependence is 
xu © T! exp[—S(24JK)*/kT], 
for ¢=S(24/K)*/kT>1. 
4. CONCLUSION 
There is, as yet, very little information concerning 
the separate values of x, and x, for an antiferromagnet. 
Griffel and Stout" have obtained values of xu—x, for 


Mnf; at various temperatures, which, together with 
previous work by de Haas, Schultz, and Koolhaus” on 


uM, Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950). 
2 de Haas, Schultz, and Koolhaus, Physica 7, 57 (1940). 


(24) 
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the powder susceptibility of MnF:2, enable them to plot 
the values of x, and x,. It is quite clear from their 
work that x, is not constant below the Curie point but 
increases as 7 decreases toward zero. This is the type 
of behavior predicted by Hulthén, and differs from the 
prediction of the molecular field theory. x decreases as 
the temperature is lowered and seems to approach zero 
at T=0. The data are not sufficient to allow the tem- 
perature dependence of either xy or x, to be determined 
very much more specifically. 

It is a pleasure to thank Professor C. Kittel for the 
suggestion of the problem and for many discussions 
concerning it. 
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Ionization Loss and Straggling of Fast Electrons* 


E. L. Gotpwasser, F. E. Mitts,t anp A. O. Hanson 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received June 16, 1952) 


The most probable energy loss of 9.6- and 15.7-Mev electrons in samples of about one gram per cm? of 
beryllium, polystyrene, aluminum, copper, and gold has been measured. The losses measured were of the 
order of one Mev, and the resolution of the apparatus made possible an accuracy of 20 kev. The observed 
distributions of energy losses are found to be in good agreement with the Landau straggling calculations for 
the light elements. For the heavier elements there is a spreading of the distribution introduced by radiation 
and K electron effects. Calculations made by Yang and Kennedy for gold, including these effects, check well 


with the experimental data. 


Applying Fermi’s correction for the polarization effect at extreme relativistic velocities to Landau’s result 
for the most probable energy loss, one obtains for the predicted loss in Mev Ay-=0.1537D(ZZ/ZA) 
xX [19.43+In(D/p)], where D is the absorber thickness in g/cm* and p is the absorber density in g/cm’. 
Experimental results for the light elements are in excellent agreement with this theory. The heavier 
elements show losses somewhat smaller than those calculated. 


INTRODUCTION 


HERE have been a number of measurements of 
the ionization loss and energy straggling suffered 
by electrons in passing through matter, and the general 
processes appear to be well understood. A recent study 
of the energy loss distributions for electrons having 
initial energies up to 1 Mev has been reported by Chen 
and Warshaw.' They find that the observed most 
probable energy loss as well as the energy loss distribu- 
tions are in good agreement with the calculation of 
Landau.? Further work with electrons having energies 
up to 5 Mev has been carried out by Paul and Reich® 
and is discussed by Schultz.‘ They find that the energy 
loss at these energies is less than that given by the 
theory and attribute the decrease to the effect of 
polarization in the material. 
The present work represents an attempt to measure 
the energy losses and energy distributions at higher 


* Work supported in part by the joint program of the ONR 
and AEC. 
t AEC Predoctoral Fellow. 
1 J. J. L. Chen and S. D. Warshaw, Phys. Rev. 84, 355 (1951). 
2L. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 
3 W. Paul and H. Reich, Z. Physik 127, 429 (1950). 
4 Walter Schultz, Z. Physik 129, 530 (1951). 


energies using highly monoenergetic electrons from the 
22-Mev betatron. 


EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


The experimental arrangement for the removal of the 
electrons from the betatron and the focusing of the 
beam into the chamber has been described in previous 
work.'§ The modifications of the scattering chamber 
and the detector arrangements for the present experi- 
ments are shown in Fig. 1. The electron beam is brought 
to a focus upon the absorber samples, which were 
mounted on the remotely controlled sample holder at 
the center of the chamber. A horizontal slit one inch 
long and 0.020 inch high was mounted in the center 
of the chamber directly behind the absorbers. This slit 
was formed by two pieces of gold ; inch thick. The 
adjustable aperture and adjustable collimating slit in 
front of the ionization chamber were edged with pieces 
of gold 4 inch thick, as described in the previous work.*® 
Gold was chosen as the slit edging with the idea that 
electrons impinging on the slit edge would be scattered 
completely out of the beam or be so degraded in energy 


5 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
* Scott, Hanson, and Lyman, Phys. Rev. 84, 638 (1951). 
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that they would be removed from the energy range 
under consideration. The collimation defined by the 
aperture at the entrance to the analyzer was such as to 
limit the electrons entering the analyzer to those which 
were within two degrees of the direction of the incident 
beam. 

The magnetic analyzer was the same as that used 
for the earlier experiments. The magnetic field in this 
instrument was measured and automatically regulated 
by comparing the emf generated in a rotating coil placed 
in the magnet gap with an accurately known fraction 
of the emf generated in a similar coil on the same shaft 
in the field of a permanent magnet. Special tests indi- 
cated that the regulator maintained the field at the 
position of the rotating coil constant to about 0.03 
percent. Since the measuring coil could not be placed 
in the path traversed by the electrons passing through 
the analyzer, it was found that precautions had to be 
taken to insure that the magnet was on an established 
hysteresis cycle. This effect was not large, but if not 
kept in control it would easily introduce an error of 
about 0.2 percent. 

The resolution of the analyzer as well as the absolute 
calibration of the instrument was checked by passing 
lithium ions of accurately known energies through the 
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80} — EXPERIMENTAL 
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Fic. 2. Energy distribution"of unobstructedZelectron beam and 
calculated and experimental distributions of electrons after 
passing through 0.86 g/cm? of aluminum. 
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system. The lithium ions were evaporated from a 
platinum filament coated with a thin film of spodumene 
and accelerated through potentials of from 2 to 25 
kilovolts. The momenta of these lithium ions lay in the 
same range as the momenta of the electrons used in this 
experiment and could be measured and controlled to 
about 0.01 percent. 

The experimental procedure was simply to make 
alternate runs with and without the absorbers in the 
beam. In each run the analyzer field was varied through 
the range for which there was appreciable intensity 
detected by the ionization chamber, and the currents 
corresponding to the analyzer settings were recorded. 

In the case of gold the intensity of the beam reaching 
the analyzer was greatly attenuated because of multiple 
scattering, and in this case a background of about 20 
percent of the maximum intensity at the detector had 
to be subtracted. This background was apparently 
caused by x-rays produced in the vicinity of the ab- 
sorber and entrance slit and was nearly independent of 
the analyzer setting. 

Typical plots of the results are shown in Figs. 2 and 3, 
which show the energy loss spectrum of the electrons in 
passing through aluminum and gold. 

It may be of interest to note that the observed width 
of the unobstructed beam could be accounted for by the 
widths of the entrance and exit slits. The energy of the 
electrons emerging from the betatron, therefore, must 
have an inherent energy spread that is less than the 
resolution of the equipment or about 0.1 percent. It was 
noticed, however, that the energy of the emerging elec- 
trons at a particular integrator setting varied by about 
0.3 percent during a warming-up period of the order of 
an hour. 

In order to be more certain of the observed energy 
losses a practice was made of checking the analyzer 
settings corresponding to the half-maximum intensity 
point on the steepest side of the observed straggling 
distribution and both the half-intensity points for the 
unobstructed beam. Since the half-intensity point of the 
straggling distribution can be located with greater 
precision than the maximum, it was often convenient 
to use this point in the calculation of the most probable 
energy loss. For light elements the relation between this 
point and the most probable energy loss is given ac- 
curately by the Landau theory, namely, 


Ap=A;+1.5850, 


where So has values as defined in the next section. 
Since the energy band passed by the analyzer was 
less than the energy width of the steepest slope in the 
observed distributions, the distortion of the actual 
straggling distributions because of the resolution of the 
analyzer is very small and it is not necessary to make 
any correction to the observed widths at half height. 
There is, however, considerable error in the measure- 
ments of these widths since these are only about 0.25 
Mev. An error%of 0.1 percent (of the incident energy of 
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16 Mev) in the location of the two half-intensity points 
would therefore account for an uncertainty of about 
20 kev or 8 percent of the width itself. The error in the 
most probable energy loss is considerably less than this, 
about 2 percent, since the observed losses are of the 
order of 1 Mev. 


THEORY 


The straggling in energy of electrons in passing 
through material has been calculated by Williams’ and 
by Landau’ on the assumption that the straggling is due 
only to collisions with essentially free electrons and that 
energy losses associated with the excitation of energy 
levels in the bound states are sufficiently small so as to 
effect only the total energy loss. Although the mathe- 
matical methods used are different, the resulting strag- 
gling distributions are almost identical. In treating the 
problem, Williams has pointed out that it is useful to 
classify the collisions suffered by the electrons into two 
groups. The first group includes all those collisions that 
occur with a frequency sufficiently great that the prob- 
ability distribution of the losses due only to these col- 
lisions can be treated as a statistical problem of large 
numbers and therefore is a Gaussian distribution. The 
second group of collisions consists of the relatively large 
energy losses that are responsible for the long tail of 
the straggling distribution. The boundary between these 
two groups is chosen so that the integrated probability 
for an electron to make a collision in the second group 
is exactly unity. The value of this boundary energy So 
is shown to be 

So= 2me'nt/me*, (1) 


where e and m are the charge and rest mass of an elec- 
tron, v is the velocity of the incident particle, is the 
number of electrons per unit volume in the absorber, 
and ¢ is the thickness of the absorber. 

Williams finds a straggling distribution which has a 
full width at half-height [=3.86S,. The effect of the 
collisions in the second group is to displace the maxi- 
mum of the Gaussian due to the energy losses less than 
So by an amount 0.355. The most probable loss, which 
corresponds to the maximum of the straggling dis- 
tribution, is given by the relation. 


Ap=Ayt0.350, 


where Ao represents the mean energy loss associated 
with individual energy losses of less than Sp. 

Landau’s calculations are based on the use of the 
transport equation and are carried out in a continuous 
manner rather than in Williams’ stepwise fashion. The 
width of his distribution at half-height is 3.985), and 
the most probable energy loss is given as 


A,= Ao+0.37So. (2) 


The difference between the Williams and the Landau 
relations for the most probable energy loss amounts to 


TE. J. Williams, Proc. Roy. Soc. (London) A125, 445 (1929). 
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calculated and experimental distributions of electrons after 
passing through 0.97 g/cm? of gold. 


only 0.0759, which for our work (where So is of the 
order of 60 kev) amounts to only 4 kev for losses of the 
order of 1 Mev. 

The energy loss Az, associated with individual losses 
less than ¢, is the same for all particles of unit charge 
moving with the velocity v and is given by the relation® 


_2mvit 
Ar= s{in -6'| (3) 
(i— X)r 


Thus, the loss due to interactions in which Sp is the 
maximum energy transfer can be written 


(4) 


(er 


TaBLe I. Observed and calculated most probable energy losses. 
The values given for So, 4, and I are all in Mev. 


2mv?So | 


Ao= Sin 


Be Poly Al . Au 


0.8090 0.8586 0.8400 0.9658 
1.055 2.694 8.808 19.51 


7-Mev data 


So 0.05094 0.06590 0.06353 ° — 
Ap (Landau) 1.170 1.482 1.325 

Ape (Fermi) 0.950 1.270 
A, (exptl.) 0.945 1.235 
Ape (Yang- 

Kennedy) — — — _ 
T'/So (Landau) 3.98 3.98 3.98 3.98 
I'/So (exptl.) 3.97 3.98 ; 4.69 
T'/So (Yang- 

Kennedy) _ -- = 


0. 7483 
1.839 


D ‘a = 
p (g/cm*) 


0.05945 


1.135 
1.110 


t ‘008 
0.980 


9.6-Mev data 
0.05103 0.06602 0.06364 
1.125 1.422 1.264 
0.952 1.272 1.137 
0.931 1.227 1.145 


So 

A, (Landau) 
Ape (Fermi) 
Ap (exptl.) 








8A detailed discussion of the processes of ionization loss, 
‘etenkov radiation, and polarization effects has been given by 
M. Schénberg, Nuovo cimento 8, 169 (1951); 9, 372 (1952). 
Application of the theory to the problem at hand was made by 

Roy ty and M. Huybrechts, Bull. Cent. Phys. Nucl. Brussels 
no. 29 (1951 
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Since the electrons involved in the straggling dis- 
tribution near the most probable energy loss are not 
those suffering violent collisions, the energy-loss dis- 
tribution around the most probable energy loss is the 
same for heavy particles of unit charge moving with the 
same velocity. The only requirement is that the maxi- 
which the incident particle can transfer 
= 2mv*/(1—*)] is considerably 


mum energy 
to an electron [Wy 
larger than So. 

The value of the average excitation energy J appear- 
ing in the equation is very nearly the same in this work 
as for the energy loss for fast protons, and one could use 
the experimental values of J determined by Mather 
and Segré.® If, however, we consider the effect of 
polarization of the medium on the energy loss, we find 
by Fermi’s treatment that the reduction in energy loss 
for particles having velocities less than c/y/e is So Ine, 
where ¢ is the effective dielectric constant.!° 

A formally more correct interpretation of the experi- 
mental values of J obtained from the proton range data 
is that these are equal to e47’, where J’ is the value of 
the mean excitation potential without the polarization 
effect. The effective value of €, however, is expected to 
be close to unity except for the lightest elements. Since 
we hope to investigate the polarization correction more 
specifically in future experiments, we have not examined 
the effect in detail. We have, in this work, used the 
simple expression J=13.5Z in computing the energy 
losses from the Landau formula. 

The most probable loss, corrected for the polarization 
effect for extreme relativistic electrons can be treated 
more simply, since it will not depend on the excitation 
energies of the material. This can be seen by considering 
the reduction in energy loss due to polarization, A,., 
which is applicable to this case.!0"! 


; e—1 1—«? 
A s4n( - )- - ~ | for > e/ V/€, (5) 
1—p? 1—e 
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Fic. 4. Calculated and experimental straggling distributions of 
15.7-Mev electrons after passing through absorbers of about 1 
g/cm* of beryllium, polystyrene, and aluminum plotted versus 
energy in units of So=2ze‘nt/mo*. 

®*R. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 

40). 


10 FE, Fermi, Phys. Rev. 57, 459 (19 
4. Halpern and H. Hall, Phys. a 73, 477 (1948). 
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where «= 1+ (4xrne*h?/mI*); 


dre*nh? 
a5 in (——-) — 1 for vc. (6) 
(1—8?)m/? 


This reduction in energy loss involves only remote 
collisions which give rise to small energy transfers of 
the order of the excitation potentials. These collisions 
are therefore not expected to change the observed 
straggling distributions in the cases where the simple 
straggling theory is applicable. Substituting Eq. (4) 
in Eq. (2) and subtracting Eq. (6), we find that the 
corrected most probable energy loss in condensed 
materials for extreme relativistic particles is given by 


Ape= Ap— Ac= So[In(e?mt/h?)+-0.37], 
= So In(t/ao)+0.37 ], 


where dp is the Bohr radius of the hydrogen atom. This 
formula may be written in another way, which states 
explicitly the dependence on the volume density p and 
the surface density D of the sample. Putting in the 
constants with p and D in units of grams per cm* and 
grams per cm’, respectively, one obtains 


(7) 


Apye=0.1537(2Z/ZA)D[19.43+1n(D/p)] Mev. (8) 


The simple formulas and straggling distributions do 
not hold very accurately for elements of higher atomic 
number for several reasons. One important complica- 
tion is the fact that when the K or L excitation energies 
are of the same order as Sy these energy losses must be 
treated separately in evaluating the straggling. Such a 
treatment of the straggling for lower energy electrons 
has been made by Blunck and Leisegang,” who found 
that they could account for the now classic straggling 
distributions of White and Millington. 

The effect of bremsstrahlung on the most probable 
energy loss is very small, even in the case of gold where 
the mean radiation loss is about twice the mean ioniza- 
tion loss. The reason for this is that the radiation loss 
represents the effect of a small number of large energy 
transfers. An order of magnitude estimate of the fraction 
of the radiative losses which may contribute to the shift 
and broadening of the distribution curve can be made 
by considering the total radiation loss associated with 
energy losses less than 2S». This fraction of the radiative 
loss is about 30 kev for the Leann gold sample for 
which the mean loss is about 2 Mev and only about 5 
kev for the aluminum sample. From such an estimate it 
is seen that the radiation losses must be included in the 
case of gold, if one is to obtain results having a precision 
equal to that of the experimental measurements, but 
that such considerations are unnecessary for aluminum 
and elements of lower Z. 

Multiple scattering can have only a small effect in 
most of the samples used in this work. Yang has shown 
that, in the case of electrons which enter and leave the 


~ 0, Bhunck and S. Leisegang, Z. Physik 128, 500 (1950). 
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absorber normal to the surface, the effective thickness 
of the sample is increased by the factor (1+#,/6.9), 
where the thickness ¢, is in radiation lengths.'* This 
results in less than a 3 percent increase in the path 
length in the gold absorber and about } percent in the 
aluminum absorber. The effect of multiple scattering is 
therefore completely accounted for by simply increasing 
the thickness of the absorber by the above factor. 

The three above complications have been taken into 
account for our particular gold sample by Yang and 
Kennedy who have made numerical calculations for the 
expected straggling distributions suffered by 15.7-Mev 
electrons neglecting the effect of polarization.'* This 
curve is shown with the experimental data for gold in 
Fig. 3. 

DISCUSSION OF RESULTS 


The results for the observed most probable energy 
losses in the various samples are given in Table I. The 
samples of lower atomic number were used with both 
9.6- and 15.7-Mev electrons, while the gold and copper 
samples were used only at 15.7 Mev. The losses and the 
widths of the straggling distributions as calculated by 
the Landau equation are included in each case. For 
gold we have also included the values calculated by 
Yang and Kennedy. 

The nature of the agreement between experiment and 
the calculations for the light elements is apparent in 
Figs. 2 and 4. The observed most probable energy loss 
is about 20 percent less than that calculated by the 
Landau equation without the density correction, but it 
is in good agreement with the simple asymptotic equa- 
tion which includes the effect of polarization. The agree- 
ment between the observed and calculated distributions 
shown in Fig. 4 is well within the probable error of the 
experiments. 

The corresponding results for gold are shown in Figs. 
3 and 5. It can be seen that the shape of the straggling 
distribution is in very good agreement with the Yang- 
Kennedy calculation. The observed energy loss is less 
than that calculated without the polarization effect by 
about 0.20 Mev. The expected reduction due to the 
polarization effect as calculated by the asymptotic 
equation is 0.06 Mev. The reduction (as obtained from 
the more detailed calculations of Halpern and Hall for 
lead), increased by the density term 


{So In[(p ‘ZA )au(AZ/p)p» }}, 


is 0.10 Mev. 

The distribution for copper is also given in Fig. 5, 

3 C, N. Yang, Phys. Rev. 84, 599 (1951). 

“C, N. Yang and J. M. Kennedy, private communication. 
(Schultz in reference 4 carried out similar calculations for the 
data of Paul and Reich.) 
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15.7-Mev electrons after passing through absorbers of about 1 
g/cm? of copper and gold plotted versus energy in units of 
So= 2re‘nt/mv*. 





and it is apparent that the straggling distribution is 
somewhat wider than the Landau curve. The observed 
energy loss is somewhat less than that given by the 
asymptotic formula. No more exact calculations are 
available for copper. 

The most probable energy loss has been measured for 
cosmic-ray mesons by Bowen and Roser.'® They find 
that the most probable energy loss of fast mesons in a 
3-cm crystal of anthracene (Ci4Hio, density=1.25) is 
6.15 Mev. This is in good agreement with the value of 
6.25 Mev calculated by the asymptotic formula [Eq. 
(8)}. 

SUMMARY 


The agreement between experiment and theory is 
very good for the light elements both with respect to the 
magnitude of the energy loss and to the energy dis- 
tribution. 

The broadening of the energy-straggling distribution 
in gold is completely accounted for in a numerical calcu- 
lation which includes the effect of the high K and L 
excitation energies and the additional straggling intro- 
duced by the radiation losses 

The only difficulty is the failure to account for an 
apparent polarization effect in gold, which is somewhat 
larger than the theoretical estimates of this effect. 

It is a pleasure to express our thanks to T. J. Keegan 
for his cooperation in operating and maintaining the 
betatron and to J. C. Buchta, J. H. Malmberg, and 
G. E. Modesitt for their contributions in the develop- 
ment of the equipment and for their assistance in- 
obtaining the data and organizing the results. We are 
very much indebted to Dr. C. N. Yang for valuable 
discussions and his stimulating interest in this work. 


18 T, Bowen and F. X. Roser, Phys. Rev. 85, 992 (1952). 
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Pseudoscalar meson theory with pseudoscalar coupling is used to find a value for the electron-neutron 
interaction. By means of the Feynman-Dyson-Wick techniques, the one-neutron matrix elements of the 
S matrix are calculated in the usual weak coupling perturbation theory, carried to second order in the 
meson-nucleon coupling. Expressions for the magnetic moment and the electron-neutron interaction are 
deduced from this. By using the former to fix the coupling constant, it is found that the potential well 
representing the latter has a depth of 5380 ev if, as is conventional, this is taken to be square, with a radius 
of &/me*. The various results found by previous authors and their relation to the present work are dis- 


cussed. 





I. INTRODUCTION 


EVERAL years after Dee’s' attempt to detect 

an interaction between neutrons and electrons, 
Condon* pointed out that the rather large upper limit 
given by Dee could be reduced by a factor of about one 
thousand from a consideration of the effect which such 
an interaction would have on the scattering of slow 
neutrons. Experiments were carried out in 1947, almost 
simultaneously, by Havens, Rabi, and Rainwater® at 
Columbia University and by Fermi and Marshall‘ at 
the University of Chicago, in which the interference 
between the electronic and nuclear scattering of slow 
neutrons was studied. Both groups gave values of less 
than 10 kev for the depth of the interaction potential 
well, assuming, conventionally, that this is square with 
a radius equal to e?/mc*. Since that time, more precise 
measurements have been made, typical results being 
(5300+ 1000) ev,® (4100+ 1000) ev,® and (4200+600) 
ev.? 

The calculation of the electron-neutron interaction 
from meson theory has been carried out by several 
authors.*-" Of the several varieties of meson theory, 
the pseudoscalar is currently in vogue since the pseudo- 
scalar nature of the pi-meson has been generally 
accepted. However, even with the same theory- 
pseudoscalar mesons, pseudoscalar coupling, with the 
usual weak coupling perturbation theory carried to the 
second order in the meson nucleon coupling—different 
methods of calculation led to well depths ranging from 
1300 ev®" to 5220 ev.!® Since it has not been certain 
whether these discrepancies were due to errors, to dif- 
ferent methods of evaluating divergent integrals, or to 

*Now at Radiation Laboratory, University of California, 
Berkeley, California. 

! P. E. Dee, Proc. Roy. Soc. (London) A136, 

2 E. U. Condon, Phys. Rev. 49, 459 (1936). 

3 Havens, Rabi, and Rainwater, Phys. Rev. 72, 634 (1947). 

‘ E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 

5 Havens, Rainwater, and Rabi, Phys. Rev. 82, 345 (1951). 

6 Hammermesh, Ringo, and Wattenberg, Phys. Rev. 85, 483 
(1952) 

7 Harvey, Hughes, and Goldberg, Phys. Rev. 87, 220 (1952). 

8M. Slothick and W. Heitler, Phys. Rev. 75, 1645 (1949). 

*K. M. Case, Phys. Rev. 76, 1 (1949). 

1S. M. Dancoff and S. D. Drell, Phys. Rev. 76, 205 (1949). 

1S. Borowitz and W. Kohn, Phys. Rev. 76, 818 (1949). 
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the use of different formal procedures in carrying out the 
perturbation theory, a clarification of the theoretical 
situation seems very desirable. 

Moreover, still another result is obtained from 
Foldy’s treatment” which makes no use of meson theory. 
A Pauli term is simply added to the Dirac equation to 
represent the empirical neutron magnetic moment. As 
a consequence of the relativistic covariance of the Dirac 
equation, it then follows that the neutron will also 
interact with an external electric field. If this inter- 
action is expressed in terms of an electron-neutron well 
depth, a result of 4080 ev is obtained, which agrees with 
none of the values which have been calculated from 
meson theory. 

Of course, meson theory weak coupling calculations 
of such effects cannot be taken too seriously—for 
instance, they do not even give the correct neutron to 
proton magnetic moment ratio—but it certainly should 
be possible to state definitely just what value pseudo- 
scalar meson theory does predict for this effect. In this 
paper, the electromagnetic properties of neutrons are 
investigated with the aid of the Feynman-Dyson-Wick 
techniques. Special attention is given to the interpre- 
tation of the terms obtained from field theory so that 
the relationship of the various results obtained by 
previous authors can be made quite clear. Naturally, 
the result of this calculation should not be expected to 
agree very closely with the experiments, even if field 
theory is correct, since terms of higher order in the 
meson nucleon coupling g have not been taken into 
account and g is by no means small. In fact, the mesonic 
analog of the fine structure constant must have a 
value of about 7 in order to fit the neutron magnetic 
moment [see Eq. (56) below]. The chief purpose of 
this investigation is to clear away the confusion arising 
from the number of theoretical values which have been 
reported. The results obtained are in agreement with 
those found by Slotnick and Heitler* and by Dancoff 
and Drell.° 

A similar calculation has been made for the case of 
pseudovector coupling but no new results were ob- 
tained. It is found that the magnetic moment is un- 


" BL. L. Foldy, Phys. Rev. 83, 628 (1951). 
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changed (provided that, as usual, the coupling constant 
is multiplied by twice the nucleon to meson mass ratio) 
as might be*expected from the theorems on the “equiv- 
alence’’ of the two couplings. However, the electron- 
neutron interaction is found to be logarithmically 
divergent in agreement with Feynman’s conclusions.'* 

The field theory calculation of the S matrix is outlined 
in Sec. II, most of the algebraic details being left for 
Sec. III. These results are discussed and interpreted in 
Sec. IV and the status of previous calculations is 
explained. 


II. CALCULATION OF THE S MATRIX 


The system to be studied consists of quantized 
nucleon and pseudoscalar meson fields in presence of an 
external, c-number electromagnetic field. The charge 
symmetric formalism will be used according to which 
the mesons are described by three Hermitian fields, ¢, 
$2, $3, or, alternatively, by the field ¢3; and the complex 
fields 

= (¢itide)/V2, o*=(¢1—i¢2)/V2. (1) 


The potentials of the external electromagnetic field 
will be denoted by A,, (v=1, 2, 3, 4). It will be con- 
venient to use the isotopic spin formalism and combine 
the proton and neutron spinor fields, Yp, yx, into a 
single, eight component spinor, 


Wn 
ot) 
vp 
The Lagrangian density is 


L£= Lot Lot Le 


with 
1/ dba Iba 4 
f»---(- a “+ babe) +i0'(7—+at 
2N OX, Oh, Ox, 
L,=—gb'Yr%bad, 
0g) Ode 

—2— —oi- ve" yop 

Ox, 


Ox, 


’ 


) 


< 


b+ 2" 
£.=—<A,| |—etaud, —— 


where 7', 7’, 7* are the Pauli isotopic spin matrices 
which operate on the charge index of y; ¥! and y’ are 
as defined in reference 15; and natural units, k=c=1, 
are used. The usual canonical formalism! leads to a 
Hamiltonian density 


H=Hot+K1, 


where Kp is the part which remains when e and g are 
set equal to zero. Going over to the interaction repre- 
sentation, the development in time of the Schrédinger 


3K. M. Case, Phys. Rev. 76, 14 (1949). 

4 R. P. Feynman, Phys. Rev. 76, 769 (1949). 

% G. Wentzel, Quantum Theory of Fields (Interscience Publishers, 
Inc., New York, 1949). 
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state functional, F(é), is given by 
F(t) =e-4"'G(), 
where 


Ho= fessee(e 


and G(é) satisfies 

" 48G(t)/at= HOG) -| f arsxe(s) ow, 
Here 
Hy (x) See = gy'y*r ba 


0g: Ide 
+eA,; —¢.—-— 6.—ve've| 
xy Ox, 
o:°+ 2” 
+e%(A,A,—Ag)— 


= gV2 (vel ybvot vn Yb rd*) 
+ gh'>r*Vos— eA wp y’bp 


do dg* 
+ied.( —¢*—- “o) +e A,—A,)o*o. (2) 
Ox, Ox, 
The commutation relations for the field operators in 
this interaction representation are: 
[o(x), o*(y) ]=[os(x), o3(y) ]= —id(x—y), 
{¥(x), ¥t(y)} =T(x—y), 
with 
1 sin[ (k?+ y*)!] 
A(x) =A(x, t)=—— fee 
2x)? (k?+ u?*)! 


0 
I'(x)= (u- y” Jaw. 
Ox, 


and 


The actual calculation consists of finding the matrix 
elements, between two one-neutron states, of the 
operator S which carries the initial state function into 
the final one: 

G(~)=SG(—«), S=1+> S,, 


n=l 


(—1)" 
Si f diay f dbx TIC4(21)- + -IaCtn)], 


n! 


where T denotes the temporal ordering of operators.'® 
Applying Wick’s formalism to the T-product leads to 
the Feynman rules, which will be used in what follows. 

The one-neutron, time-independent state functionals 
will be called F;, F2, while Fy will be used to denote the 
vacuum state (no neutrons or mesons present). It is 
assumed that F; describes a state with one free neutron 


6G. C. Wick, Phys. Rev. 80, 268 (1950). 
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Fic. 1. Feynman diagrams. 


of momentum , spinor ™, i.e., that 
(Fo, W(x) F) =ue"'"*, 


where “,e'""* is a solution of the unperturbed Dirac 


i] 
(v - +4) e's *# =(), 
Ox, 


(M+in,)u,=0, 


equation, 


rhis gives 


with 
n= (n),7’. 
(If f, is any four-vector, the symbol f will denote the 
4 
matrix >> f,y’. Also, f-g will mean the scalar product 
1 


’ 


4 
> fg,, and f will be used for the three-vector with 
1 


components fi, f2, fs.) Taking the Hermitian conjugate 
of (3) and multiplying on the right by y‘ yields 


uy'(M+in,)=0. 


Similarly, the state F, has one free neutron with 
momentum #2, spinor #2, and 


(M + in.) u.=0, u2'(M + in) =(), 


If F,; and F, are different states, 
( Fo, F) = (Fo, S\F)) = (Fs, S2F ) = 0, 


so the lowest order contribution will come from $3. It 
will be proportional to eg* if terms of higher order in e 
or eA are neglected. (In this approximation, the e* term 
of 3C;, Eq. [2], may be dropped.) Thus, to order eg’, 


(Fs, SF,)= (Fo, S3F \) =M, +My + Mint, 


where M;, M11, M111 are the matrix elements associated 
with the Feynman diagrams of Fig. 1. In these diagrams 
solid lines denote nucleons, dotted lines stand for 
mesons, and the wavy line indicates the external elec- 
tromagnetic field. Neutron momenta are labeled n, 


proton momenta, p. The mesons in I and II are charged, 
while that of III is neutral. 
Specifically, 


My d*kusty>— 


M+i(n.—k) 


1 1 
Xa(q)———_———y'«r——_, 
M+i(m—k) = u?+h? 


_ ieg” 1 
My =— ff eomstes St 
8x M+ ip 
(n1+n2—2p)-a(q) 
T+ m— Pat Oa) 


cults eg” 
Min= J epmst, 
16x 


xX y'u 





1 1 1 


xsp| 9 a(q)—__——}——, 
M+ip  M+i(p+g))u+¢? 


where a,(k) is the Fourier transform of the electromag- 
netic potential 


1 
La) = —— f dike -a5b), (4) 
(2x) 


a(t) = fatve-A4(0), (5) 


and 
g=n2— Nn. 


Hereafter, a,(q) will be written simply as a,, so that @ 
stands for the matrix a,(q)y’. As usual, the nucleon and 
meson masses, M and uy, are to be understood to have 
negative imaginary parts which are set equal to zero 
after all integrations have been performed. 

We consider first the integral Miz. It is formally 
quadratically divergent, but the spur of the Dirac 
matrix in the curly braces vanishes since v5, y*y*, 
yyy’, v'y"y’y* all have zero spur. Thus, any cut-off 
or regularization procedure which makes the integral 
finite will give M111 the value zero, so in this sense we 
may simply set 

Mi1=0. 


The other terms, M; and My, are also divergent, 
although only logarithmically. The subsequent alge- 
braic manipulations in which the “convergent” parts 
are separated from the “divergent’’ parts are therefore 
meaningful only if we imagine these integrals regular- 
ized or cut off in some manner. The terms which appear 
“convergent” are those which would remain finite if, 
say, the cut-off momentum were allowed to become 
infinite, while the “divergent’”’ terms are those which 
would not approach any finite limit. The interpretation 
of the latter is discussed in more detail below. 
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The expressions for M; and My; can be simplified by 
rationalizing the denominators and bringing the + 
factors together. Using also the Dirac equations for 
and te, 


(M+in,)u,=0, u2'(M+in,)=0 (6) 


we find 


— eg? 


Us "Raku, 


) ICME (mb) w+ 
In terms of the average neutron momentum, 


n=(n,+n-2)/2, 


p 4 —— 
[M2+ (ny—k) 


Mi; may be written 


peas. 2 f is 
m2——A ff ¢ 
: 8x* ? 


Us a! (M+ ip)ui(n— p) 


Me Pt On ye ties p)*] 


Thus, evaluation of My; and My; depends upon a 
knowledge of integrals of the form 
(1, Rus Ruhr) 

wesesdbactgieetameadl 9 


d'‘k- — 
J (k?— 2m: k+ A1)(k?—2ne: b+ A: \ Re +A) 


These will now be computed and the result, Eq. (13), 
will be substituted into Eqs. (7) and (8) for My and 
Mx. It will be shown that both of these are of the form 


us'(H (q*)a+ K (q*)(aqg—qa)+ L(q*)q*a ju, 


where H, K, and L are definite integrals containing ¢ 
as a parameter. If the external fields are slowly varying 
so that only small values of ¢ are relevant, it will be in 
order to make an expansion in powers of g. Retaining 
only terms of order g*, we have 


M,+My=u2'(Ea—4}F[a,q]—Gq’a)u;, (10) 
where E, F, and G are calculable constants, or, ex- 
pressed in terms of the actual electromagnetic poten- 
tials and fields, 


Mi+Mu= f eruste-in (BA BF Fou 


+GO*A)uye™"*, (11) 
with 

F = 0A,/dx,—9A, Cy", y°]/2i. (12) 
The statements made in this paragraph will be sub- 
stantiated in Sec. III and the values of E, F, and G 
will be calculated explicitly. The interpretation of the 


result (11) will then be discussed in Sec. IV. 


/ 
OX, Sw= 


INTERACTION 


Ill. ALGEBRAIC DETAILS 


The integrals (9) can be evaluated by standard 
methods.'” We have 


(1, Buy bake) 


d‘k—-— - — 
J (k?— Qn, k++ Ay)(E? 2— 2n.- k+A,)(R2+As) 


fae yfee 22Ct, Comps HPBye/ 4+ (1a) t)e] 


(ta 
; tg 1(A), 2B(A)n,, C(A)b,» 


+ D(A) (nyta+nyny)+ E(A)(nyty+ ne) |, (13) 


where 
A=+A,+(1—x)A2.4+ M’*e+¢Pey(l—y), (14) 


ny=ny+n(1—y), (15) 


and 


; 2 1 1 gry 
A (a)=2f ax f dy-, B(A) “4h asf dy—, 
0 0 A e A A 
-—f inf yfoa ———— 
wi (k?+ A) 
1 1 1 x 
=- - f ax f dy f are ia ‘ 
rt 0 (e244?) 
: '  xy(1—y) 
D(a) =2 f dxf dy--———_, 
0 0 A 
xy? 
E(A)=2 f te f ay 


All of these integrals are “convergent” in the sense 
explained above except for C, which is logarithmically 
“divergent.” However, it will be seen that in the sum 
M;+Mr1zr the difference of two such terms appears and 
that this is “convergent.” 

The result (13) may now be substituted into (7) and 
(8) to find M; and Mjy. In the case of My, A,=0, since 
n;=n = — M?, and A2.= pz’, so 


Ar=M?X1+2y(1—y)@, 





(1 


| 
| 
| 
J 


(17) 
where 


(18) 
(19) 


X ;=x2—nx+n, 
n= p"/M?. 
For My, A4i\=4?—M? and A:= M’, so 
An=M?7X11+-2y(1—y)¢, 
X= 2°+(9—2)x+1. 


(20) 
(21) 


17 See, for instance, the appendix of Feynman’s article, reference 
14. 
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Writing A; for A(41), Au for A(Ar1), etc., Eqs. (6), 
(7), and (13) give 
M = — (teg’ 16x”) u2'{iM(D,+£;)[a, q) 

+ Dya—2(M°E}+M*D,4+-Cy)a}u,. (22) 
(8), and (13) we find 


2Bi1) 


Similarly, from (6), 


Mi1= (eg?/8x*) uot{(2iM*(Dirt+ E11— 
+-iM?A11—iCy1 la 


} 4M(Dun+Eu—2Bun+A 11/ (23) 


2)Ca, q]}m. 
Adding the two results, 


M,4 Mi1= (eg?/ 16m?) u2!{[4iM?(Diy + Evi- 2B11) 
+ 2iM*(Aqy+E1+D )+2i(C1—Cr1) Ja 
-iD\q°a+ M(Dyt+E£u—2Bn+An/2 


+D,+E;)[a, q |}u. (24) 


Note that the two divergent integrals appear only in 
the combination 


1 1 1 
- f ax f dy [ ak: as 
ri vo 0 


x(— ——_- —-—— -), (25) 
(2-41)? (k? +A) 


‘convergent”’ since 


1/(+41)*—1/(#+411)3 


which is ‘ 
(26) 


behaves as 1/()4 for large values of &?. 
As remarked above, an expansion in powers of @ is 
indicated, e.g., 
A(q’)=A(0)+A'(O)g2+- = (27) 
so that to order g’, (24) gives 


9 


€g 
M I+ My =— uo (Pa+Q[a, q}/+ Rq’a)u,, (28) 
16x? 


where P, Q, and R are the constants 

P =4iM°D11(0)+ F11(0)— 2B11(0) ]+ 2iM2A 11(0) 
+iM*E11(0)+2i[C1(0)—Cr1(0)], 

Q=M[Diy:(0)+ E11(0)—2B1100)+ [A 11 (0)/2] 
+D;(0)+ E1(0)], 
R=—iD,(0)+4iM*(Dy'(0)+ En’ (0)—2Br1'(0)) 

2iM?A y1'(0)+ 2iM*LEy'(0)+ Dy’ (0) ] 
+ 2i[C1'(0)—C(0)]. 





The evaluation of Q and R is quite straightforward and 
involves only elementary quadratures. For instance, by 
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using (16) through (21) we have 


o- auf fia [Peat x/2 
da ——— —_——_—— 
M’Xi1 


xty(1—y)-+a"y? 


MX, |- “Ez 


since X1;—>X, if x-1—«x. Thus 


1 1 x? 1 
Q=— [dx -_ju(, 
NA Gdimeta 


n’—2n 
fo(n) = 1" logn-+—- c 
2 (4n— n°)! 


Similarly, 
R=—(2i, ‘M*)fi(n), 


1 2n 
+f ) logn 


3(4— n) gl 3 
nl — (4/3)n?-+ (17/2)n— (35 


(4— 7)! 


However, some care must be excerised in the case of 
P, for it contains the difference of two divergent in- 
tegrals. The C terms which appear in R, i.e., C1/(0) and 
Ci1'(0), are individually ‘‘convergent” since in the 
expansion of C; or Ci in powers of ¢* the coefficient 
of g’ is a “convergent” integral. On the other hand, the 
terms in these expansions which are independent of q, 
ie., the Cy(0) and Cy1(0) which appear in P, are each 
divergent and only their difference is finite. Therefore, 
unless the evaluation of P is done rather carefully, 
almost any result may be found. The procedure adopted 
here is simply to compute M;+ My, directly from (7) 
and (8) for the case m,;=m2, “=, using a Lorentz 
frame in which 


13—49 
fi(n) = 


3 4 
eben (33) 
2 


n= n,=0. 
Then g=0 and we can find P from the equation 


eg? ieg” 
M,+M);=——,' Pau, = ——Pa, 

167% 1674 

where only the a, term remains because 
uylyu;=0, uyty*uy=1. 


A straightforward computation leads to the result 
Mit+My = { eaj0e), 


where f(k) is a sum of terms which, taken separately, 
would lead to divergent integrals. However, 


fk) =0, 
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so we may conclude that, in this case, 


M1+Mu=0, (34) 
and consequently 
P=0. 


It has now been shown that (10) is correct: 


Mi+Mu=;'(Ea—}F(a, g]—G¢a)u,, 
with 
om g? eg’i 
F =- —fo(n), G=—— ~fi(n). 
82°M 82°M* 


E=0, 


Remembering Eqs. (4) and (5), we have: 
M:+My = f dtzuterine 4 FowSwt+GO?A)uje™*, 
(36) 


IV. INTERPRETATION 


We shall now discuss the interpretation of the result 
(36) of the field theory calculation for tiie one-neutron 
matrix elements of S. Of course, quantities such as the 
scattering cross section for neutrons in an external 
electromagnetic field can be obtained directly from 
(36) in the usual way, but in order to find the neutron 
magnetic moment and the electron-neutron interaction 
it is convenient to deduce from (36) an effective Hamil- 
tonian for neutrons moving in an electromagnetic field. 
Indeed, if the ordinary Dirac equation for the neutron 
wave function y (nonquantized) were 


(1°+V)y=(mB+a-p+V)y=i¥, 


with 


(p=—i¥) (37) 


V=—B(}FouF.+GL?A), (38) 


then the properties of neutrons deduced from Eq. (37) 
using the first Born approximation would be the same 
as those obtained from (36). A plane wave expansion 
of y proves this immediately. 

Since the electron-neutron interaction experiments 
use slow neutrons, it will be in order to consider the 
two-components Pauli-Schrédinger equation to which 
(37) reduces in the nonrelativistic limit. This reduction 
may, for instance, be accomplished by means of a 
unitary transformation, 


y= ex, 
with 
T=(a-p/2M)B=—T™*. 
Then the Dirac equation, 
Hy=(°+V)y~=i¥, 
becomes 
e~THe™x=1x. 
For the transformed Hamiltonian we have 
H!=eTHeT 
=(1—T+47?+-+-)(P+V)(14+T+4T"+-:) 
= MB+(p?/2M)B+V+[V, TJ]+-:-. (39) 
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Thus, in the absence of the perturbation V, states x 
which have only the first and second components dif- 
ferent from zero will be steady states of positive energy, 
while those with vanishing 1, 2 components will be 
negative energy states. Treating V as a small perturba- 
tion, we may expect that for states of positive energy, 
x3, x4 will be negligibly small compared to x1, x2, so 
that in a nonrelativistic approximation, odd'* matrices, 
i.e., those which connect the upper two components with 
the lower two, may be dropped. Since 


V=—8F(H-e—iE-a)+4rfGJ, 
where 
J,= —(1/4r)0*A,, 
and E£, H are the external electromagnetic fields, we find 


V+LV, T]+--:=—BFH-0+4GJ, 

+iF[BE-a, T]+-*-. 
Here, odd matrices have been omitted as well as terms 
which are of higher order in the neutron momentum, p, 
or which involve second or higher derivatives of the 
external fields, since we assume the latter to be slowly 
varying. Evaluating the commutator, we have 


iF F F 
—[BE- a, a: ps ]=——— divE——-e: (EXp—pXE), 
2M . 2M 2M wi 


so 


F 
V+L[V, T]=—$FH-o—— divE 
2M 
y (41) 
+4xGJ.———o- (EXp-PXE). 


If x’ denotes the two component spinor composed of 
the 1,2 components of x, then in a nonrelativistic 
approximation, x’ satisfies the Pauli-Schrédinger equa- 
tion 


p’ 
(a+ — v' x’ =in' (42) 
2M 


F F 
V’ = —FH-e—— divE+42GJ,—— 
2M 2M 


-(EXp—pXE). (43) 
If E=0, then H is static and we may set J/,=0, giving 
V’=—FH -e. 


This shows that F is the magnetic moment of the 
neutron. Since 


PF = —(g?/4n”) fo(n)(e/2M), (44) 


the value of this moment in nuclear magnetons is seen 


18 L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
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to be 


un = —(g?/4*) fo(n), (45) 


in agreement with previous calculations.® * "19 
Consider next the case where H=0 and E has as 
source a static charge distribution 


divE=4rp. 
Then 
1 i divE 
V*Aq= 
4n T 


J - =ip, 


and 


F F 
V’=4rf{ iG- )o- (EXp—pXE) 
( 2M 2M sili 


eg* fo(n) F 
: ( f(a) )o- —o:(EXp—pXE). (46) 

2rM*\ 2 2M 
As pointed out by Fermi,‘ the o-(EXp—pXE) term 
has no effect on the usual experiments on the electron- 
neutron interaction and we shall drop it for the re- 
mainder of this discussion. (Since the experiments use 
unpolarized neutrons, this term, which involves spin 
flip of the neutron but not of the nucleus, cannot 
interfere coherently with the nuclear scattering, in 
which the neutron and nucleus both change their spin 
states or both remain unchanged.) 

The case where the charge cloud represents an elec- 
tron with fixed location has often been used for stating 
the results. In this case, 


p=-—€po, ferro == | > 


i e*g? fo(n) : 
V’= ( - fia) )o 
27M? 2 


The neutron sees, then, a potential given by (47). Since 


~ eg? foln) 
Hi aev = ( - fio), (48) 
. 2eM?\ 2 


(47) 


a square well of radius e?/mc? with the same volume 
integral would have a depth 


far fe?\3 
Vo=W 
‘ /| 3 (€)] 
3 gt my? mf fo(n) 
ay (a\- oe ee 
2r4nr\M eu. 2 


It is now possible to point out the relation between 
these results and those found by previous authors. 
Foldy’s phenomenological calculation, based on the 
anomalous magnetic moment, gives the same result as 


1 J. M. Luttinger, Helv. Phys. Acta 21, 483 (1948). 
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dropping the f;(m) term in (49). His success in thus 
finding correctly the part of Vo which involves fo(m) 
stems from the fact that both it and the magnetic 
moment originate in the §,,o,, term of V, (38). Conse- 
quently, both are proportional to g’fo(n) and since their 
ratio is determined merely by relativistic invariance, 
not by meson theory, fixing one empirically—thus 
determining g?fo(n)—makes it possible to find the other 
without the use of field theory. However, an approach 
of this sort could not predict the part of Vo which 
involves f:(m), since even if a term [?A were added”® 
to the Dirac equation Hamiltonian along with Foy», 
phenomenological considerations would not indicate the 
ratio of the coefficients of the two terms. 

The value of V» found by Case® and by Borowitz and 
Kohn" corresponds to dropping the fo(m) term in (49), 
retaining only the part involving fi(). Since f;(n) has 
a magnitude about 3 that of fo(n)/2, this leads to a low 
value for Vo. 

For comparison with the result of Slotnick and 
Heitler and Dancoff and Drell, it is convenient to 
convert (45) and (49) to practical units, 


3 g? smy*shcy? fo(n) 
Pax ( ) ( ) mc - -/(n)) 
2e4rhc\M/ \e? 2 


a fo(n) oe 
= 1.36— ——fi(n) } kev, (50) 
Anh 2 


—g* fo(n) ; 
un = —, (51) 
4ahc x 


Using for 7 the value found by Barkas, Smith, and 
Gardner,” 
/n=pu/M=0.151, 


we find from (31) and (33) 


fo(n) =0.820, fi(n)=—0.131; 


Vo=0.736g¢"/4rhc kev, 
-N=- (0.820 1) g" 4th. 
If (55) is used to fix g*, with?* 


by =—1.913, 
then 
g’/4arhc=7.33, (56) 
and 
Vo=9.97[4 fo(n) — film) ] kev=5380ev. (57) 
The fo and f; parts (“‘magnetic” and “electrostatic” 


*L. L. Foldy, Phys. Rev. 87, 688, 693 (1952). 

*! Both of these authors have slight errors in their expressions 
for fi(m). In Case’s Equation (103), the term (13—4n)/3(4—7) is 
given as [(13/3)—4n](4—n)~. In Borowitz and Kohn’s Eq. 
(6.11), the coefficient of the cos~! contains 17/3 instead of 17/2. 
However, neither of these errors has an appreciable effect on the 
numerical value of f:(n). 

® Barkas, Smith, and Gardner, Phys. Rev. 82, 102 (1951). 

*% Bloch, Nicodemus, and Staub, Phys. Rev. 74, 1025 (1948). 
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parts) are 4080 and 1300 ev, respectively. The total 
value agrees fairly well with Slotnick and Heitler’s 
figure of 5000 ev and with the 5220 ev™ obtained by 
Dancoff and Drell. [These values have been re-com- 
puted using the choice (56) for the coupling constant. ] 


™% This figure was incorrectly stated as 6100 ev in the author’s 
letter, Phys. Rev. 86, 434 (1952). The error was pointed out by 
Dr. Drell in a private communication. 
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The discrepancies between their results and the 5380 ev 
can probably be attributed to their having used, in 
their numerical integrations, slightly different values 
for the meson-nucleon mass ratio. 

This problem was suggested by Professor G. Wentzel, 
whose advice and encouragement are very gratefully 
acknowledged. Thanks are also due Dr. M. Goldberger 
and Dr. M. Gell-Mann for many helpful discussions. 
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Cross Section and Angular Distribution of the D(d, p)T Reaction* 


W. A. WENZEL AND Warp WHALING 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received August 11, 1952) 


The D(d, p)T reaction cross section has been measured by two methods using D,O ice targets. For Ea 
from 206 to 516 kev, a double-focusing m..gnetic spectrometer was used to obtain the momentum spectrum 
of the protons and tritons, from which the reaction cross section can be determined. For £4 from 35 to 550 
kev, the proton yield from a thick target was differentiated to obtain the cross section. Both thin and thick 
target methods were used to measure the angular distribution over the energy range Ez from 35 to 550 kev. 
The angular distribution is expressed in terms of a Legendre polynomial expansion. Various sources of ex- 
perimental error are considered and the probable error of the total cross section is found to be +5 percent. 


I. INTRODUCTION 


INCE the discovery by Lawrence, Lewis, and 

Livingston! in 1933 that two deuterons can react 
with the emission of long-range protons, the reaction 
H?+ H*-H!+ H’+4.032 Mev has been studied ex- 
tensively. Although early investigators determined that 
the yield was large and anisotropic, accurate measure- 
ments of the cross section have been possible only in 
the past few years.?~* In attempts to extend the meas- 
urements to very low energies, some experimental 
problems which are minor at higher energies become 
increasingly troublesome. The use of thin gas targets 
with differential pumping is subject to uncertainties 
due to beam neutralization and energy loss. The use of 
foils introduces straggling in the beam energy and re- 
quires an accurate knowledge of the window thickness 
at each energy at which the reaction is to be studied. 
The accuracy of the thick solid target measurements has 
been limited by uncertainties in the stopping cross sec- 
tion, which is needed to obtain the reaction cross sec- 
tion from the thick target yield. Recent measurements 
in this laboratory’ of the stopping cross section of D,O 
ice for protons of 18-550 kev enable us to measure the 


* Assisted by the joint program of the ONR and AEC. 

1 Lawrence, Livingston, and Lewis, Phys. Rev. 44, 56L (1933). 

2 Bretscher, French, and Seidl, Phys. Rev. 73, 815 (1948). 

+ Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, 
1599 (1948). 

4 Moffatt, Sanders, and Roaf, Proc. Roy. Soc. (London) 212, 
225 (1952). 

5 Sawyer, Arnold, Phillips, Stovall, and Tuck, Phys. Rev. 86, 
583 (1952). 

*K. G. McNeill and G. M. Keyser, Phys. Rev. $1, 602 (1951). 

7™W. A. Wenzel and W. Whaling, Phys. Rev. 87, 499 (1952). 


D(d, p)T cross section by the thick target method with 
higher accuracy than has been attained previously. 

At higher energies, Ez from 206 to 516 kev, the cross 
section was obtained by another method. A double- 
focusing magnetic spectrometer was used to measure 
the yield of protons and tritons from a thick target as 
a function of their momenta. This spectrum of the 
emitted particles can be used to determine the “thin 
target” cross section, and the observation of both pro- 
tons and tritons provides a check on the internal con- 
sistency of the experimental method. 

The angular distribution of the reaction was meas- 
ured by making observations at 10° intervals over the 
range 4\,, from 80° to 150°. Above 200 kev a thin ice tar- 
get was used, and the yield at each angle relative to a 
monitor counter at @),,=70° gives the angular dis- 
tribution. For deuteron energies below 200 kev it was 
necessary to measure the thick target yield at each 
angle. The differentiated thick target yield gives do/dQ 
at each angle. 


II. CROSS SECTION MEASURED WITH THE 
MAGNETIC SPECTROMETER 


A double focusing magnetic spectrometer was used 
to observe particles emitted at an angle of 90.3° with 
respect to the incident deuteron beam. The D,O ice 
target was deposited on a copper surface cooled with 
liquid nitrogen in a target chamber that has been de- 
scribed previously.’ The aperture of the spectrometer 
was adjusted to subtend a small solid angle, 0.00127 
steradian, at the target, in order to obtain high effective 
resolution. A scintillation counter was used to detect 
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Fic. 1. Proton and triton spectrum obtained at Eg=413 kev. 
Spectrometer resolution R= P/AP=235. The fluxmeter current 
is inversely proportional to the magnetic field. The proton energy 
scale refers to laboratory coordinates. 


the protons and tritons after they had been deflected 
through 180° in the magnetic spectrometer. 

Figure 1 shows a typical momentum spectrum of 
protons and tritons from the d—d reaction for a bom- 
barding energy of 413 kev. Momentum separation of the 
protons and tritons occurs because of the motion of the 
center of mass relative to the laboratory. We obtain the 
differential cross section (do/dQ) at O14» = 90.3° from the 
formula of Snyder et al.® 


4rda ‘dQ = Ninax€ettR-/QE2q, 


where Ninax is obtained by extrapolating the trailing 
edge of the momentum spectrum to the midpoint of the 
leading edge, R, and Q are the spectrometer resolution 
and solid angle, respectively, q is the integrated target 
current in microcoulombs, E: is the energy in electron 
volts of the particles analyzed by the spectrometer, 
and (do/dQ) is the differential cross section in milli- 
barns per steradian. The effective stopping cross sec- 
tion, és, is related to the stopping cross sections ¢€; 
and ¢, of the incident and emitted particle by the 
formula: 


€ot= dE, ‘dE\+ €2 cos6; ‘Coss. 


Cross-section measurements with the spectrometer 
were not extended to energies below 200 kev because 
the large energy dependence of the cross section makes 
extrapolation of the trailing edge uncertain. 


Ill. CROSS SECTION FROM THICK TARGET YIELD 


The yield of protons from a thick D,O ice target 
was measured at @;»=150° for deuteron bombarding 
energies between 20.6 and 578 kev. Proportional 
counters were used to detect the protons. Three dif- 
ferent counters were used in different geometrical 


* Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
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arrangements to check the consistency of the results. 
The thick target yield as a function of deuteron energy 
is shown in Fig. 2, the points plotted as circles and 
crosses show the excellent agreement between results 
taken with different counters with targets prepared 
from two different samples of D,O. The differential 
cross section is given by (do/dQ)=edY(150°)/dEa, 
where Y(150°) is the number of protons emitted into 
unit solid angle at @,4,=150 degrees for each deuteron 
incident on the thick target, and ¢ is the stopping cross 
section per deuterium atom in the target for deuterons of 
energy Ez. Methods of differentiation are discussed in 
Sec. VI, 10. 


IV. ANGULAR DISTRIBUTION 


For the angular distribution measurements a 7-inch 
diameter target chamber was constructed with windows 
0.125 inch in diameter every 10° for @;., from 0° to 
180°. The beam entered the window at 180°, and a 
quartz cover over the window at 0° served for align- 
ment. The remaining windows were covered with 0.001- 
inch aluminum foil. The target holder was located 
accurately in the center of the chamber. A proportional 
counter fixed in position facing the 70° window was 
used as a monitor. A second counter, mounted on an 
arm which could be rotated about the center of the 
chamber, could be moved in front of any of the windows 
between 80° and 170°. A 4-inch diffusion pump under 
the chamber and a liquid nitrogen trap between the 
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Fic. 2. Thick target yield of protons at 6\4,=150°. The solid 
circles were taken with the spectrometer target chamber and the 
crosses with the angular distribution target chamber. The energy 
scale refers to laboratory coordinates, 
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chamber and the pump maintained an operating pres- 
sure of 10-* mm Hg in the chamber. 

For deuteron energies above 200 kev the angular 
distribution was obtained with thin targets. A thin 
layer of ice was deposited on the cold target set at an 
angle of 45° to the incident beam. The ratio of the 
counting rate at an angle 0),, to the rate at 70° measured 
with the monitor counter was obtained for 6;., from 
80° to 170° in 10° intervals. From the measured ratios 
and the kinetics of the reaction the angular distribu- 
tion in the center-of-mass system was calculated. The 
effective energy at which the thin target yields were 
obtained was calculated in each case from the absolute 
thin target yield at 150° and the slope of the thick 
target yield at 150° as a function of energy 


i 1 n(Eett, 150°) 
2 [dN(E, 150°)/dE Jeon 


where V(E, 150°) is the thick target yield at 150° and 
bombarding energy, E, and m(E,;, 150°) is the thin 
target yield at 150°. Eyr; is the effective energy at which 
the angular distribution has been determined. The 
thickness of the targets used varied from 20 to 50 kev, 
and it was found that a given target varied less than 10 
percent in thickness while measurements were being 
taken at all angles. The thin target angular yield as a 
function of energy and center-of-mass angle, normalized 
to a target of constant thickness, is plotted in Fig. 3. 
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The distribution for @..m. between 90° and 180° is 
sufficient to determine the total angular distribution 
because of the symmetry of the reaction in the center- 
of-mass coordinates. 

The rapid variation with energy of the cross section 
below 200 kev makes the thin target yield very sensitive 
to fluctuations in the target thickness. Therefore the 
angular distribution at low energies was obtained by 
differentiating with respect to energy the thick target 
yield curve at each angle to obtain the equivalent thin 
target yield. The thick target yield as a function of 
energy was expressed as the product of a barrier factor 
and a slowly varying function of energy and angle, 
F(Ea, is»). For each angle from 80° to 170°, the func- 
tion F(E4, Oia») was determined from the ratio of the 
observed yield to the barrier factor. F(E4, Oia») was 
then plotted and differentiated graphically. 

The angular distribution has been expanded in terms 
of Legendre polynomials. The variation of the coeffi- 
cients in the expansion with energy is shown in Fig. 4. 
The solid points were obtained from thin target meas- 
urements, the open points from thick targets. 


V. THE TOTAL CROSS SECTION 


Knowing the cross section at one angle and the 
angular distribution, we have calculated the total cross 
section of the reaction. Figure 5 shows the results ob- 
tained in several ways. The points plotted as circles in 
Fig. 5 were obtained from the spectrometer measure- 
ments of (do/dQ) at 6:,=90.3° and the angular dis- 
tribution obtained by thin target methods. The points 
plotted as X’s are based on the thick target yield at 
91a» = 150° and the thin target angular distribution. The 
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points plotted as plus signs show the integral over all 
angles of the differential cross section obtained by 
differentiating the thick target yield at each angle. 

At high bombarding energies the cross section ob- 
tained from the thick target yield has been corrected 
for a small contribution from the O'%(d, p)O" reaction, 
since both of the proton groups from this reaction were 
counted along with the protons from the d—d reaction. 
The sections have been measured for both 
O'*(d, p)O" proton groups with the magnetic spec- 
trometer and are represented approximately by: 


cross 


Long-range group —42(da/dQ) 99°= (0.5 X 10'°/ Ea) 

Xexp(—355E£,) millibarns, 
Short-range group —4m(do/dQ)9o°= (1.2 10"/ Ea) 

Xexp(—355E,7}) millibarns, 
where £4 is the deuteron energy in the laboratory meas- 
ured in kev. These values have been subtracted from 
the cross sections obtained from the thick target yield. 
We have assumed that the angular distribution for the 
O'*(d, p)O" reaction is spherically symmetric over the 
angular range investigated. 


VI. DISCUSSION OF ACCURACY 
1. Solid Angles 


The solid angles for the various proportional counters 
were determined by direct measurement of the di- 
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ameter of the milled counter windows, 0.250 inch in 
diameter, and of the distance from the target to the 
counter window, which varied from 3.5 to 6.5 inches 
for the different counter arrangements. The solid angles 
determined by these measurements should be accurate 
to +2 percent. 

The 0.125-inch diameter windows in the angular dis- 
tribution chamber were smaller than the window in the 
counter outside the chamber so that the windows in 
the chamber determined the solid angle. The relative 
window size at each of the ten angles of observation 
from 80° to 170° was checked with a ThC’ source at 
the target position. The average solid angle is known 
to within 1 percent, and the relative solid angles in the 
angular distribution chamber are known with some- 
what higher accuracy. 

The solid angle of the spectrometer was determined 
geometrically by the use of a known aperture at a 
measured distance from the target. The procedure is 
described in detail in reference 7. As an additional 
check, the proton spectrum obtained with the spec- 
trometer was integrated to give the total yield of pro- 
tons at 90.3°. This result was in excellent agreement 
with the total yield measured with the proportional 
counter set at Ais,»=90°. 


2. Current Integration 


The current integrator was of conventional design 
using a condenser which was charged to a known volt- 
age before being discharged by a fast relay. The in- 
tegrator constant was determined under operating con- 
ditions by the use of a calibrated galvanometer. By a 
more accurate method, the integrator constant was ob- 
tained by means of batteries and precision resistors. 
The integrator constants obtained by the two methods 
of calibration agree within the experimental accuracy, 
and the integrator calibration is considered reliable 
within 2 percent. 


3. Counter Efficiency 


The pulse-height integral bias curve obtained with 
each proportional counter indicated an efficiency of 99 
percent with a statistical uncertainty of +1 percent. 
The scintillation counter with the ZnS _ phosphor, 
which was used with the spectrometer to detect the 
reaction tritons and also for some of the proton spectra, 
was assumed to be 94 percent efficient, at the bias em- 
ployed. This is the value measured in reference 7 for 
500-kev protons. Comparison of the yield of 3 Mev 
protons taken first with the proportional counter and 
then with the scintillation counter attached to the 
spectrometer indicates that for these higher energy 
particles the efficiency of the scintillation counter may 
be nearer 92 percent. A 2-percent uncertainty is as- 
signed to the value of the scintillation counter efficiency. 
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4. Target Contamination 


The deuterium content of our heavy water was 99.8 
percent according to the assay by the Stuart Oxygen 
Company. The liquid and its vapor were handled in an 
all-metal system. Reaction yields were reproducible 
over a period of three months and after refilling the 
liquid reservoir. Target contamination by the incident 
deuteron beam would tend to increase the relative con- 
centration of deuterium in the target. If we assume 
that the incident particles are deposited over a volume 
equal in cross section to the size of the beam spot and 
in depth to the range of the bombarding particles, we 
find that for 50-kev deuterons a contamination of the 
order of +1 percent would exist after 1000 micro- 
coulombs of bombardment. If the deuterons tend to 
collect on the surface of the target, a more serious error 
in measured yield would be expected. By replenishing 
the target surface frequently, we have sought to avoid 
such surface contamination. No time dependent in- 
crease in yield which might be attributed to this effect 
was ever observed. 


5. Beam Contamination 


A comparison of the reaction yields from the mon- 
atomic, diatomic, and triatomic ions indicated that the 
beam contamination was low. The DD* and the DDDt 
yields were regularly somewhat higher than the D+ 
yield, but this effect never exceeded 3 percent and 
seemed to be independent of energy. Contamination of 
the D+ beam by the HH* ion would not be expected to 
produce even this effect if it resulted from the } percent 
impurity in the supply to the ion source. Presumably 
the somewhat larger contamination comes from the 
production of H, gas from oil vapor and the gaskets. 
In another check on beam contamination the magni- 
tude of the H+ beam was found to be of the order of 1 
percent of the D+ beam under the same generator 
operating conditions. 


6. Energy Scale 


Correct calibration and linearity of the energy scale 
are very important because of the critical energy de- 
pendence of the cross section at low energy. Calibra- 
tion and linearity measurements of the generator volt- 
age are described in reference 7. The good agreement 
between the D+, DDt+t, DDD* yields at corresponding 
individual deuteron energies is taken as further evi- 
dence for the linearity of the generator voltage scale. 


7. Secondary Electron Emission 


The target was maintained at a potential of 300 
volts positive with respect to the surrounding chamber 
to suppress the emission of secondary electrons from 
the target. Between the last beam defining slit and the 
target was placed a ring-shaped electrode through which 
the beam passed. This ring was held at 180 volts nega- 
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tive with respect to the surrounding chamber walls to 
prevent secondary electrons knocked out of the slits 
from reaching the target. 


8. Beam Neutralization 


The effect of beam neutralization was measured by 
deflecting the beam magnetically in the 60-cm tube 
between the electrostatic analyzer and the target 
chamber. The magnet was located 5 cm from the target 
chamber. With the beam coming through the analyzer, 
the ratio of the D(d, p)T yields with the beam on the 
target and deflected away from the target gives a direct 
measurement of the percentage of neutralization. With 
the normal operating pressure of 1.0X10-* mm of Hg 
in the target chamber and 4X10~* mm of Hg in the 
tube between the analyzer and the target chamber, the 
neutralization measured was 0.7 percent. When air was 
admitted to the analyzer, raising the ion gauge pres- 
sures to 5.0X 10~* in the target chamber and 2.5X 10~° 
mm of Hg in the connecting tube, the measured neu- 
tralization was 3 percent. These measurements were 
made at 51.5 kev; measurements of the neutralization 
at lower energies was not feasible because of the low 
yields. However, Bartels’ and Keene" have found that 
the electron capture cross section of protons in hydrogen 
increases by less than a factor of two when the bombard- 
ing energy decreases from 25 to 17.5 kev. These energies 
correspond to 50 and 35 kev, respectively for bombard- 
ing deuterons. Kanner" finds that the capture cross sec- 
tion in air is of the same order of magnitude as in hy- 
drogen. On the basis of these results we have made no 
correction for beam neutralization. 


9. Beam Intensity 


Evaporation of the ice target occurred if the beam 
power became too large. To determine whether this 
effect was important, the DD* current on a }-inch 
diameter target spot was varied from 0.3 ya to 1.8- ya 


°H. Bartels, Ann. Physik 13, 373 (1932). 
10 J. P. Keene, Phil. Mag. 40, 369 (1949). 
“1H. Kanner, Phys. Rev. 84, 1211 (1951). 
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at a bombarding energy of 103 kev. There was no ob- 
servable difference in yield. 


10. Statistical Uncertainty and Differentiation 


The statistical uncertainty in the individual experi- 
mental points varies from 1 to 3 percent for the thick 
target measurements, and from 1 to 4 percent for the 
thin target results. The error introduced in the differ- 
entiation has been minimized by the method of dif- 
ferentiation. At low energies we expect the cross sec- 
tion to have the approximate form: o(£)«E™ 
exp(—44.4 E~), and the stopping cross section : n—'(dE/ 
dX)« E', where E is in kev. Hence the thick target 
yield is given approximately by N(Ey)« fo"dE E-! 
exp(—44.4 E~}) «exp(—44.4 E-). For each angle we 
have plotted F(E, 6)=N(E, 0) exp(44.4 E-') and dif- 
ferentiated F(E,@) with respect to the energy. The 
quantity dNV/dE is then found from dN(E, 6)/dE 
=exp(—44.4 E)[dF(E, 0)/dE+22.2 F(E, 0)E-*). 
F(E, 0) is a smoothly varying function of energy and 
the differentiation can be carried out accurately. More- 
over, in the differentiation of N(E, @), the term con- 
taining F is much larger than the one containing dF/dE. 
Hence, at low energies, it is felt that the errors intro- 
duced by differentiation are not signiticant. 

In the energy range 100-500 kev it was found that 
the total yield varied approximately as E*. A plot of 
N(E,@) vs E yielded more consistent values for 
dN(E, 0)/dE than either of two semilog plots tried. At 
energies above 150 kev the differentiation introduces 
some uncertainty into the measured cross section and 
angular distribution. An estimate of the amount of this 
uncertainty may be obtained from the difference in 
angular distribution and cross section obtained by the 
use of thin target and thick target techniques. From 
Fig. 5, for example, the difference in cross section is 
seen to be of the order of a few percent in the energy 
range Ey= 150 to 400 kev. 


11. Stopping Cross Section 


Since the experiment measures the ratio of the re- 
action cross section to the stopping cross section, e, 
the uncertainties in the measurement of e, described in 
reference 7, appear in our value for the reaction cross 
section. It is significant that certain possible systematic 
errors cancel out when the stopping cross section and 
reaction cross-section experiments are considered to- 
gether. For example, an error in the integrator constant 
would produce a corresponding error in the calculated 
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values of ¢, but not in the D(d, p)T cross section. An 
error in the spectrometer constant R,/2, would directly 
affect e, but not the reaction cross section obtained with 
the spectrometer. In fact, the spectrometer has ef- 
fectively measured the ratio of the D(d, p)T reaction 
cross section to the O'%(p, p)O"* scattering cross sec- 
tion. Here we have assumed that the ratio e(D2O)/e(air) 
is the same for protons of 500 kev and 3 Mev. How- 
ever, since dé,i/de(air)~4, small variations in the 
assumed stopping power of D,O are not significant. 
Values for ¢(air) were obtained from the literature.” 
The stopping cross section for reaction tritons is ob- 
tained from reference 7. 


12. Probable Error 


The largest contribution to the probable error is the 
4 percent uncertainty in the value of e(D,O). If the 
D(d, p)T cross section were based on the thick target 
yield alone, additional errors due to solid angle, counter 
efficiency, target and beam contamination, energy 
calibration, neutralization, and statistics would raise 
the probable error to slightly over 5 percent. However, 
the partial cancellation of systematic errors from the 
spectrometer measurements tends to reduce the error. 
The good agreement of the spectrometer results, using 
both protons and tritons, with the results from the 
thick target excitation function is significant. Thus we 
have assigned a probable error of 5 percent to the values 
of the total cross section listed in Table I. These values 
were taken from the solid curve drawn through the 
experimental points in Fig. 5. 


VII. COMPARISON WITH OTHER MEASUREMENTS 


The thick target yield is about 25 percent lower than 
that obtained by Bretscher ef a/.? using the same tech- 
nique. No explanation for this discrepancy can be 
offered. Agreement with Moffatt e¢ al.‘ and with Arnold 
et al.® in the low energy region is within 5 percent, and 
the agreement with McNeill and Keyser® in the middle 
energy range is good. Regarding the angular distribu- 
tion, the agreement with the results of Bretscher ef al., 
and of Moffatt e/ al., is good, although the finite amount 
of P,(cos#) which we find makes exact comparison 
difficult. 

One of the authors (WAW) would like to express his 
appreciation to the Eastman Kodak Company for a 
fellowship given to him during the course of the work 
described in this paper. 


2H. A. Bethe, Revs. Modern Phys. 22, 213 (1950). 





PHYSICAL REVIEW VOLUME 88, NUMBER 5 DECEMBER 1, 1952 


The Beta-Spectra of Pu***, Pu**®, and Pu’ 


MELvIn S. FREEDMAN, F. WAGNER, JR., AND D. W. ENGELKEMEIR 
Argonne National Laboratory, Chicago, Illinois 
(Received April 24, 1952) 


The beta-spectrum of Pu™! measured in a double lens spectrometer on samples containing Pu’, Pu, and 
Pu™, exhibits an allowed shape from Eo=20.5 kev to 14 kev, where instrumental effects distort it. Con- 
version lines found beyond the end point combined with gamma-scintillation counter measurements lead to 
the assignment of gammas of 39, 53, 100, 124, and 384 kev associated with the alpha-decay of Pu™*, and a 
gamma of 49.6 kev accompanying the alpha-decay of Pu; and the existence of 26.4- and 59-kev gammas in 
Am*! alpha-decay is confirmed. A conversion line corresponding to a highly converted 41-kev gamma in 
Am*! was found. Gammas of 100 and 145 kev probably associatéd with the alpha-branch in Pu™' were also 


found. 


The influence of the orbital electronic rearrangement energy on the beta-decay is discussed. 





EXPERIMENT 


HE beta-spectrum of 10-yr Pu™! was examined 

on samples of radiochemically pure plutonium 
containing the isotopes Pu™*, Pu™°, and Pu™!, isotopi- 
cally enriched in Pu*! by pile neutron irradiation. 
Isotopic compositions were determined mass spectro- 
graphically. 

The plutonium was deposited on a ca 10-ug/cm? film 
of LC 600 by the evaporation of ¢ solution of plutonium 
nitrate. Prepared samples had an average thickness of 
ca 10-ug/cm?’, but inspection with a microscope showed 
some local clumping. 

The beta-spectrum was taken on a double lens spec- 
trometer having a transmission of ca 2 percent and a 
resolution of ca 2 percent. An atmospheric pressure 
methane-flow proportional counter was used as de- 
tector. The counter window was built up of layers of 
thin Duco and Formvar films to a thickness of ca 60- 
ug/cm*?. A 50 percent transmission grid was used to 
support the window. 

Window transmission characteristics of the counter 
were determined with the use of a sample of Pm"™’. 
This sample was vacuum volatilized onto a 10-y4g/cm? 
LC 600 film as a chelation compound of prometheum 
with trifluoroacetyl-acetone [Pm(F;CsH,O2); ], to pro- 
duce a very uniform sample of an average thickness 
ca 10-ug/cm?. Since it has been shown by Langer, Motz, 
and Price! that the Kurie plot of thin samples of Pm” 
is straight to less than 8 kev, the Kurie plot was extra- 
polated for Pm'’ back from 20 kev where it began to 
fall below the straight line, and the ratio of the observed 
to extrapolated data was used below 20 kev as a window 
transmission correction factor. 


RESULTS 


By using the correction factors so obtained, the 
Kurie plot (Fig. 1) (uncorrected for orbital electron 
screening) of the Pu! sample exhibited an allowed 
shape (log ft = 5.7) from Ey = 20.5(+ 1.2, —0.3) kev to 14 
kev, where source thickness effects and large window 
corrections tend to make the data unreliable. The /t 


ne 1 Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 


value and shape are consistent with the spin-orbit 
coupling shell model predictions for the state assign- 
ments, go2 and f72 for Pu%! and Am™!, respectively, 
giving AJ = —1, yes, corresponding to a first forbidden 
beta-transition. The log/t value falls somewhat below 
the boundary value of 6.0 found for first forbidden 
beta-decays in lighter isotopes. Since Z,~1.6Wo!= 1.6 
<«Z,' the shape of a first forbidden transition with AJ =1 
should almost exactly conform to the allowed shape.’ 
Considering the experimental limitations on the quality 
of the data and the omission of shielding corrections to 
the Fermi function, any conclusions on the significance 
of the allowed shape must be drawn with reservations. 
This applies particularly in view of the possible effects 
of orbital rearrangement energy on the spectrum shape 
(see discussion below). 


CONVERSION LINE AND GAMMA-SPECTRA 


Seven very low intensity conversion lines were ob- 
served beyond the end point of the beta-spectrum. The 
maximum energy surveyed was 60 kev. In order to 
determine the assignment of these lines among the 
three plutonium isotopes or the Am™'* present, the 
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Fic. 1. Kurie plot for Pu™, 


2 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 
3 E. J. Konopinski, Revs. Modern Phys. 15, 209 (1943). 
* We are indebted to G. T. Seaborg and Frank Asare for pointing 
out this latter possibility to us. 
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TasLe I. Gamma-ray energies and relative intensities for Pu** and Pu from conversion electrons, scintillation counter spectrometer, 
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energy Conversion energy of conv. elec. 
kev) she (kev) (kev) 


and proportional counter spectrometer. 
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*C. A. Prohaska, University of California Radiation Laboratory Report 1395 (unpublished) (August, 1951) refers 
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21.6-Ly 20.9-Ly 
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100 
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47 


100 
145 


to observation of highly converted 


41-kev gamma-ray in Am™! decay. Wagner, Freedman, Engelkemeir, and Huizenga (to be published) observed conversion lines of a 42-kev gamma in the 
7 


beta-decay of U? 


spectrum of a sample of almost isotopically pure Pu”® 
was examined, and four conversion lines were found, 
none identical with and all of still lower intensity than 
the first seven. A third sample containing a different 
relative isotopic abundance of Pu: Pu! was run, and 
the intensities of the first seven conversion lines were 
observed to vary approximately with the amount of 
Pu*’ present. However, it was noted that the Am*#! 
which had grown in from the beta-decay of Pu™! was, 
in these samples, almost in constant ratio to the amount 
of Pu™°, and that some of the lines corresponded to 
previously observed lines’ following alpha-decay of 
Am*™', From this and on the basis of the gamma-ray 
measurements (see below), three of the lines are assigned 
to Pu*? alpha-decay and four to Am*™! alpha-decay. 
The data are tabulated in Table I, together with the 
gamma-ray assignments of these lines. Binding energies 
characteristic of uranium are used in calculating the 
gamma-energies for Pu*® and Pu™®, and of neptunium 
for Am™', on the assumption that the gamma-emission 
follows alpha-decay. 

Gamma-rays were also observed directly with both a 
sodium iodide scintillation spectrometer and an argon- 
COz filled proportional counter spectrometer, using a 
pure Pu®® sample and three samples containing different 
ratios of Pu*°® and Pu™!, from which the Am*! had been 
freshly separated. We are indebted to Professor G. T. 


°G. D. O’Kelley and C. A. Prohaska (private communication 
from F. Asaro); Charles I. Browne, Jr., University of California 
Radiation Laboratory Report 1764 (unpublished) (June, 1952); 
Beling, Newton, and Rose, Phys. Rev. 86, 797 (1952). 


Seaborg for pointing out to us the necessity for sepa- 
rating Am™! from samples containing Pu™! immediately 
before attempting to observe the plutonium gamma- 
spectra, since the intense 26.5- and 60-kev gammas of 
Am! soon mask the weak gammas of the plutonium 
isotopes. In the first experiments in which americium 
was not separated, the most prominent gammas ob- 
served in a sample containing Pu™® and Pu™! were the 
26.5- and 60-kev gammas of Am™. In a later group of 
experiments, americium was separated and the measure- 
ments completed within 6 hours, during which time no 
perceptible growth of Am™! occurred. 

L x-rays of uranium and gammas with energies of 39, 
53, 100, 124, and 384 kev were observed in the pure 
Pu*® sample. In the three samples containing Pu and 
Pu™!, additional gammas with energies of 47, 100, and 
145 kev were observed. The Pu™* and Pu®® contribu- 
tions to the total gamma-spectrum were small in these 
samples and were subtracted off. Comparison of the 
intensity of the Z x-ray and the 47-, 100-, and 145-kev 
gammas with the amount of each plutonium isotope 
present in the three samples indicated that the 47-kev 
gamma and most of the Z x-rays are due to Pu™®. The 
100- and 145-kev gammas are definitely not assignable 
to Pu™® but may be assigned fairly definitely to Pu! 
on the basis of line intensities relative to isotopic 
abundances. The 100-kev line has a full width at half- 
height of 25 percent, whereas a width of 19 percent is 
expected (the 89-kev Ag'®® gamma-line has a width of 
20 percent). This line broadening is quite reproducible 
and must be due to the presence of two or more unre- 





B-SPECTRA OF 
solved lines. The observed line width is very nearly 
equal to the width expected for uranium K x-rays which 
could arise from the internal conversion of the 145-kev 
gamma. Thus, the line may be entirely K x-rays. 

Since approximately ten 100-kev gammas and two 
145-kev gammas are emitted per 10° Pu*" betas, it is 
evident that the gammas cannot follow the Pu! 
beta-disintegration. It is possible that these gammas 
are emitted in the alpha-branching of Pu™'; the gamma 
to total alpha-ratios are 0.35 for the 100-kev and 0.07 
for the 145-kev gammas. 

The gammas found and their assignments are given 
in Table I. 

DISCUSSION 


It has been pointed out by Schwartz’ and by Edwards’ 
that in beta-decay in a heavy element, where the beta- 
energy is low, the difference between the total orbital 
electron. binding energies of parent and daughter atoms 
will be comparable to the maximum beta-energy. This 
energy difference, which is negative for a beta-minus- 
decay, must appear associated with the beta-transition, 
either partly or wholly as kinetic energy of the beta or 
neutrino or as quantum radiation (possibly converted). 

It is predicted theoretically,®* that this energy will, 
except for an experimentally indeterminable amount of 
the order of one hundred electron volts,* be emitted in 
the decay as kinetic energy of the beta-particle and 
neutrino. The manner by which this extra energy affects 
the energy distribution is taken into account by the use 
of the Fermi function F(Z,W), with shielding cor- 
rections, using for the total energy of the transition the 
sum of the specifically nuclear contribution plus the 
electron binding energy difference, namely, the ob- 
served maximum energy. 

A distribution of low energy excited states of the 
daughter atom will, in general, be formed, of average 
excitation energy about 100 volts for high Z. To each 
such state a beta-spectrum will be associated. Thus, the 
observed spectrum will be a composite of many dis- 
tributions, differing only in their maximum energies by 
a small amount, and thus with present techniques, indis- 
tinguishable experimentally from a single normal 
spectrum. This is shown in curve c, Fig. 2, which ex- 
hibits, very closely, the characteristic allowed shape for 
an allowed beta-transition. 

An alternative theoretical approach® assigns all the 
orbital binding energy difference to the beta-spectrum, 
on the basis that the coupling of the neutrino to the 
electrostatic field is negligible. In consequence, the 
beta-spectrum distribution (a, Fig. 2), characteristic of 
the decay of a bare nucleus, is shifted into curve b by 

* H. M. Schwartz, Phys. Rev. 85, 733 (1952); Phys. Rev. 86, 195 
Oe 'R. Edwards, Sixth Southwest Regional Meeting, American 
Chemical Society (1950). 

*R. Serber and H. S. Snyder, Phys. Rev. 87, 152 (1952); M. 


Hamermesh, private communication. 
9M. H. Hebb, Physica 5, 701 (1938). 
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Fic. 2. Orbital rearrangement effect on beta-spectrum. (a) 
Beta-spectrum of bare nucleus. (b) Beta-spectrum of whole atom 
if only electron partakes of orbital electron binding energy (Es.x.) 
difference. (c) Beta-spectrum of whole atom if orbital electron 
binding energy difference is shared between electron and neutrino. 


this difference, resulting in a low energy cutoff. Further 
possibilities involve high energy excitation of the 
daughter atom, with subsequent radiation or extensive 
ionization. 

The total orbital electron binding energy for high Z 
atoms is given by Foldy'® as 


— 32.6427'5 ev. 


For the beta-transition Pu*’—Am™'!, the difference in 
binding energies is 19.0 kev. Other evaluations of this 
quantity give values between 14 and 22 kev. It can be 
seen from the Kurie plot that no low energy cutoff of 
the spectrum lies in this range, so the theory of Hebb® 
is not substantiated. Our past experience with other 
low energy spectra in lighter isotopes has shown that 
the cutoff observed below 10 kev is ascribable to sample 
and detector window absorption. 

The approximate allowed shape of the upper half 
of the spectrum is in agreement with the predictions of 
references 6 and 8, and indicates that the neutrino does 
share in the orbital energy difference. However, detailed 
verification of the theoretical predictions as to the 
spectral shape cannot be made, as screening corrections 
were not included. Such corrections are not available 
to the desired precision for such low energies and high 7, 
except by uncertain extrapolation from the calculations 
of Reitz." Although the screening correction accounts 
for the influence of the orbital electron binding energy 
difference on the shape of the spectrum,® since the 
observed maximum energy already includes the con- 
tribution of the orbital binding energy difference to the 
decay energy, application of the screening correction 
should not grossly affect the shape, i.e., it cannot alter 
the maximum energy or the low energy intercept. It 
would be desirable to have Reitz’s calculations ex- 
tended to cover this problem. 

With Foldy’s value, the specific nuclear contribution 


L. L. Foldy, Phys. Rev. 83, 397 (1951). 
“J. R. Reitz, Phys. Rev. 77, 10 (1950). 





1158 FREEDMAN, WAGNER, 

to the decay energy is only ca 1.5 kev (20.5— 19.0), but 
the spectrum shape and ft value are appropriate to a 
first forbidden, unfavored transition with Ey = 20.5 kev. 
It is interesting to note that the experimental errors and 
the theoretical uncertainty in the value of the total 
orbital electronic binding energy may be such as to 
allow for a zero or even a negative value for the specifi- 
cally nuclear contribution to the decay energy. Thus 
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AND ENGELKEMEIR 
a stripped Pu! nucleus is probably only slightly (1.5 
kev) unstable with respect to beta-minus-decay, or a 
stripped Am™! nucleus may even be energetically 
unstable with respect to a stripped Pu’ nucleus, 
although neither positron emission nor electron capture 
processes could occur. 

We wish to thank Mr. Maurice Rusnak for aid in the 
calculations. 
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The Nuclear Moments of Ta’*! 


B. M. Brown* anp D. H. Tomsouttan 
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An analysis of the hfs pattern of several Ta II lines has made it possible to determine the separations 
of the three levels of the hfs multiplet associated with the 5d°6s 5F, state of Ta II. For this multiplet, the 
constants A and B appearing in the energy expression W=W,+4$A4K+BK(K+1) have the numerical 
values A = (—0,079+0.001) cm and B=(—0.77+0.4) X 10-* cm™. Calculations are carried out in order 
to evaluate the magnetic and quadrupole moments of the Ta! nucleus. On the basis of the above measure- 
ments the magnetic moment as calculated by the Goudsmit-Fermi-Segré formula has the value of 1.9 
nuclear magnetons. Taking into account effects due to the spatial extension of the nucleus, this result is 
raised to 2.1 nuclear magnetons when the correction factor of 12 percent as listed by Klinkenberg is applied. 
The result for the quadrupole moment as calculated by the Casimir formula is +5.9X 10~** cm*. According 
to Sternhermer this moment should be increased by a factor of 10 percent in order to include the effect of 
an induced quadrupole moment in the closed shell electrons. With this correction the quadrupole moment 


has the value of +6.5X 10~* cm?. 


INTRODUCTION 


T was deemed desirable to undertake an investigation 

of the hyperfine structure in the spectrum of Ta IT 
taking advantage of recent identification of levels! 
arising from the 5d*6s configuration. These levels should 
exhibit a large hyperfine splitting due to the presence 
of a single s electron. For a term with a small J-value 
optimum conditions are provided for the measurement 
of deviations due to the presence of an electric nuclear 
quadrupole moment both from the point of view of 
pattern size and the number of hfs components. These 


Taste I. Wavelengths and transitions of Ta IT lines whose 
hyperfine patterns were investigated. In each case the final state 
arises from the 5d*6s configuration. The term values of the *Po 
and ®F, states are equal to 4124.77 and 0.00, respectively. 


Wavelength in air 
in angstroms 


3379.49 
3042.06 
2965.92 
2965.13 
2763.37 
2702.80 
2595.59 


Transition 


(33706.50) ,—* Po 
(36987.73):—*Po 
(33706.50),—F, 
(33715.15)25F; 
(36177.12)2—*F; 
(36987.73):—5F; 
(38515.55)2—*F 


* Now at the General Electric Research Laboratory, Sche- 
nectady, New York. 

'Kiess, Harrison, and Hitchcock, J. Research Natl. Bur. 
Standards 44, 245 (1950). 


considerations led to the study of the structure of the 
5F, level—the lowest state arising from the 5d*6s 
configuration. Previous researches? indicate that the 
Ta nucleus has a spin of 7/2 and a magnetic moment 
of 2.1 nuclear magnetons. In addition, Schmidt’ has 
assigned a value of ~6X10-* cm? to the nuclear 
quadrupole moment on the basis of hfs measurements 
in connection with the lowest states (*F'3;2 and ‘*F5;2) of 
the Ta I spectrum. Values of the quadrupole moment 
obtained by him from the study of two other levels 
were found to disagree with the above value. The 
purpose of the present measurements was to attempt 
an independent determination of the nuclear magnetic 
and quadrupole moments. 


EXPERIMENTAL 


The Ta II spectrum was excited in a hollow cathode 
discharge tube containing argon. The hfs patterns were 
obtained by the use of a Fabry-Perot interferometer 
crossed with a 21-ft concave grating in a modified 
Wadsworth mounting. The interferometer plates were 
coated with aluminum and three separators having 
thicknesses of 3, 3.7, and 4 mm were utilized. Measure- 
ments were carried out on the seven lines whose wave- 


H. Gisolf and P. O. Zeeman, Nature 132, 566 (1933). 

S. Grace and E. McMillan, Phys. Rev. 44, 949 (1933). 
H. Gisolf, dissertation, Amsterdam (1935) (unpublished). 
Schmidt, Z. Physik 121, 63 (1943). 


2 
3 
+ 
ry 


J. 
N. 
J. 
T. 





NUCLEAR 


We 








9 
3 te) 
Fic. 1. Hyperfine multiplet belonging to the 5d*6s °F; 
ground state of Ta II. 





lengths in air and atomic transitions are listed in 
Table I. An additional line at 2249.8A was also investi- 
gated but the fringes were not sufficiently well resolved. 
It is fortunate that Ta has but one isotope ; otherwise, 
the study of patterns in a spectrum which is already so 
rich would have been prohibitively difficult. 


LINE STRUCTURES AND THE DETERMINATION OF 
THE CONSTANTS A AND B 


In a hfs multiplet, the energy of a level with total 
quantum number F is given by® 


Wr=W +}3AK+ BK(K+1), (1) 


where W, is the center of gravity of the multiplet, A 
is the splitting factor due to the interaction of the 
nuclear magnetic moment with atomic electrons, and 
B is a factor determined by the interaction of the 
nuclear quadrupole moment and the electrons. The 
quantity K is defined by K=F(F+1)—J(J+1) 
—J(J+1), where J and F are the electronic and atomic 
quantum numbers and 7 is the nuclear spin. 

The study of the various line structures was directed 
towards the determination of the hfs separations of the 
5F, state. The intervals of interest are designated by 
a and 6 on the level diagram shown in Fig. 1. The 
constants A and B were evaluated from the relations: 


A=—(70a+54b)/504; B=—a/144+0/112, (2) 


by substituting in Eq. (1) the best experimental values 
of the intervals a and 6. The nuclear moments were 
then calculated by the use of appropriate theoretical 
expressions involving A and B. 

We now turn to a discussion of the procedure followed 
in obtaining the numerical values of the intervals a and 
6 from observations of hfs patterns. As indicated in the 
level diagram shown in Fig. 2, the lines 2702A and 
3042A are due to transitions which have the same 
upper level with J= 1. The hfs intervals of this common 
upper level were measured directly from the triplet 


*H. Kopfermann, Kernmomente (Edwards Brothers, Ann 


Arbor, 1945) 
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Taste II, The hfs intervals of the °F; state and the associated 
splitting factors derived from the structures of lines listed in the 
first column. All quantities are expressed in cm™. 








a+b/2 


A B 


0.505 -0.078 —0.77< 1078 


0.220 


0.500 


structure associated with the pattern of line 3042A. 
The magnitudes of these intervals as designated in 
Fig. 2 were found to be a,=0.327 cm and 6,=0.262 
cm~'. In the case of line 2702A, the component pairs 
labeled as 2, 3 and 5, 6 were not resolved. These compo- 
nents have equal intensities and the center of gravity 
of each pair is located midway between the two compo- 
nents. Component 7 was so weak that its position could 
not be determined accurately. Hence, from the line 
27024, it was possible to measure only the two intervals 
of magnitude equal to 0.361 cm and 0.602 cm™ as 
designated in Fig. 2. From these considerations, the 
desired intervals of the °F, are found to be: a=0.395 
cm~ and 6=0.220 cm“. 

A‘ partial confirmation of the above walues for a and 
b may be obtained by investigating the'patterns of two 
other lines, namely, A= 2965.94 (J=1—J=0) and 
\=3379A (J=1—J=1). Here, the situation is similar 


3042 A 2702 A 
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Fic. 2. Level diagram and line structure for \2702 and 3042. 
Intervals are expressed in cm~. The spin of Ta™ is 7/2. 
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Fic. 3. Line structure arising from transitions into the lowest 5F; 
level from a higher level with J=1. 


to the case of the preceding pair of lines, except that 
the common upper level with J=1 is inverted. From a 
study of the expected pattern it is observed that 
a+b/2=0.500 cm~. This result is within 1 percent of 
the corresponding value for (a+6/2) obtained from the 
previous pair of lines. A summary of these measure- 
ments along with the values of A and B as computed 
from Eq. (2) is presented in Table IT. 

The structures of other lines which combine with the 
ground level are in general too complex to yield reliable 
measurements. However three other lines (2595, 2763, 
2965) were examined to see if additional information 
might be obtained regarding the values of A and B. 
The above-mentioned lines represent transitions into 
the °F; level from upper states whose J value is 2. The 
level diagram and the hfs pattern shown in Fig. 3 is 
typical of this group of lines. Due to the small splitting 
of the upper levels, the individual components of the 
multiplet could not be resolved and the intensity 
distribution of the observed pattern resembled that 
shown in the lower portion of Fig. 3. If the intervals 
between the centers of gravity of the observed groupings 
are designated as a’ and 0’, then, the desired intervals 
of the */; level are related by 


6.75A,—114B,; b=b’—5.25A,4+148B,, 


where A, and A, are the constants which determine 
the splitting of the upper level involved. The expressions 


, 
a=a 
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above are arrived at by applying Eq. (1) to the hfs 
levels of the upper state and by taking into account the 
relative intensities of components as given by tables.’ 
Upon substitution in Eq. (2) of the values of a and b 
specified by the above relations one obtains, 


70a’-+540’ 
A = —~—_———++1.0A,, 
504 
(3) 


, , 


a 
B= ——+-——+2.11B,. 
144 112 


For each line of this group a’ and b’ were measured from 
the patterns and the value of A, was estimated from 
the width of the unresolved components. This method 
of arriving at the value of A, is sufficiently accurate 
since a 10 percent error in the measurement of the 
width introduces only a 2 percent error in the calculated 
value of A. Corresponding estimates of the value of B, 
cannot be obtained. For a level with J = 2, the constant 
B is expected to be only } as large as the one deduced 
from a level with J/=1. The information gleaned from 
a study of these transitions (J/=2—J=1) is presented 
in Table III. Since the magnitude of the correction B, 
is not known this quantity is included in the results 
for B. 

The agreement between the values of A appearing in 
Table II and Table III is satisfactory. In obtaining the 
average value of A, the mean of the three values shown 
in Table III was weighted equally with the determi- 
nation listed in Table IT. Two of the values listed for B 
in Table III are in fair agreement with the result given 
in Table II. The reason for the discrepancy in the case 
of \2965 is not known. Kiess® has indicated that this 
wavelength may satisfy two atomic transitions. The 
discrepancy may also be ascribed to the presence of a 
large quadrupole effect associated with the structure 
of the upper level involved in this particular transition. 
The individual values of B listed in Table III cannot 
be regarded as reliable as the value of B obtained from 
measurements on the 2702A line. Consequently, these 
determinations were disregarded in the calculation of 
the quadrupole moment. The various considerations 
presented in the preceding discussion lead to the 
following values of the constants: 


A=(—0.079+0.001) cm-; 


(4) 
B=(—0.77+0.04) X10 cm~. 

TABLE IIT. Values of the splitting factors deduced from the 
partially resolved structures of the lines listed in the first column. 
These represent transitions from upper levels with J =2 into the 
5F, state. All quantities are expressed in cm”. 


A B 


—0.083 (—0.52+2.1Bu;)X10— 
-0.079 (—0.81+2.1Bus)X10-* 


MA) a bv’ Au 

0.018 
0.017 
0.024 


2595 0.521 0.347 
2763 «620.510 0.306 
2965 0.500 0.426 


"7H. E. White and A. Y. Eliason, Phys. Rev. 44, 753 (1933). 
§C. C. Kiess (private communication). 
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THE CALCULATION OF THE MAGNETIC MOMENT 


According to the calculations of Breit and Wills,’ the 
magnetic splitting factor A of the °F; state may be 
written as 

A=(5/4)ar—}a,, 


where a, and a, are the coupling coefficients for the s 
electron and the d electron complex, respectively. It is 
necessary to evaluate a, for the calculation of the 
magnetic moment. The value of A is already available, 
but ar must still be determined. The expressions for 
the magnetic coupling coefficient for the d electron 
complex as given by Fermi and Segré,"® yield the ratio 


ar (1/r*)w Ts 1 


a’p (1/r\m tat 


In the above ratio a’ r is the magnetic coupling coefficient 
of the d complex in TalI and is known to have the 
value of 0.0167 cm according to measurements carried 
out by Schmidt® on the structure of the ‘F3/2 state of 
Ta I. The averages indicated in the ratio on the right- 
hand side are for a d electron. The numerical value of 
the ratio may be obtained from a study of a series of 
spectra where a similar situation exists; that is, where 
the ionization involves the removal of one of a pair of 
s electrons and where the remainder of the configuration 
has the form d"s. Such a procedure sets the average 
value of the ratio at 1.05. It should be mentioned that 
the ratio has the value of 1.00 when calculated from 
the fine structure intervals of the spectra of Ta I and 
Ta II. However, the low-lying ‘F multiplet in Ta I 
shows a large deviation from the interval rule, so that 
the value of 1.05 as deduced from the spectra of 
neighboring elements was considered as more reliable. 
On the basis of this information, the factor ay comes 
out to be 0.0175 cm, and consequently a,=0.405 
+0.005 cm™. 

The connection between the magnetic moment yu (in 
nuclear magnetons) and the coupling factor a, (in cm~') 
is given by ." 

8Ro? Z(1+2)* do 
a,=——_ i- “) ss6se(z, jin. @&) 


3I n*® dn 


The various quantities in Eq. (5) have the meaning 
and numerical values listed below: 

R=Rydberg constant, a=1/137; Z=the interior 
charge number here equal to 73 for an s electron; 
z= the stage of ionization, hence for Ta II, (1+:2)?=4; 
I=7/2, n*=the effective quantum number=(n—o) 
where a is the quantum defect ; ¢= relativity correction 
factor. The value of n** was determined by plotting n*™ 
against Z for a large number of singly ionized atoms 
throughout the periodic table. The effective quantum 


*G. Breit and L. A. Wills, Phys. Rev. 44, 475 (1933). 
FE, Fermi and E. Segré, Z. Physik 82, 729 (1933). 
1S. A. Goudsmit, Phys. Rev. 43, 636 (1933). 
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number n* is the one associated with the lowest term 
in a series originating from the excitation of an s which 
is shielded by p, d, and / electrons. For Ta II, the value 
of n* as read from the resulting smooth curves is 6.6. 
The quantity [1—(do/dn)] was found to have the 
average value of 1.05 as determined from a study of 
similar spectra. Here do/dn represents the change in 
the quantum defect observed in the lowest pair of s 
series terms in the fine structure levels. As tabulated 
by Kopfermann,® the relativity correction factor JC is 
1.92. Upon substitution in Eq. (5) the nuclear moment 
of Ta'* is found to be 





| w= 4.6a,= 1.9 nuclear magnetons. 


oll 





CALCULATION OF THE QUADRUPOLE MOMENT 


The evaluation of the quadrupole moment was 
carried out by the use of the Casimir" formula: 


(6) 


The indicated summation is carried out over the 
electron coordinates i for those electrons which con- 
tribute to the quadrupole interaction with the nucleus 
for the state M,= J. In order to include the effects of 
relativity corrections dependent on the j-values of 
individual electrons, the wave function of the ®F; state 
was written as the zero-order Russell-Saunders sum of 
products of one electron functions in the m,;™ repre- 
sentation. Following the scheme used by Schmidt,® 
the m,™ matrix elements were then expressed in terms 
of the d,;" elements." The result obtained for the 
quantity in brackets found in Eq. (6) is 


fe) 
8 


= —(13Ry’+14Ry—12S:)(1/r2) ne, 
875 


where R,’, R.’’, and S2 are the relativity corrections for 
d electrons. From the fine-structure splitting of the two 
lowest 5F intervals of Ta II, the average inverse cube 
of the radius of 5d electron in Ta II was estimated to 
be 0.37 < 10° cm~* by the method of Fermi and Segré.”” 
(See also Condon and Shortley.“) From tables prepared 

2H. Casimir, On the Interaction between Atomic Nuclei and 
Electrons (Teylers Tweede Genootschap, XI, Haarlem, 1936). 

8 Two typographical errors exist in the 5th and 7th elements 
as listed by Schmidt. These should read: 


(0|3 coste—1|0+) = 7ee(12Ri'+ 7s" +65); 


2/6 
(0+|3 cos?e—1|+1¥)= iy (8Ry’ —7Re” —S2). 
‘. 


4 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), p. 196. 
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by Kopfermann,® one finds R2’=S,;=1.07 and R,’’ 
= 1.24. Hence for the bracketted expression above one 
obtains the numerical value of 6.310% cm-*. Com- 
bining this factor with the experimental value for B 
already determined, the nuclear quadrupole moment of 
Ta'*' is evaluated with the aid of Eq. (6). The result is 





q=+5.9X10- cm’. | 


DISCUSSION OF RESULTS 


A source of error in the determination of the magnetic 
moment may lie in the procedure followed in obtaining 
the coupling coefficient of the s-electron. This step 
involves the removal of the contribution of the d-elec- 
trons to the coupling coefficient of the °F; state. Since 
the term due to the d-electrons represents 20 percent of 
the */,; coupling coefficient, the error introduced in a, 
cannot be in excess of this amount and probably is not 
as high. It is believed that this is the best approach to 
the evaluation of the 1nagnetic moment, since, results 
derived from s-electron coupling coefficients are in 
general expected to be most reliable in spectroscopic 
determinations. 

A second error may arise from the method adopted 
in the calculation of ay, the coupling coefficient associ- 
ated with the d-electron complex. This involves the 
transfer of measurements of the hfs of the ‘F3/2 state 
of Tal to the Ta IL structure by means of the ratio 
of (ra~*)» terms. The error here cannot be greater than 
that involved in the evaluation of (r4~*)4 by the use of 
fine structure splitting factors and is estimated to be of 
the order of a few percent. It is gratifying to note that 
magnetic moment of 1.9 nuclear magnetons as obtained 
from the present measurements is in agreement with 
the value of 2.1 nuclear magnetons arrived at by 
Gisolf.4 

In a review article'® Klinkenberg points out that the 
value of « derived from optical hfs on the basis of the 
original Goudsmit-Fermi-Segré formula should be in- 
creased by 12 percent in the case of Ta. The correction 
is introduced to take into account two effects due to 
the spatial extension of the nucleus. The greater of the 
two is the influence upon the electronic wave functions 
exerted by the uniform electric charge distribution. 

1 P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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The second effect is the result of the presumed uniform 
distribution of the magnetic dipole moment over the 
nuclear volume. With this correction, the value of the 
magnetic moment is increased to 2.1 nuclear magnetons. 

On the basis of observations carried out on the *F; 
level of Ta II, the present investigation yields a value 
of +5.9X10-* cm? for the quadrupole moment of 
Ta'*!, Previous measurements on the ‘/'3/2 level of Ta I 
reported by Schmidt lead to the result of +610~* 
cm~* for the same quantity. It must be borne in mind 
that the determination of the quadrupole moment does 
depend on the detailed form of the coupling between 
the three d-electrons. Although the Landé interval rule 
is obeyed more closely by the fine structure levels of 
Ta II than those of Ta I, significant deviations from 
the rule still exist in the spectrum of the ion. Hence, 
the present calculation of g based on R-S coupling 
cannot be justified completely. The agreement which 
appears in the values of g as obtained from two different 
stages of excitation is not necessarily a reliable index as 
to the correctness of the type of coupling assumed. In 
the electron configurations 5d*6s* and 5d*6s which give 
rise to the ‘F3;2 and 5F, levels of TaI and TaTII, 
respectively, the s electron gives no quadrupole inter- 
action with the nucleus. Hence, the errors due to a 
departure from R-S coupling in the case of Ta I may 
be similar to those encountered in the present determi- 
nation dealing with Ta II. It is difficult to assign values 
to the expected errors, since the main source lies in the 
assumptions which must be made in order to approxi- 
mate the electronic averages. 

Recent calculations by Sternheimer'® indicate that 
the value of the nuclear quadrupole moment as deduced 
above should be increased by 10 percent due to an 
induced quadrupole moment in the electrons belonging 
to closed shells. The value of the quadrupole moment 
then becomes 

+6.5 x 10~*4 cm’. 
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1 R. Sternheimer, Phys. Rev. 86, 316 (1952). 
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Particles produced in a reaction often interact strongly with each other before getting outside the range 
of their mutual forces. Formal effects of such interactions are discussed, and in particular it is shown that 
the effect for very strong attractive interactions can be calculated explicitly without having detailed 
knowledge of the properties of the reaction. Application is made to some meson phenomena. 


I. INTRODUCTION 


T frequently happens that, when particles are 
produced in a nuclear or elementary particle reac- 
tion, some of these interact among themselves so 
strongly that they influence appreciably the properties 
of the reaction cross section. These interactions we shall 
call “final state interactions.” Their influence is well 
known in nuclear physics where the Coulomb attraction 
plays an important role in such phenomena as §-decay. 
Recently, strong short-range nuclear interactions 
have been found to play a striking part in certain reac- 
tions involving mesons. It is with such interactions as 
these that we shall be primarily concerned. The im- 
portance of recognizing and analyzing the role played 
by these interactions lies partly in the observation that 
they may greatly modify the angular distributions and 
energy spectra of the produced particles and yet play 
no important part in the primary mechanism by which 
the reaction takes place. That is, it is as if the reaction 
first takes place as if there were no final state interaction 
and then is distorted by the short-range nuclear inter- 
actions before the particles can get out of the range of 
their mutual forces. It is to be expected that an analysis 
of the reaction will be considerably simplified by sepa- 
rating the effect of these two mechanisms, which we 
shall frequently refer to as the “primary mechanism” 
of the reaction and the “final state interaction,” respec- 
tively. We shall find that under certain conditions these 
terms can be made meaningful by explicitly exhibiting 
their individual contributions to the reaction cross 
section. Conversely, this separation, when possible, will 
provide an indirect means of measuring the scattering 
interaction between two particles produced in a reaction. 
Perhaps the most striking example of final state 
interactions in meson phenomena is that occurring in 
meson production by nucleon-nucleon collisions,'? 
where the final state nuclear force influences consider- 
ably the spectrum of the produced mesons.** The 
capture of x~ mesons by deuterons leads, in a certain 
fraction of the events, to a single high energy y-ray 
and to two neutrons.’ The nuclear force between the 


' Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 
78, 823 (1950). 

? Peterson, Iloff, and Sherman, Phys. Rev. 81, 674 (1951). 

*K. A. Brueckner, Phys. Rev. 82, 598 (1951). 

4K. Watson and K. Brueckner, Phys. Rev. 83, 1 (1951). 

5 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1950). 


two neutrons modifies the y-ray spectrum and leads 
to a means of measuring the neutron-neutron (n-n) 
force.* Present experimental results’ * are in agreement 
with other known characteristics of the n-n force. 
Finally, there is a slight suggestion from the work of 
Danysz, Lock, and Yekuteli® that a meson-meson inter- 
action may modify multiple meson production cross 
sections.'® 

We shall be most interested in those reaction pro- 
cesses for which three general conditions are met. These 
conditions will imply that the final state interaction 
seriously modifies the reaction cross section and also 
that the effect of this is calculable. The first of these is 
that the mechanism of the reaction cross section be a 
short-range interaction, i.e., that the primary reaction 
(irrespective of the final state interactions) be confined 
to a certain volume V of order a*, where a is the range 
of the interaction. It is not unlikely that this condition 
will be met by most of the nonelectromagnetic ele; 
mentary particle reactions. Second, the effect of the 
final state interaction is to be considered only for low 
relative energies of the particles whose interaction is 
being considered. For high relative energies, this inter- 
action will be expected to be of relatively little im- 
portance. Finally, the final state interaction must be 
strong and attractive, a restriction which will be made 
more precise in the following paragraphs. 

To see this, let us suppose the reaction to be pro- 
ceeding backwards. That is, we send the produced 
particles back into the region of their mutual interaction 
in such a manner that the initial state will result. We 
suppose that the two particles whose interaction we are 
studying have a small relative energy and that the 
scattering cross section of these two particles is large 
compared to the effective cross-sectional area of the 
volume of primary interaction. In this case the prob- 
ability of the two particles “finding” each other in the 
vicinity in which the reaction is to proceed is propor- 
tional to their scattering cross section. That is, the two 
particles start to scatter and, if the interaction between 
them is attractive, they will tend to stick together 


*K. M. Watson and R. N. Stuart, Phys. Rev. 82, 738 (1951). 

7 Aamodt, Panofsky, and Phillips, Phys. Rev. 83, 1057 (1951). 

*R. Phillips, University of California Radiation Laboratory 
Report UCRL 1845 (to be published). 

* Danysz, Lock, and Yekuteli, Nature 169, 364 (1952). 

10K. Brueckner and K. Watson, Phys. Rev. 87, 621 (1952). 
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momentarily. This helps to bring them together into 
the region of space from which the primary inverse 
reaction can proceed—and thus the transition rate for 
the inverse reaction is expected to be proportional to the 
scattering cross section of the two particles. On the 
other hand, if this scattering cross section were less than 
the cross-sectional area of the primary reaction volume, 
the final state interactions would be of little help in 
“drawing the particles into this latter volume.”’ 

By detailed balancing we can then obtain the cross 
section for the reaction itself to be 


(1) 


do—~d*go,° times other factors, 


where q is the small relative momentum of the two 
particles and o,° is their scattering cross section for 
relative momentum g. The dg is, of course, just a 
factor in the volume of phase space into which the 
reaction proceeds. We suppose g to be small enough that 
o,° arises only from S-wave scattering. As long as g~0, 
one can neglect the g-dependence of the other factors in 
Eq. (1), keeping only that of 


(2) 


where 6, is the S-wave phase shift for the scattering at 
relative momentum q. 

When sin’6, becomes of the order of unity for values 
of q such that //q is still large compared to a, the range 
of the primary interaction, a strong correlation in the 
emission of the interacting particles will result which 
will be described by Eq. (2). This equation then gives 
a means of measuring 6, from an observation of the 


d*go,°™dq sin*5,, 


reaction cross section. 
II. BOUNDARY CONDITIONS 


In the present section we shall express the transition 
rate for a reaction process in terms of the wave function 
which describes the final state interaction. We charac- 
terize the initial state of the reaction, containing the 
colliding particles, by the state function xa. Xa describes 
the plane wave motion of the center of mass of each of 
the two incoming particles plus any internal coordinates 
and satisfies the Schrédinger equation 


(3) 


where Hp is the appropriate Hamiltonian and £, is 
the energy of the system. 

Among the possible alternate “channels” by which 
the reaction can proceed, we shall be interested in that 
one to be designated by the set of states “B.’’ The set 
“B” refers to a unique set of particle occupation 
numbers, while a single member of the set “B”’ specifies 
also spins, momenta, etc., of each of the particles. We 
suppose Hp to be so defined that the state functions xz 
also satisfy 


Hoxa= Exe, 


Hoxa= Esxe= Eoxs. (4) 


The Hamiltonian H of the system will be given by 
adding to Hp the interaction U, which is responsible for 
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the transition a—B: 
H=Ho+v. (S) 


The final state interaction v is introduced by decom- 
posing U: 
U=V-+1, (6) 


where V is defined as U—v. » is that specific interaction 
between pairs of particles in the final state which leads 
to the correct scattering cross section for any pair of 
these particles (i.e., we neglect a possible modification 
of v due to many body forces—this assumption is dis- 
cussed further in the final section). For simplicity in 
the following analysis, we can define v to vanish except 
when operating on that particular set of particle occu- 
pation numbers which we have designated by the set 
“B” above—i.e., we suppose the actual interaction to 
be multiplied by a projection operator which picks out 
the set “B.” This is permissible since we define V as 
U—2, 

Following the notation of Lippmann and Schwinger," 
we can write the integral equation for the state function 
of the system as 


1 
Walt) = yo-+————(0+ V) Wot. (7) 


Egtie— Ho 


Here ¢ is a positive real parameter which goes to zero 
after the implied integrations are done. We have 
similarly the wave function describing the scattering of 
the final state particles among themselves: 


1 


—ermer pp, 
Eqgtte— Ho 


(8) 


os =xa+ 


since E,= Ep. 
The probability amplitude for the transition a—b 
is! 
T pa= (xB, (v+V) pa). (9) 


Following the notation of Chew and Goldberger,” 
we express ¥,‘*? in terms of the matrix operator 2; 


PaV=IMy,, (10) 
where 


1 
era =seapemreen ie 
Eqtie—Ho—V—v 


OH =14+— (11) 


From Eqs. (9) and (10), we write the transition operator 
T as” 
(12) 


(13) 


T=(0+ VQ, 
with 
T Bo= (xe, TXa)- 

4 B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

® Relations (10) and (12) have been given by C. Moller, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 22, No. 19 (1946). 
G. F. Chew and M. L. Goldberger [Phys. Rev. 87, 778 (1952) ] 
have introduced the expression (11). I am indebted to Dr. Chew 
and Dr. Goldberger for being informed of this and related algebraic 
relations in advance of publication. 





EFFECT OF FINAL STATE 


Remembering that from its definition v vanishes 
when operating on the state x, and using Eqs. (11) and 
(12) and the operator relation,’ 


(14) 


we easily obtain 
T=0-tVQ, (15) 
Here 
1 
ght ws 1-4 ———__— 
E,tie—Ho—v 


(16) 


and ¢3=w xx [see Eq. (8) ]. Inserting Eq. (15) 
into Eq. (13), we obtain 


Bo= (oa, Va). (17) 


The boundary condition ¢3 in Eq. (17) has been 
derived previously for several special cases.'4~'® The 
physical basis rests on the requirement that the final 
state contain outgoing waves only and is formally 
expressed by the use of “+e” in Eq. (16). 

Equations (15) and (16) do not actually lead as 
directly to Eq. (17) as we have indicated. The point 
is that the parameter ¢ in wt [Eq. (16) ] is the same 
as the “e” in 2. This would mean taking the limit 
e—0 for ¢3~ and y,‘*? simultaneously for use in Eq. 
(17). Doing this is clearly not so convenient as being 
able to take independent limits for ¢s and y,‘*; 
i.e., using different e’s in wT and in 2, In Appendix 
(A) it is shown that this can indeed be done, it being 
only necessary to keep both e’s positive as the limit e-0 
is being approached. 

It is interesting that the boundary condition (17) 
follows also from the requirements of time reversal 
invariance. It is shown in Appendix (B) that Eq. (16) 
follows from the general detailed reversibility require- 
ment 


UTU“=T (18) 


where 7 is the transpose of the operator 7 and U is the 
unitary matrix introduced by Wigner" in connection 
with time reversal. It is not surprising that time reversal 
invariance should determine the boundary condition 
on ¢~ in Eq. (17). We could not expect the reversed 
system to return to the (time reversed) initial state 
unless we start it in the correct (time reversed) final 
state.'® 


3G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). 

“4 N. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Oxford University Press, London, 1933). 

16 W. Rarita and J. Schwinger, Phys. Rev. 59, 556 (1941). 

16 Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952). 

7 E. P. Wigner, Gottingen Nachr. 31, 546 (1932). 

us wit seems likely that the boundary condition on ¢z expressed 
by Eq. (17) should probably also follow from “causality” require- 
ments, as discussed by W. Schiitzer and J. Tiomno [Phys. Rev. 
83, 249 (1951)]. The work of these authors suggests that the 
matrix T has no > singularities (except on the i imaginary axis) in the 
positive- imaginary half-plane, when presented in diagonal form. 
Q and w‘*) contain the scattering matrix, and a related property 
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In Eq. (17) the final state interaction contributes 
most explicitly to ¢3~, but is also contained in W,‘*?. 
We shall see in the next section that Eq. (17) is already 
in a useful form for the applications of that section. It 
is possible, however, to exhibit more explicitly the 
occurrence of v in Eq. (17). For this purpose we define 
M+ to be 2 [Eq. (11)] with »=0 


1 


Qo! P= (19) 


E+-te—He~V 


and 


va =2 Xa (20) 


Using Eq. (14), we have 
1 


QM =, a ————1Q'+, (21) 


E,t+ie—He-V —v 
(19), and (20), we obtain 
os™, wa), 


where Wz‘? satisfies Eq. (7) with xo replaced by xz. 
The first term in Eq. (22) is similar to Eq. (17), except 
now v occurs only in ¢g~. Following the methods of 
Chew and Goldberger,” the second term can readily 
be developed in the form 

(os™, Oya ), 
where Q is a power series in 2. 

The second term in Eq. (22) can be expected to be 
small compared to the first in two limiting cases. Re- 
membering that 2 was defined in such a manner that it 
vanished except when operating on the set “B” of 
particle occupation numbers, we see that »p,° 
describes the production of a final state “B” followed 
by a scattering of the particles in this state. Since 
va —¢2 vanishes when V0, this term describes 
the repeated interaction of the particles through the 
primary interaction V to produce again a state of the 
type “B.” It is thus clear that when V can be treated 
as a small perturbation the second term in Eq. (22) is 
of higher order in V than is the first and can be neglected. 
On the other hand, if V is a strong interaction leading 
to many virtual states (many sets of particle occupation 
numbers) we note that the second term in Eq. (22) 
picks one very restricted set of intermediate states 
(i.e., of type ““B’”’) and may consequently be small to 
the extent that these intermediate states contribute 
relatively little to the reaction. 


From this and Eqs. (17), 


T a= (oa, Va) + (va — (22) 


Ill. THE DEPENDENCE OF THE REACTION CROSS 
SECTION ON THE FINAL STATE INTERACTION 


We return to the expression (17) for the transition 
amplitude T ga. We suppose that » particles are pro- 


is expected for these. On the other ns w‘~ is simply related to 
the complex conjugate of w‘*, so 't should also have this 
causal property and thus the T of Eq. (15). This would not seem 
to be the case, however, had we used, for example, w‘*t in Eq. 
(15). 
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duced in the state B with rest masses M,;, momenta &,, 
and energies W,;. The differential cross section for the 
reaction in the center-of-mass system is then (we set 
h=c=1) 


(29) n n 
do = foc W .— E.)6(> ki) 
i=l i=l 


My 


n 
XII dk; 2 |Te0|*. (23) 
i=l spins 

Here u, is the relative velocity of the colliding particles. 
The integration is to be carried out over four of the 3n 
momentum variables in such a way as to satisfy the 
conditions imposed by the 6-functions. The expression 
Despins is an appropriate average and sum over initial 
and final spin substates, respectively. 

Let us suppose that there are at least three particles 
in the final state and that the two whose interaction we 
are studying have momentum vectors k; and kp. Let us 
introduce their relative momentum, q= }(k:—kz), and 
their total momentum p=k,+ky. do will now contain 
a factor d*g=q’dgdQ,, where dQ, is an element of solid 
angle in the direction of q. The values of q, a relative 
momentum, will not be affected by the 6-function 
describing momentum conservation. When q is suf- 
ficiently small compared to Eq, we can neglect the effect 
of energy conservation on the values of g. We then have 
the g-dependence of the phase space factor in Eq. (23) 
as just 


g’dqdQ,. (24) 


In any actual problem it is, of course, straightforward 
to calculate exactly the phase space factor, but for 
purposes of a general discussion it is convenient to use 
the simple form (24). 

It now remains to find the dependence of Tg. on gq, 
subject to the restrictions mentioned in the introduc- 
tion. Returning to the expression (17) for Tz. we define 


(25) 


(€|R|a)=Vyo, 





0.8 

2 
Fic. 1. The spectrum of relative energies of two interacting 
particles emitted in a reaction. The total energy of the two 
particles is considered to be constant. Curves (1) to (4) are cal 
culated for the following respective values of 2a*/ME [see Eq 
(35) }: 0.1, 0.25, 1.0, «©. A much sharper peak could, of course, 
have been obtained by taking even smaller values of this parameter. 
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where é is an appropriate set of coordinates. R is just 
the transition operator in a mixed representation and 
has been used previously‘ in the study of meson pro- 
duction in nucleon-nucleon collisions. Let r be that 
member of the coordinate set which describes the 
relative position of particles “1’’ and “‘2.”’ In accordance 
with the assumption that the reaction takes place within 
a certain volume, we suppose R to vanish as r becomes 
appreciably larger than a, the radius of this volume. 
Neglecting the interaction of particles “1” and “2” with 
others of the final state particles (phase space arguments 
lead one to expect a small probability that more than 
two particles will have small relative momenta) we can 
factor out of gg“? that part, g,“~(r), which describes 
the relative motion of particles “1” and “2.” Writing 
op =hg —(t’)g,—(r), where B’ and ¢’ do not contain 
g or r as variables, we next define 


(r| R| a)=(he , R), (26) 


and have 


T pa= (gq, &). 27) 
is important to note that R does not depend 
explicitly upon the variable g, so that the only de- 
pendence of Tg, on g comes from g,‘~’. Energy con- 
servation will, of course, impose a g-dependence on R, 
but we have seen above that this is a small effect when 
qg is small. 

Since g is considered to be very small, we shall for the 
moment suppose that only the S-wave part of g,‘~ is 
important. That is, we write 


Now it 


gq‘ = (e~*/gr) sin(gr+ 5), (28) 
where 6 is the S-wave phase shift for the scattering of 
particles ‘1’? and “2.”’ Equation (28) is valid outside 
the range of the interaction of these two particles. We 
next express 6 in terms of the low energy scattering 
parameters: 
q cotd= at }roq. (29) 
We are interested in r~a or less, so when q is small 
enough that gr is small, we have 


sin(gr+4)—sindl 1+ ar+3q’r(ro—r) J. (30) 


Neglecting the ¢ term above, we have for the pertinent 
values of r, 

8a (r )—~e~*(sind/q) f(r), (31) 
where f(r) is independent of g. Equation (31) is also 
valid inside the region of interaction of particles “1” 
and “2” since then f(r) is the integral of the Schrodinger 
equation, which is to a good approximation independent 
of g for small g-values. (For more detail see the paper 
by Bethe'* from which the present argument is taken.) 
Inserting Eq. (31) into Eq. (27), we have 


T ga =e*(sind/q)(f(r), R). (32) 


19H. A. Bethe, Phys. Rev. 76, 38 (1949). 
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The factor (f, 2) is now essentially independent of g for 
small g-values (the only dependence coming from 
energy conservation, as remarked previously). 

Inserting this expression into Eq. (23) and using (24) 
for the phase space factor, the cross section can be 
written as 


da=sin*6 dg times a factor independent of g. (33) 


If we keep only the a-term in Eq. (29), this becomes 
do=~q'dq/(a?+¢°). (34) 


In Eq. (30) we have neglected the term of order 
$q’a(ro—a) compared to unity. Thus (34) is expected 
to be valid for g-values satisfying this condition or for 
a wavelength #/g large compared to the radius of the 
region of primary interaction. If a is larger than the 
maximum g-values for which Eq. (33) remains valid, 
Eq. (34) gives just the usual phase space dependence for 
the cross section which is expected to hold near 
threshold.” In this case we would not find so pronounced 
an effect from the final state interaction—and indeed 
might expect to be able to neglect it entirely. 

We note that Eq. (33) agrees exactly with the estimate 
made in the introduction [Eq. (27)]. The criterion 
here found, that |aa| be appreciably less than unity, 
is just the condition described in the introduction, i.e., 
that the low energy scattering cross section of particles 
“1” and “2” be large compared to the cross section of 
the volume of primary interaction. 

To illustrate Eq. (34), we suppose that particles ‘‘1” 
and “2” have a fixed total energy (we introduce the 
phase space factor for the center-of-mass motion of 
these two particles). The resulting energy spectrum of 
relative motion is plotted in Fig. 1. In Fig. 2 we plot 
the relative angle of emission of the two particles in 
the coordinate system in which the entire scattering 
system is at rest. For angles less than 15° to 20° there 
is a sharp peak, which for larger angles merges roughly 
with that dependence to be expected from phase space 
arguments. The shape of this correlation curve is 


approximately 
me 
so] 


where M is the mass of the particles, £ is their total 
energy, and @ is the angle between them. 

We have assumed that we need consider only S-state 
relative motion of particles “1” and “2,” which is 
probably the case of most practical importance. On the 
other hand, gradient couplings do seem to occur in 
nature. If to a gradient coupling there should also cor- 
respond a strong P-state scattering at low energies of 
two emitted particles, again correlation can occur. 
Suppose that in a partial wave analysis of R it is found 
that only an orbital angular momentum Z is important. 


(35) 


do (“2 


dQ. LME 


2 FE. P. Wigner, Phys. Rev. 73, 1002 (1948). 


STATE 
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Fic. 2. The differential cross section for the production of a 
pair of interacting particles with an angular separation 6. Curve 
(1) is for an attractive interaction for which a*?/ME=0.01 [see 
Eq. (35) J. Curve (2) is the correlation to be expected to a repulsive 
interaction of about ten times the strength of that for curve (1). 


If the low energy scattering is this orbital state in 
large, an analysis such as that made for S-states leads to 


sind, 
T Ba sie kz times a quantity independent of g. (36) 
+ 


Here 6, is the phase shift for the Zth partial wave 
in the scattering of particles “1” and “2.” Equation 
(33) now becomes 

sin}, 
do= 7 dq. (37 
If the formula 
(38) 


g** coté,= a®l* 
holds for a sufficient range of g-values, then 


dog" dq (qttt +q*4 +) (39) 


and a considerable correlation could result. This would 
place quite stringent restrictions, however, on the 
interaction leading to 5z. 


IV. APPLICATION TO MESON PRODUCTION IN 
NUCLEON-NUCLEON COLLISIONS 


There are at present two types of known mesonic 
phenomena in which the present theory is applicable! *-* 
and possibly a third (the hypothetical meson-meson in- 
teraction®'°), These phenomena have been discussed pre- 
viously,** so need not be considered in detail here. 
However, the observation of a bound final state of the 
neutron and proton in the reaction p+p—-x++n+p 
(or d) necessitates a slight extension of the theory of 
the last section. In reference 4 the meson energy 
spectrum was calculated by solving the Schrédinger 
equation explicitly for g,—(r), the neutron-proton wave 
function, rather than by using the low energy scattering 
parameters. As argued in reference 4, the assumption 
that |aa| is small seems to be particularly good for 
this reaction, since the range a is expected to be (near 
the energetic threshold) considerably smaller than the 
range of the nuclear forces. Thus we can immediately 
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use Eq. (32) with the low energy n-p triplet* scattering 
parameters for siné. This gives the part of the meson 
spectrum corresponding to an unbound state of the n-p 
system, 

To calculate the fraction of the time that the reaction 
goes as p+p—mt+d, we need the deuteron wave 
function gp(r) to insert into Eq. (27).% Actually, we 
need only the ratio of gp(r) to g,‘—(r), for values of r 
less than the range of the n-p force. To a sufficient 
approximation, we can write this as 


go(r)=Nof(r), (40) 


where f(r) is the same as in Eq. (31) since the binding 
and kinetic energies are small compared to the well 
depth [see reference (19) ]. Np is a constant normaliza- 
tion factor 

An approximate evaluation of Np can be obtained 
from Heisenberg’s theory of the S-matrix.” We write 
gp(r) outside of the range of the n-p triplet force as 


(41) 


gp(r) =Ce-""/r, 


C is a normalization factor and ¥? is the product 
nucleon mass by the deuteron binding energy. 
y) be the S-matrix for n-p triplet S-wave scat- 


where 
of the 
Let S 


tering. Then Heisenberg’s relation is 


$ asta =2(2x)?|C|?, 


(42) 


the integral is a closed contour about the pole 
S-matrix in the positive imaginary half-plane at 
iy. Expressing 


where 
of the 
the point g¢ 


S(q) = (coté+ i)/(coté—i), 


and using Eq. (29) (with @ replaced by —|a!) we 
readily evaluate the integral to find that 


y= | a (1+470| «| ) 


ae 
C=|——_-—_]. 

2n(1—roy)- 
Using expression (30) and comparing the expression 


for g,“~’(r) for the internal and external region near the 
edge of the interaction we have 


and 


(43) 


-= r 


sind[1—|a|r] sind 
ata (44) 
q r q 
or {(r)~(1— | a|r)/r near the boundary of the potential 
#1 When some of the produced particles can be in a bound state, 
Eq. (9) is not so useful [see, for example, H. S. Snyder, Phys. 
Rev. 83, 1154 (1951) ]. In this case it seems preferable to start 
with Eq. (17) as the defining equation for Tg,. Then the boundary 
condition on ¢a‘~ is determined by the time reversal arguments 
of Appendix (B). When none of the particles are actually in a 
bound state, the arguments of Appendix (A) still imply the equality 
of expressions (9) and (17). For the part of ¢s‘~ referring to the 
bound state, the use of “‘+de’’ is irrelevant. 
2 W. Heisenberg, Z. Naturforsch. 11/12, 607 (1946). 
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well. Using this expression and equating Eqs. (40) and 
(41), we have 


(45) 


Np=Ce-”/(1—|a|r)C, 


since ya and both are sufficiently small that 
e-/(1—|a|r)~1 at the well boundary. Then from 
Eq. (27), we have 


T ga(deuteron) =C(/(r), R), (46) 


which is to be compared with Eq. (32). 

From Eqs. (32) and (46) it is easy to calculate the 
corresponding cross sections in the center-of-mass 
system. Let T be the meson kinetic energy, y its rest 
mass, M the nucleon mass, and 7») the maximum 
kinetic energy of the meson. Then the differential cross 
section in the forward direction for an unbound n-p 
state is to within a numerical factor, G, 


da =(=) 
dT w\yp 


where q is the relative momentum of the nucleons and 
u/2M has been neglected compared to unity. The cor- 
responding cross section with the formation of a 
deuteron is 


sin? 


IMT TA, (47) 
he 


dap (p/n)? 
=— ?; (48) 

dQ ss 1—roy 

to within the same numerical factor G as that for Eq. 

(47). Here p is the meson momentum. In these equa- 

tions, it was assumed‘ that (/(r), R) contained a factor 

of p. 

The foregoing cross sections have been transformed 
to the laboratory coordinate system and are compared 
with the experimental data of Cartwright, Richman, 
and Whitehead” in Fig. 3. Here G was taken to be 
3.4(10)~*° cm? (steradian mev)~!. For comparison, the 
monochromatic spectrum from dop/dQ was “smeared 
out” over the experimental energy resolution. The 
agreement with the experimental data seems to be 
satisfactory, except possibly at the lower meson 
energies. The agreement with the earlier calculations, 
which involved integrating the Schrédinger equation for 
an exponential well, is quite good. 


V. FURTHER APPLICATIONS 


The applicability of Eqs. (32) and (36) is somewhat 
greater than was indicated in Sec. III. Let us suppose 
that the state B contains two particles whose scattering 
is described by a one-level Breit-Wigner resonance 
formula at energies for which Eqs. (32) and (36) are 
still valid. It is also supposed that the primary inter- 
action is sufficiently weak that only the first term in 

*% Cartwright, Richman, and Whitehead (to be published) and 
W. F. Cartwright, Ph.D. thesis, University of California, Berkeley, 
California (unpublished). 
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Eq. (22) need be kept. We write [see Eq. (36) ] 
tané,;= sr, ‘(E,—E). 

The modification of the phase space factor for only 
two particles in the state ““B” is such as to replace dg 
by g~' in Eq. (37), neglecting numerical factors. This 
equation then becomes 

1 ry 
(37’ 


gr?! (E—E,)?+31,? 


except for the factors not explicitly written in Eq. (37). 

Near threshold g-@4+YT?=I,, except for a nu- 
merical factor. Writing all the neglected factors in the 
form (2L+1)I,K~*, we have the cross section for a 
one-level resonance reaction involving spinless particles: 


x(2L+1) rl. 


o=— —-, (49) 
(E—Exz)*+i0 1? 

Here K is the relative momentum of the two incoming 

particles and <I, by the assumption that V is a 

sufficiently weak interaction. The extension to particles 

with spin is straightforward. 

The usefulness of Eq. (49) lies not in its generality 
(rather restrictive conditions were imposed on the 
model, such as I'.<I',) but in its relation of the reaction 
cross section to the interaction of the two particles in 
the final state. Indeed, expressions (32) and (36) do not 
depend upon any specific dependence of 6, on the 
energy, but upon being able to write the final state 
wave function in the general form (31) for small dis- 
tances (when several partial waves are involved, Eq. 
(31) is to be replaced by a sum of such terms, one for 
each partial wave). This suggests a means of establishing 
phenomenological relationships between various proc- 
esses—such as between meson-nucleon scattering and 
photomeson production. 


VI. REPULSIVE INTERACTIONS 


When the final state interaction between two par- 
ticles is repulsive, one again expects a correlation in the 
relative angles and energies of these particles when 
produced in a given reaction. Since the particles repel 
each other, one expects a smaller probability that 
relative angles and energies will be small than if there 
were no interaction. There does not seem to be a general, 
simple theory to describe this, however, as there was 
for the case of the attractive interactions. Also, the 
correlations seem to be less pronounced for repulsive 
interactions, leading in general to smooth angular 
variations which would be difficult to separate from the 
relatively weak correlation which might be expected to 
occur in the primary interaction itself. 

For these estimates a primary interaction in the form 
of a very short-range square well was taken. [R in Eq. 
(26).] The repulsive final state interaction was also 
taken to be a square well and the outgoing particles 
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Fic. 3. The energy spectrum of [I+ mesons produced in the 
forward direction in p-p collisions as calculated from Eqs. (47) 
and (48) is compared to the experimental data of Cartwright, 
Richman, and Whitehead (reference 22). Only the low energy 
triplet n—p scattering parameters enter into the shape of the curve, 
which is uniquely determined by the theory. 


were considered to be mesons. Taking the repulsive 
potential to be the negative of a well 100 Mev deep 
and having a range of 3h4/uc, the angular correlation 
given in Fig. 2 was obtained. The repulsive potential 
in this case was approximately ten times as strong as 
was the attractive potential whose correlation is also 
plotted in Fig. 2. 


VII. CONCLUSIONS 


To study the effect of final state interactions on a 
reaction cross section, we have been led to the ex- 
pression (17) for the transition amplitude. In Eq. (22) 
the appearance of the final state interaction has been 
somewhat more explicitly exhibited. In a great many 
applications the first term only of Eq. (22) need be 
kept, the condition usually being that the “primary 
interaction” V can be considered to be a small per- 
turbation (e.g., as in 6-decay). 

It has been possible to carry the analysis further for 
the consideration of strong final state interactions and 
low relative energies, the dependence of the transition 
amplitude in this case upon the relative momentum of 
two interacting particles being of the form given in 
Eq. (32). 

In the development of Eq. (32), we have not con- 
sidered the possibility that the final state interaction of 
two created particles might be modified in the presence 
of the primary interaction. This is not expected to 
change our conclusions in general, however. First, if 
the primary interaction V is weak or impulsive so that 
the first term only of Eq. (22) can be used, we need not 
expect a modification of v, since V is then essentially 
“turned off” once the particles are created. This con- 
dition should cover the photomesonic processes, for 
instance. Second, for processes such as meson production 
in nucleon-nucleon collisions, for which the range of V 
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Fic. 4. The energy spectrum of I-mesons produced in nucleon 
nucleon collisions in the center-of-mass coordinate system. The 
final state nucleon-nucleon interaction was taken to be a square 
well of range 1.4 h/yuc with the corresponding well depths indicated 
in the drawing. Curve (c) corresponds approximately to the n-p 
singlet force 


is considerably less than the range of v, there should be 
no serious modification of v since the effect of the final 
state interaction comes from regions of space for which 
V =0. Finally, the usefulness of Eq. (32) implies quite 
a predominantly strong final state interaction, which is 
not expected to be greatly modified if it is stronger than 
the other interactions involved. Here the argument is 
perhaps most clearly expressed by the discussion given 
in the introduction, which refers to final state inter- 
actions whose “effective area of interaction” is greater 
than the “effective area of the interaction V.” 

Much less correlation is to be expected when the 
reaction becomes weak. To see this we give in Fig. 4 
the expected energy spectrum of mesons in the center- 
of-mass system when the final state nucleon-nucleon 
interaction has a range 1.4h/yc and (a) a depth of zero 
Mey, (b) a depth of 15 Mev, (c) a depth of 23 Mev. 
Case (c) corresponds roughly to the n-p single potential. 
We have taken the range of the primary interaction R 
to be zero for this example, which is most favorable for 
obtaining large correlations. 


APPENDIX A. THE FINAL STATE BOUNDARY 
CONDITION 


We consider Eq. (15) for T, replacing € by € in Eq. 
(16) for w°*. We wish to show that this equation is 
equivalent to Eq. (12) for calculating Tg. as long as e, 
€9>>0 and approach zero independently after the 
integrals are evaluated. From Eq. (11) with the use of 
Eq. (14) we readily find 


w! tyQm 


oe To —(V+)+4, (A-1) 


Eatte—Ho—V—v 


where we have used the assumed property of »—that it 
(or any function of it) has no matrix elements con- 
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necting states x. and xg. The quantity A is 


1 
A =i(¢—¢)s———— 
(Eo+ieo—Ho—2) 


1 
xX———————(V +9). (A-2) 
(Eqtte—Ho—v— V) 
Except for 4, Eq. (A-1) agrees with Eq. (12), the 
defining equation for 7. It is now to be shown in the 
limit €, ¢s-0 that A gives no contribution to Tg, when, 
and in general only when, ¢, ¢s>—0 from positive values. 
We define 
1 


t —»+1, (A-3) 


=v 

E.t+ 1eg— Ho- v 
a scattering amplitude for particles in states “B.”” Then 
we easily obtain with the use of Eq. (14) 


1 1 
T, (A-4) 


A =i(e— @)t——— - ~~ 
(Eatieo— Ho) (Eatie— Ho) 
where 7 is now given by its defining Eq. (12). If we 
choose a representation in which Hp is diagonal with 
eigenvalue E,, we see that Eq. (A-4) will contain an 
integral of the form 


(A-5) 


f dE, 
(E.— Ea—ieo)(Ex— Ea—ie) 


In the limit when ¢, ég>—0 the only contribution of 
the integral (A-5) to A will come from the vicinity of 
E,=E,. Thus we can factor ¢ and T out of the integral, 
setting =a in them. This can be done as the scattering 
amplitudes are supposed to be well defined on the 
energy shell (that is, when & is set equal to a). We may 
also take infinite limits (— © to + ~) for the integral 
(A-5). If € is positive (€ is known to be positive), the 
integral vanishes. If € is negative, the integral is 
2r/(e—e€o). Thus 


A=0, if €, e—0(+); 
A=2wilt6(Ho—E.)T] if e0(+), —0(—1). 


Had we used a “principal value” definition for w‘ 
A would again have been nonvanishing. 

We recall that the role of ¢ and €) was just to help 
keep track of the path of integration and that these 
could have been set equal to zero at the outset (by 
properly specifying the contour of integration). In par- 
ticular, we can go to the limit €, e.=0 in ¢3 and 
¥a‘*? before evaluating Eq. (17). 


(A-6) 


it 
’ 


APPENDIX B. THE REVERSAL REQUIREMENTS 


We wish now to show that the use of ¢3™ in Eq. 
(17) is required by the time reversal invariance of the 
system. The time reversal operator has been given by 
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Wigner” and is 

K=UK,, B-1) 
where Ko is the operation of taking the complex con- 
jugate and U is a unitary matrix. The “time reversed”’ 
of a given operator P is 


P,=KPK“=UP*U-. (B-2) 
For instance, time reversal leaves the Hamiltonian 
invariant but changes the sign of momenta, angular 
momenta, spins, etc. 

In Eqs. (3) and (4) we have introduced the eigen- 
functions x. of Ho. Let “A” represent a complete set of 
commuting operators for the xa, and let the set “a” 
represent the corresponding eigenvalues : 


AXa=4Xa. (B-3) 


Physically, the set “a’’ represents the momenta, 


angular momenta, spins, and any internal coordinates 
of the noninteracting particles of the state “a” (we 
are not distinguishing between states “a” and “B” 
here). Now under time reversal the momenta, angular 
momenta, and spin components change sign, but the 
internal coordinates are unchanged. Let us denote the 
eigenvalues for a system in this time reversed state by 
“—q@” and the eigenfunctions by x_«. On the other 
hand, we denote the wave function which results from 
applying K to xa by xa’. Since x.’ and x_. describe the 
same physical situation, they can differ only by a phase 
factor, say u_. That is, 


Xa =Kxe= UXa* = u_aX-<- (B-4) 


There is also the set 


Xe’ =Kx-.= Ux. a = MoXe: (B-5) 


We observe in passing that the relation between the 
¥™ and yy and the ¢? and ¢“ of Eqs. (7) and 
(8) is 


Va = (1/ua)Ky_.?, (B-6) 


os” =(1/us)Ko_2“ 


STATE 
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This relation gives a simple prescription for obtaining 
the ¢3° to be used in Eq. (17) when the usual scat- 
tering wave function is known. 

The detailed reversibility requirement, which is a 
direct consequence of time reversal, has been given by 
Schwinger** and Coester.** It is 

FF B. a= Ue us! op, (B-7) 
where the phases uw, and wz are those of Eqs. (B-4) and 
(B-5). We have 

T_», -a=(x-—s, Tx-a)=(T*x~-0*, x-s*) 
= (UT*U"Ux_.*, Ux_s*) 
= pa*ua(Xa, [UT*U— }'xp). 
We have used Eq. (B-5) in the last step. Comparing 
with Eq. (B-7) we see that 


UT*Ut=T' 


(B-8) 


(B-9) 


must hold on the energy shell. 

Now writing T in the form of Eq. (A-1), we wish to 
show from Eq. (B-9) that the boundary condition on 
w‘~* is the correct one. That is, we wish to show that 


(B| T--(UT*U~)'| a) =0, (B-10) 
only for the ““+-ie” boundary condition on wt. Since 
the first term of Eq. (A-1) obviously satisfies Eq. 
(B-10), this equation reduces to 


(B| A—(UA*U—)* | a) =0. (B-11) 


Now A and (UA*U~')' have essentially the same 
structure, so the arguments given in Appendix A for 
the vanishing of A are here valid. (It may be noted 
that (UA*U-')' has the operator v standing on its right, 
so automatically vanishes if we wish to apply our con- 
dition that » vanishes when operating on xa.) 

Thus, just as in Appendix A, we see that the 
boundary condition of Eq. (17) is here required. 


* J. Schwinger, hectographed notes on nuclear physics (un 
published). Relations of the form (B-4) and (B-5) were introduced 
and used here in the proof of Eq. (B-7). 

% F. Coester, Phys. Rev. 84, 1259 (1951). 
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Using techniques for the measurement of the magnetic threshold curves of superconductors below 1°K 
previously employed, investigations have been made on cadmium, zirconium, hafnium, and titanium, 
both before and after heat treatment. It was found that, in zirconium and hafnium, the magnetic super- 
conducting properties were profoundly affected by heat treatment and that only after suitable annealing 
did these properties approach those of an ideal superconductor. The results for the annealed metals were 
as follows: the transition temperature, 7., in zero magnetic field was 0.602°K for cadmium, 0.546°K for 
zirconium, 0.374°K for hafnium, 0.558°K for titanium and the slope of the magnetic threshold curves at 

=T, in gauss/degree was 112 for cadmium, 170 for zirconium, 230 for hafnium, and 450 for titanium. 
The magnetic threshold curves for cadmium and zirconium were parabolic with Ho=33.8 gauss for cadmium 
and 46.4 gauss for zirconium. The thermodynamically computed specific heat of the normal electrons was 
1.54X10“T cal/mole-deg for cadmium and 3.92X10~“T mole-deg for zirconium. No thermodynamic 
computations were made for hafnium and titanium owing to the irreversibility of their superconducting 


transitions. 





1. INTRODUCTION 


N continuation of measurements reported previously 

by Daunt and Heer"? on the magnetic properties of 
superconductors below 1°K, we have extended the 
observations to other materials which only recently 
have been available to us in high purity. These meas- 
urements, carried out in the region obtainable by 
magnetic cooling methods, have enabled the specific 
heat of the electron assemblies in the normal state to 
be computed as has previously been done for super- 
conductors in the helium region by Daunt and Mendels- 
sohn.* They have led also to interesting results on the 
influence of physical strain on the magnetic properties 
of superconductors. The three metals, zirconium, 
hafnium, and titanium, are not only difficult to obtain 
in a strain-free state, because of their hardness, but 
also they all show a crystallographic modification from 
hcp to bec at high temperatures, which makes heat 
treatment more complex than in many other super- 


Minimum 
hardness 
known 
(Rockwell 
scale) 


H47 


Transfor- 
mation 
temp., °C 
(hep to 
bec) 


Melting 
temp., Recrystallization 
( temp., °C 





about room 
temperature 
~500 


321 


862 
1310 
882 


E58 
B88 
224 


1865 
2130 
1800 


~800 
~600 








® See reference 6. 
. > See, for example, Handbook on Ti-metal (Titanium Metals Corporation, 
950). 

¢ Our measurements on the zirconium listed in Sec. 5(b) of this paper. 

4 Our measurements on high purity titanium type No. 203-8 supplied 
by Foote Mineral Company. 

t Assisted by a contract between the AEC and The Ohio State 
University Research Foundation. 

‘J. G. Daunt and C. V. Heer, Phys. Rev. 76, 715 (1949). 

? J. G. Daunt and C. V. Heer, Phys. Rev. 76, 1324 (1949). 

* J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
Alt , 127 (1937). See also Daunt, Horseman, and Mendelssohn, 
Phil. Mag. 27, 754 (1939). 


conductive metals. In our measurements, therefore, the 
influence of metallurgical properties of heat treatment 
has been considered, as is reported below. In the case 
of zirconium, it appears that after careful heat treat- 
ment, we have obtained a material which approaches 
the behavior of an “ideal’’ superconductor. 


2. THE EXPERIMENTAL ARRANGEMENTS 


Temperatures below 1°K were produced by the 
magnetic cooling method. The paramagnetic salt used 
as the cooling substance in all experiments was chro- 
mium potassium alum. The superconducting metal to 
be investigated was pressed inside a “‘pill’”’ composed of 
the metal and the powdered salt, and, as previously 
reported,”* good thermal contact with the working 
substance was thereby obtained. Full details of our 
experimental arrangements and methods have been 
given previously by Daunt and Heer.’ The temperature 
for transition from the superconducting to the normal 
state of the metal was observed, either in zero magnetic 
field or in an applied exterior magnetic field. The 
observation was made by measuring the magnetic 
susceptibility changes occurring in the “pill” as the 
temperature increased with time from a low tempera- 
ture up to 1°K. The magnetic changes that occur in the 
metal at the transition are described fully in a previous 
paper.? By measuring the transition temperature as a 
function of the exterior field, the magnetic threshold 
curve is obtained for each metal, this magnetic threshold 
curve being in the nature of a phase diagram for the 
superconductor. 

3. THE PROPERTIES OF THE SPECIMENS 

In Table I, the relevant physical properties of the 
metals used in these’ investigations are set out. From 
this table, the appropriate annealing temperatures may 
be obtained, being between the recrystallization 
temperatures and the transformation temperatures. 


*N. Kurti and F. Simon, Proc. Roy. Soc. (London) A151, 610 
(1935). 
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PROPERTIES OF SUPERCONDUCTORS BELOW 


In preparing the specimens, the metal was placed 
inside a pill of powdered chromium potassium alum 
which was pressed to 5000 Ib/in.? and then formed to 
an ellipsoidal shape. The dimensions of the metal 
specimens and of the final pills are given in Table II. 

In computing the temperature, 7,*, on the Curie 
scale for a spherically-shaped specimen, it is necessary 
to correct the observed 7* for the shape and filling 
factor of the salt. Details of the method of making 
these corrections are given elsewhere,” *® which involve 
the parameters f and A, where the salt filling factor f 
is defined by the ratio of the distributed density of the 
powdered salt to the crystalline density, and where 4 
is defined by 

=cf(4r/3—N), 


where c is the Curie constant per cc of the salt and NV 
the demagnetization factor of the specimen. The values 
of f and A for each specimen are given in Table II. 


TABLE IT. Heat treatment, physical properties, and 
dimensions of cpemame. 


Axes of 
ellipsoidal 
salt pill 
(mm) f 4 


Dimensions 
of meval 
(mm) 


Hardness, 
Rockwell 
scale 


Heat 
treatment 


Speci- 
men* 





Ellipsoid 36 X13 0.81 0.022 
with axes 

19 X6 
11 X5.5 


11 X5.5 


Cd Annealed at 
150°C for 
1.5 hours. 
Unannealed 
Annealed at 
800°C for 
2.5 hours. 
Unannealed 


0.017 
0.026 


0.90 
0.94 


X3.3 


Zr(U) 
X3.3 


Zr(A) 


Cylindrical 29 X12 0.98 0.015 
50.5 long 
3.4 diam 
Cylindrical 
50.5 long 
3.4 diam 
Irregular 
pieces 

2-3 mm 
Irregular 
pieces 

2-3 mm 


Hf(U) 


Annealed at 0.92 0.007 
900°C for 
3 hours. 
Unannealed 


Hf(A) 


Tib(U) 0.79 0.011 


Annealed at 0.94 0.011 
800°C for 


2.5 hours 


Ti(A) 


® The suffixes (U) and (A) indicate the ieeninied and the ennuied 
specimens, respectively. 
> See reference 1. 


The sources and purities of the metals used were as 
follows: (a) cadmium: obtained from Johnson Matthey 
and Company, Lab. No. 2572, purity 99.99 percent: 
(b) zirconium: kindly loaned by Oak Ridge National 
Laboratory. The metal used was cut from a crystal bar 
formed by deposition from the iodide and was of 
purity 99.9 percent. The greatest single impurity was 
0.04 percent by weight hafnium; (c) hafnium: kindly 
loaned by the U.S.A.F. Institute of Technology, 
Dayton, Ohio, and originally prepared by the Foote 
Mineral Co. It was Hf ‘783’ (see paper by Litton®) of 
purity 98.92 percent, having approximately 0.9 percent 
zirconium impurity and was prepared by deposition 
from the iodide. It was in the form of a swaged rod; 
(d) titanium: This was the same as that previously 
used by Daunt and Heer’ in their magnetic measure- 


5.N. Kurti and F. Simon, Phil. Mag. 26, 849 (1938). 
*F. B. Litton, J. Electrochem. Soc. 98, 488 (1951). 
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TABLE III. Magnetic threshold values for the su; rconducting 
transition. Temperature is expressed on Curie scale, T,*, which 
approximates within experimental error the absolute ‘temperature 
T°K. The suffixes (A) and (U) refer to the metals in the annealed 
and unannealed states, respectively. 








Ti(A) 
H (gauss) 


Hf(A) 
T.* H (gauss) T.* 


0.383 0.0 0.558 
0.372 0.0 0.527 
0.367 0.0 0.491 
0.327 6.6 
0.340 11.0 
0.312 16.5 


Cd Zr(A) 
T.* H(gauss) T,.* H (gauss) 


0.002 0.0 0.546 0.0 
0.560 6.03 0.516 5.93 
0.502 9.95 0.516 6.93 
0.490 11.0 0.464 11.0 
0.428 16.5 0.436 16.5 
0.408 18.7 0.382 22.0 
0.359 22.0 


0.314 23.0 
0.326 23.1 
0.264 27.5 





10.4 


Hf(U) 


No observable 
evidence of 
superconduc- 
tivity. 


0.523 
0.528 
0.517 
0.512 
0.487 
0.483 
0.447 
0.437 
0.410 
0.384 
0.360 
0.335 
0.325 





ments. This specimen was kindly loaned by the Battelle 
Memorial Institute, Columbus, Ohio, and was prepared 
by deposition from the iodide.’ Its purity was 99.95 
percent. 

The superconducting properties of zirconium, haf- 





Fic. 1. Magnetic threshold curve for cadmium. @—our results; 
—-- curve obtained by Goodman and Mendoza;" gj—result of 
Kurti and Simon. (See reference 4.) 


7 Campbell, TN Blocher, Gurland, and Gonser, J. Electro- 
948). 


. 93, 271 


chem. Soc 





S. SMItTa 


Fic. 2. Magnetic threshold curve for zirconium. Curve (U) is for 
unannealed zirconium; curve (A) for the annealed zirconium. 


nium, and titanium were investigated both before and 
after vacuum annealing. For the cadmium, measure- 
ments were made only after annealing. The tempera- 
tures and duration of the annealing processes for each 
specimen are recorded in-Table IT. In each case the tem- 


threshold curves for partially annealed 
titanium—Ti(U); and partially 


Fic. 3. Magnetic 
titanium—Ti(A); unannealed 
annealed hafnium—Hf(A). 
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perature was reduced slowly after the completion of the 
anneal. The hardness of the metals both before and after 
annealing was measured using a Tukon hardness testing 
machine for the hafnium and a Rockwell hardness 
machine for the titaniim and zirconium, and is also 
recorded in Table II. 


4. THE RESULTS 


The observed temperatures of the superconducting 
transition in zero field and in applied magnetic fields 
are tabulated in Table III and are shown in Figs. 1-3. 
The temperatures are expressed on the Curie scale, 
T,*, corrected to a spherically-shaped salt specimen. 
In the region of measurement the difference between 
T,* and the bsolute temperature 7°K is estimated® to 
be within the experimental error. 

For cadmium it was found that the results for the 
magnetic threshold curve could be expressed adequately 
by the parabolic formula: 


H=H{1-(T/T.)*), (1) 


with Ho, the threshold field at T=0, equal to 33.8 gauss 
and 7 ., the transition temperature in zero field, equal 
to 0.602°. 

For zirconium it was found that the annealing made 
profound changes. Unannealed zirconium, Zr(U), gave 
T.=0.565° and the slope of the threshold field at 7., 
namely (dH/dT)r=r, equal to 335 gauss/degree. After 
annealing the zirconium, Zr(A), was found to show a 
parabolic threshold curve having Hp=46.6 gauss and 
T,=0.546°. The reduction in the threshold field after 
the anneal was noteworthy,’ as is shown in Fig. 2. 

The unannealed hafnium, Hf(U), showed no mag- 
netically observable sign of superconductivity down to 
0.15°K. The annealed hafnium, Hf(A), was, however, 
found superconductive with 7,.=0.374+0.01 and 
(0H/dT)7r =7, approximately equal to 230 gauss/degree. 

The measurements on titanium showed little differ- 
ence between the results for the annealed, Ti(A), and 
the unannealed, Ti(U), samples. 

The relevant data are collected together in Table IV, 
along with the normal electronic specific heats which 
can be calculated thermodynamically from them. 


5. DISCUSSION OF THE RESULTS AND THE 
THERMODYNAMIC DATA DEDUCIBLE 
THEREFROM 


(a) Cadmium 


Since a few measurements have been made previously 
of the threshold curve of cadmium,*!”" our measure- 
ments were carried out largely in order to check the 
reproducibility of our technique. The previous results 
are indicated in Fig. 1 along with our present results. 


8 M. H. Hebb and E. M. Purcell, J. Chem. Phys. 5, 388 (1937). 
*A brief abstract of these results is given by T. S. Smith and 
. G. Daunt, Phys. Rev. 86, 818 (1952). 

0 J. G. Daunt, unpublished. 

1 B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1951). 
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It will be seen that our value for the transition, 7., in 
zero field is 0.602°K as compared with 0.560°K of 
Goodman and Mendoza" and 0.54°K of previous 
work.*!° Moreover, the threshold curve we observed is 
about 5 gauss higher than that given by Goodman and 
Mendoza." This may be due to the difference in the 
materials used, the latter authors employing cadmium 
from the New Jersey Zinc Company of estimated 
purity 99.996 percent. Some confirmation of this con- 
clusion comes from recent measurements by Steele” 
also on Johnson Matthey cadmium, who found 7, 
= 0.650 and a threshold curve in fair agreement with 
that reported here. 

For a superconductor having a parabolic magnetic 
threshold curve, which marks the reversible boundary 
between the superconductive and the normal states, 
the specific heat of the normal electrons, C.i,.= 7, 
can be calculated thermodynamically, as has been done 
previously,* *'* and is given by 


Ca, n/T=y=(V/8x)(0H/9T)*17 =7,, (2) 


where V is the atomic volume of the metal. Our results 
for cadmium lead to y=1.5410~* cal/mole-degree,” 
as compared with 1.28X10~ cal/mole-degree? which 
was computed from the results of Goodman and 
Mendoza." 


(b) Zirconium 


Our results for annealed zirconium, Zr(A), give 
threshold field values and transition temperatures lower 
than both the values of the unannealed, Zr(U), and the 
values obtained previously.*!° Indeed, it is noteworthy 
that our results for the unannealed Zr(U) of T, 
=0.565°K and (0H/dT)r=r, equals 335 gauss/degree 
approximate closely those previously measured by 
Kurti and Simon,’ of 7.=0.68°K and (dH/dT)r=r, 
equal 400 gauss/degree, and by Daunt,'® of T,=0.60°K 
and (0H/dT)r=r, equal 375 gauss/degree. It is con- 
cluded that the previous workers did not undertake 
heat treatment of their samples. The relatively low 
value of (0H /dT)7r=7, observed by us for the annealed 
Zr(A) indicates that annealing of the specimen produces 
a superconductor for which the magnetic transition 
approximates a reversible process and for which the 
magnetic threshold curve becomes parabolic. A similar 
approach of the behavior of superconductors to that of 
the ‘ideal’ superconductor showing a reversible 
Meissner'® effect on careful heat treatment has been 
observed previously for thorium by Shoenberg'® and 
for vanadium by Wexler and Corak."” In the case of 
metals such as zirconium, hafnium, and titanium, how- 
ever, all of which show an a- to f- phase transformation 


32M. C. ‘Steele and R. A. Hein, Phys. Rev. 87, 908 (1952). 
J. A. Kok, Physica 1, 1103 (19 34). 

“J. G. Daunt, Phys. Rev. 80, 911 (1950). 

18 W. Meissner and R. Ochsenfeld, Nature 21, 787 (1933). 
16 I), Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940). 
7 A, Wexler and W. S. Corak, Phys. Rev. 85, 85 (1951). 
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at elevated temperatures, it is not clear whether the 
approach to ideality in the superconductive behavior 
on heat treatment is due to the annealing out of strains 
in the lattice or is due, at least partly, to the removal 
by heat treatment of inclusions of metastable 8-phase. 
It is well known from the work of Lazarew and Galkin'* 
and of Khotkevich and Golik,'® as well as that of 
Wexler and Corak,'’ that physical strain produces 
marked irreversibilities in the superconductive transi- 
tion, as well as changes in the transition temperature 
T., and it would be possible to explain the effects of 
heat treatment on the basis of strain annealing. On the 
other hand, the following facts in the case of our 
measurements on zirconium are of interest. (a) There 
was little change in measured hardness by the anneal; 
the hardness, in fact, changing from Rockwell E61 to 
E58 (see Table Il). This indicates that there was no 
great strain condition before the heat treatment. (b) If 
it is assumed that our results for the magnetic threshold 


curve represent a reversible transition curve, then using 
Taste IV. The observed properties of cadmium, zirconium, 
hafnium, and titanium. 


Te Ho 


°K gauss 


0.602 33.8 112 
0.565 tee 335 
0.546 46.6 170 3.92X10 : 2.76x 10 $ 
Hf(U) No magnetically observable evidence eof superconductivity. 
Hf(A) 0.374 230 
Ti(U)* 0.53 
Ti(A) 0.558 


6H /8T)T.7, 
gauss deg “cal ate deg? 


1.54 10~* 


>/Ve 
cal /ec deg? 


1. 18x 10 ‘ 


470 
450 





* The normal electronic specific heat C. 
> V is the atomic volume. This columa ‘i is ine 4 uded for reference to the 
correlation among superconductors proposed by one of us G 
Daunt, Phys. Rev. 80, 911 (1950); and J. G. Daunt and T. S Smith, 
Phys. Rev. 88, 309 (1952)) 
¢ Data from Daunt and Heer (reference 1) 


formula (2) we deduce that the normal electronic 
specific heat parameter y= 3.92 X 10~* cal/mole-degree.’ 
This is to be compared with the result obtained calori- 
metrically by Friedberg, Estermann and Goldman” of 
y=6.92X 10-4 cal/mole-degree? on a non-heat-treated 
sample. This discrepancy cannot be explained by a 
complete inapplicability of the assumption made above 
of reversibility of the magnetic transition, since irre- 
versibilities tend to increase the thermodynamically 
computed y-values. The discrepancy, therefore, is 
probably real. This discrepancy, together with the 
marked changes we observed in the superconducting 
behavior through heat-treatment, may be due to inclu- 
sions of metastable 8-phase zirconium in samples that 
have not been heat treated. Calorimetric measurements 
also on carefully annealed zirconium, therefore, would 
be of interest. 


8B. G. Lazarew and A. Galkin, J. Phys. (U.S.S.R.) 8, 371 
(1944). 

%V. Khotkevich and V. R. Golik, J. Theor. 
(U.S.S.R.) 20, 427 (1950). 

® Friedberg, Estermann, and Goldman, 


(1952) 


Exp. Phys 


Phys. Rev. 85, 375 
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Fic. 4. Warm-up curve, in zero magnetic field, of chromium 
potassium alum and hafnium (A). 


(c) Hafnium 


The results given in Sec. 4 above for hafnium were 
found to be very strongly dependent on the method of 
preparation of the specimen. Before the annealing 
process above, the specimen was very hard (about 
Rockwell C47) and at low temperatures down to 
0.15°K showed no sign of superconductivity. After the 
anneal, although evidence of superconductivity was 
observed, the transition did not correspond to zero 
magnetic induction over the entire volume of the 
specimen, as is shown by the curve of Fig. 4 which 
gives the susceptibility of the sample of metal and salt 
in zero magnetic field versus temperature; whereas for 
zirconium, titanium, and cadmium the measured mag- 
netic induction corresponded to 100 percent of the 
volume of the metal becoming superconductive at the 
transition. Evidently, in hafnium the lack of 100 
percent superconductivity and the irreversibility of the 
Meissner effect are due to extreme hardness of the 
samples. It is to be noted that even after our heat 
treatment the hafnium sample had a measured hardness 
of Rockwell B100, which, as is shown in Table II, is 
very considerably harder than the zirconium and 
titanium we employed. In consequence, no computa- 
tions are made from our results of the y-value for 
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hafnium, since it is unlikely that the observed threshold 
curve represents a reversible transition. Moreover, since 
the hardness of our specimen, even after the anneal, 
was still somewhat greater than that quoted by Litton,® 
it is possible that a softer specimen would show 100 
percent superconductivity by volume. Our value of 
T.=0.37°K is to be compared with T,=0.35°K given 
by Kurti and Simon.‘ It is possible that a softer speci- 
men of hafnium may show a transition temperature, 
T., considerably smaller than that quoted here.*! Our 
observations on the hafnium transition in a magnetic 
field did not have the same accuracy as those obtained 
for zirconium and titanium, as can be deduced from the 
scatter of the points. This was due to the fact that 
apparently only part of the volume underwent transi- 
tion. 

For a metal having such a low value of 7,, the 
slope of the magnetic threshold curve of (@H/dT)r=r-, 
equals 230 gauss/degree is very high (see reference 14), 
a result which is in line with the observed non-ideal 
behavior of the transition. 


(d) Titanium 


The observations on the titanium specimen were 
carried out in order to see whether the heat treatment 
altered the evaluations of 7, and (0H/dT)r=r, previ- 
ously observed by Daunt and Heer’ on the same 
(untreated) specimen. The measured hardness before 
the heat treatment was Rockwell B32, whereas after 
the anneal at 800°C it was B28. The difference, there- 
fore, was not great, and, as was expected, the observed 
values of T,.=0.558°K and (0H/dT)r=T, equals 450 
gauss/degree were practically identical with those previ- 
ously observed, namely T,=0.53°K and (dH/dT)r=7, 
equals 470 gauss/degree. Evidently, the titanium, even 
after this heat treatment, still showed a highly irre- 
versible superconductive transition, and for this reason 
no thermodynamic computations have been made from 
our results. 

We wish to thank the Research Corporation for a 
grant which has greatly aided this research. 


%1 Note added in proof: For example, a value of T7,.=0.30°K 
for an annealed Hf sample (containing 10 percent Zr) has been 
reported by L. D. Roberts (1952 New York Meeting of the 
American Physical Society). 
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The Effect of Charge Symmetry on Nuclear Reactions* 
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For a charge symmetric nuclear Hamiltonian, the operator which changes neutrons into protons and 
protons into neutrons (charge parity operator) commutes with the Hamiltonian and is therefore a constant 
of the motion. Since the charge parity operator anticommutes with the “3” component of the total isotopic 
spin, for nuclei with 7,=0 (self-conjugate nuclei) the charge parity is a good quantum number and in the 
absence of degeneracy the eigenstates of such nuclei have either odd or even charge parity. This leads to 
strong selection rules in nuclear reactions involving self-conjugate nuclei in the initial and final states which 
may reasonably be invoked to explain recent experimental results on such reactions. Since states of even 
total isotopic spin have even charge parity and states of odd total isotopic spin have odd parity, the selection 
rules arising from charge symmetry often coincide with those of charge independence and in such cases a 
definitive test of the charge independence hypothesis by the use of these selection rules is impeded. Some 
other applications of the charge symmetry principle are discussed. 





HAT the neutron-neutron and _ proton-proton 

forces are equivalent apart from electromagnetic 
interactions is strongly indicated by the energy dif- 
ferences in the ground states and the general similarity 
of energy levels in the various mirror nuclei. It is the 
purpose of this note to point out that the assumption 
of such a charge symmetry of nuclear forces implies 
certain strong selection rules! which apply in a small 
but experimentally interesting group of nuclear reac- 
tions. 

These selection rules arise in self-conjugate systems, 
that is, systems having equal numbers of neutrons and 
protons. For such systems under the assumption of 
charge symmetry the Hamiltonian is invariant under 
interchange of the neutron and proton space and spin 
coordinates. It is therefore possible to define an operator 
P which performs this interchange and can appro- 
priately be called the charge parity operator.” It is clear 
that P is a constant of the motion with eigenvalues 1 
and —1. The wave functions of the system can always 
be selected so as to be simultaneous eigenfunctions of 
the Hamiltonian and charge parity and therefore may 
be characterized as charge even or charge odd. Of 


* This research was supported by the AEC and carried out 
while the authors were Visiting Scientists at Brookhaven National 
Laboratory during the summer of 1952. 

! The selection rules referred to would be rigorous were it not 
for the neutron-proton mass difference and the fact that the elec- 
tromagnetic interactions between nucleons are not charge sym- 
metric. This limitation on the universality of the charge symmetry 
hypothesis sets practical limits on all derived consequences of the 
hypothesis. The fact that these nonsymmetric interactions are 
generally weak compared to specifically nuclear interactions for 
the cases of interest implies, however, that the selection rules 
obtained have considerable potency. 

2 The earliest reference to the existence of a good quantum 
number for self-conjugate nuclei associated with the charge parity 
operator appears to be in a paper of E. Feenberg and E. P. 
Wigner, Phys. Rev. 51, 95 (1937). Recently the concept of charge 
parity was discussed by L. Trainor, Phys. Rev. 85, 962 (1952), in 
connection with its application to the problem of electric oy 
radiation from self-conjugate nuclei. It has the consequence here 
of forbidding electric dipole radiation in a transition between two 
states of the same charge parity. 


course in the degenerate case where two states of 
opposite charge parity have the same energy a state 
of the system of this energy may be a superposition of 
charge even and charge odd states. 

A formal exposition of the above described concept 
can be conveniently obtained in terms of the isotopic 
spin formalism. The operator P can be represented as a 
rotation in isotopic spin space of 180° about the 1 axis. 
That is, for a system of A particles the total isotopic 
spin T is given by 


A 
T=> -. 


j=1 


A rotation of 180° about the 1 axis is then given by 


A A 
P=exp{ixT;/2} =J] exp{irr,?/2} =74 TT 11, 


i=l 


j=l 


since exp{irr,?/2} =ir7,”. 

The charge symmetry of the Hamiltonian implies 
that it is a symmetric function of the A particles whose 
dependence upon the isotopic spin* can be expressed 
in terms of 2-4 and 73°73. Since [4-2 P] 
=[73%7,, P]=0, it is clear that P commutes with 
the Hamiltonian and is a constant of the motion. This 
property is not, in fact, restricted to self-conjugate 
systems. On the other hand, nontrivial applications of 
the concept are in fact so restricted. This arises from 
the fact that [P, 7;]=2P7; that is, P and 7; anti- 
commute. Thus a system can be in a simultaneous 
eigenstate of P and 7; only for states of 7;=0, which 
corresponds to the case of equal numbers of neutrons 
and protons. The physical meaning of the above is quite 

* This form of the Hamiltonian includes (in addition to the 
equality of mn and pp forces) the assertion that the interaction 
energy between neutrons and protons involves the neutron and 
proton space and spin coordinates symmetrically. It is clear that 


usually asserted consequences of charge symmetry with respect 
to the mirror nuclei are valid only when this additional assumption 


is included. 
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obvious. P simply transforms protons into neutrons 
and neutrons into protons. Since 7; is simply (NV —Z), 
the application of P to an eigenstate of 7; with eigen- 
value /; simply changes it to an eigenstate of 7; with 
an eigenvalue —f;. 

We note that P?=(—1)4 so that for even A, P has 
eigenvalues +1 and —1. A further property of P which 
is of interest for the discussion to follow is the fact that 
[ 7°, P|=0, so that 7? and P have simultaneous eigen- 
states. Furthermore, a 73;=0 eigenstate of 7? with 
eigenvalue ¢({+1) must, in fact, be an eigenstate of 
charge parity and odd or even as ¢ is odd or even. 
This latter result follows from the fact that under a 
rotation in isotopic spin space, the eigenfunctions of 7? 
corresponding to a given ¢ must transform like the 
spherical harmonic of order ¢ under the homologous 
rotation in coordinate space. 

The principal application of the concept of charge 
parity arises in the case of reactions between nuclei for 
which the incident and product nuclei are individually 
self-conjugate. In just these cases, the initial and final 
states of the system will be eigenstates of charge parity. 
From the fact that P is a constant of the motion, the 
initial and final states must both be charge even or 
charge odd. As a specific example one might consider 
the O'"(d,a)N" reactions recently investigated by vari- 
ous research groups.‘ In this case one finds prominent 
a-particle groups corresponding to the ground state 
and various excited states of N' but none correspond- 
ing to the 2.3-Mev excited state. A reasonable inter- 
pretation of this result is simply that this particular 
state has charge parity opposite to that of the states 
observed. It is almost certain that the ground state of 
N" is charge even, while if the nuclear forces are only 
approximately charge independent one would expect a 
low-lying charge odd state. 

In order to make clear the relevancy of having both 
the incident and product nuclei in charge conjugate 
states one might note that a reaction like O'*(d,p)O'” 
will never be forbidden by charge parity conservation 
in spite of the fact that the initial state is charge even. 
The requirement that the final state be charge even as 
well simply implies that the reactions O'%(d,p)O'” and 
O!(d,n)F!"* occur with equal probability, where the 
final states of O'* and F!”* are mirror states. 

On the other hand, the observation of nuclear reso- 
nances associated with compound nucleus formation 
can be affected by charge parity considerations when 
only the product nuclei or only the incident nuclei are 

‘Ashmore and Raffle, Proc. Phys. Soc. (London) A64, 754 
(1950); Burrows, Powell, and Rotblat, Proc. Roy. Soc. (London) 
A209, 478 (1951); Van de Graaff, Sperderto, Beuchner, and Enge, 
Phys. Rev. 86, 966 (1952). 

t Note added in proof: E. Feenberg (private communication) 
has pointed out that the negative results obtained by the Van de 
Graaff, etc. group using 2.1-Mev deuterons might possibly be 
attributed entirely to the effect of the Coulomb barrier on the 
outgoing a-particles combined with the effects of angular mo- 
mentum and space parity conservation associated with the prob- 
able assignment of spin zero and positive space parity to the N“ 


state. These effects appear, however, to be unimportant in the 
other experiments, which made use of higher energy deuterons. 
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self conjugate. For example, the observation of a 
resonance in the reaction C"(d,p)C'® due to the forma- 
tion of an excited state of N'‘ implies that the state of 
N"4 is charge even, although in this case the product 
nuclei are not self conjugate. 

The existence of charge parity has certain interesting 
connections with the problem of charge independence 
of nuclear forces. As has been pointed out by Adair,° 
the assumption of charge independence also implies 
selection rules in nuclear reactions, which, while in- 
cluding those implied by charge symmetry, are con- 
siderably more far reaching. This is a consequence of 
the fact that total isotopic spin as well as charge parity 
must be conserved. It is unfortunate, however, that the 
role of isotopic spin is obscured in many reactions by the 
coincidence of its predictions with those of charge 
parity. It has, for example, been proposed that the 
2.3-Mev N'* state is a member of an isotopic spin 
multiplet with 7=1, while the ground state is T=0. 
It is important to realize that it is then not possible for 
these states to have the same charge parity. It follows 
that it is difficult to find suitable reactions.involving 
these states (T=0 and T=1) which are allowed by 
charge parity conservation and prohibited by isotopic 
spin conservation. Thus the observed prohibition of the 
previously mentioned reaction, 0'*(d,a)N!*, yields no 
direct information on the strength of np forces as 
compared with mn and pp forces.® 

Another application of the charge parity operator is 
in determining the terms which may be admixed in a 
particular state of a nucleus. Thus consider the case of 
a neutron and a proton both in the same orbital in a 
nucleus such as in the case of Li®. The terms which 
may be constructed from this configuration with total 
angular momentum unity are °S;, *D,, 'Pi, and *P,. 
These terms will not all be admixed (except again in 
the case of a degeneracy), since the first three of these 
have even charge parity and the last has odd charge 
parity. 

Our final application of charge parity will be to the 
problem of the 6-decay’ of O' to the 2.3-Mev excited 
state of N'‘. Definite identification of the excited state 
as belonging to the same isotopic spin triplet to which 
the ground state of O'* belongs (under the assumption 
of charge independence) would confirm the angular 
momentum assignment of this state as 7=0 and thus 
allow an estimation of the 8-decay coupling constant 
associated with Fermi selection rules. Blatt® has recently 
pointed out that Adair’s interpretation of the afore- 
mentioned O'*(d,a)N'* result would indeed confirm 


5R. K. Adair, Phys. Rev. 87, 1044 (1952). The authors wish to 
acknowledge the fact that their thoughts on the substance of this 
article were initiated by Adair’s work, and to thank V. F. Weiss- 
kopf for calling it to their attention. 

On the other hand, if one assumes the nuclear forces to be 
approximately charge independent then this result does con- 
tribute to the identification of the symmetry character of the 
state. The energy of the state is then entirely consistent with 
charge independence. 

7 Sherr, Muether, and White, Phys. Rev. 75, 282 (1949). 
* J. Blatt (to be published). 





EFFECT 


this identification. Furthermore, the fact that the tran- 
sition is super-allowed implies that the matrix element 
has its maximum value (two).® The relevance of charge 
parity arises from the fact that it weakens the depend- 
ence of these conclusions on the assumption of charge 
independence and, therefore, strengthens the conclu- 
sions drawn. Thus if one considers the deviation from 
charge independence as a perturbation, one notes that 
there are no nearby states of N“ with which the T=1 
state can mix.-To elaborate, the energy level diagram 
of O* indicates a separation of about 6 Mev between 


*G. L. Trigg, Phys. Rev. 86, 506 (1952). 
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the ground state and first excited state. The several 
states in the vicinity of the T=1 state of N“ must, 
therefore, all be 7=0 states. If one now considers 
the effect of a deviation from charge independence 
on the T=1 state of N™ it is clear that the charge 
even character of 7=0 states prohibits the mixing 
(which might otherwise be large) of these states with 
the T=1 state. Thus the expectation that the matrix 
element of the O"—N"™* transition is two is only 
weakly affected. 

It is a pleasure to thank Professor V. F. Weisskopf 
for stimulating and contributory discussion. 
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Elementary Particles at Rest 


ENRIQUE BUSTAMANTE 
Polytechnic Institute of México, México, D. F., México 
(Received October 19, 1951) 
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The object of this paper is to present a theory of the structure of elementary particles at rest. Some ap 
plications are included; in particular a solution to an unsolved problem in astronomy is presented 


I. THE UNCHARGED PARTICLE 


N order to study this particle, let us imagine some- 
thing with spherical symmetry, associated with 
which there is a gravitational field F. About this field 
we make some assumptions. In the first place, we as- 
sume that at each point there is a density of energy 
given by the scalar product F-F/8z7, where y is the 
gravitational constant.! Next we assume, in accord with 
the principle of the inertia of energy,’ that this density 
of energy is equivalent to a density of mass p given by 
the divergence —V-F/4rry. 
We therefore have the following equation, where c 
is the speed of light in free space: 


4ryp= —V-F=F-F/2¢. (1) 


If we imagine the particle at the origin of a system 
of spherical coordinates (r, 3, g) then, on account of 
the spherical symmetry assumed, we can take the 
components of F in this system to be (—F, 0, 0). Equa- 
tion (1) then becomes one in F with the solution 


(2) 


where A is an integration constant. This is a rather 
decent function. It has a pole of order one at the origin 
(instead of a pole of order two, as in Newton’s law) and 
is integrable square over all space. At the origin 
F~2c?/r, independent of the mass of the particle. 

1W. D. MacMillan, Theory of the Potential (McGraw-Hill 
Book Company, Inc., New York, 1930). 

2G. Joos, Theoretical Physics (Blackie and Son, London, 1951), 
second edition. 


In general, if F is assumed to be the gradient of a 
scalar function ¢, Eq. (1) will become one in ¢ with 
solution 2c? times the natural logarithm of a harmonic 
function.® 

In order to find the value of A in Eq. (2), we com- 
pute p by Eq. (1), integrate over all space, and equate 
the result to the mass m of the particle. In this way we 
find A =1/ym, and Eq. (2) becomes 


ym ym ym 
F= ™/ (+=) a 
r? 2c*r r? 


“ 


(for large r). (3) 


The density of mass results: 


ym 
p-—— / (142). ) 
8xcr' 


The particle is thus seen to invade all space.‘ There- 
fore, interaction between two particles can be con- 
ceived as taking place by “intimate” contact, since 
each must be immersed in the other. 

A potential @ defined by F=V¢@ is found to be 
2c In(i+ym/2c*r). The potential energy of a ‘‘concen- 
trated”’ mass m’ in such a potential field would clearly 
not be symmetric in the masses m and m’. What then 
of the principle of equality of action and reaction? Of 
course what happens is that in this theory there are 
no such concentrated masses, and therefore this con- 

* This observation is due to Professor John A. Wheeler, for the 
resultant field in the case of many particles. 

‘ Things like this already appear in literature. See, e.g., the 
section on H. Weyl’s Action Principle in Mathematical Theory of 
Relativity, A. S. Eddington (Cambridge University Press, Cam- 
bridge, 1930), second edition. 
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stitutes no violation of the principle. As a matter of fact 
it can be shown to hold. For the negative potential 
energy between two particles with fields F, and F, can 
be shown to be 


1 
v=— [ F,Fuv, (5) 
dary 
taken over all space. This is clearly symmetric in the 
two particles, and therefore the principle is guaranteed. 

A slightly more general aspect is obtained if we re- 
quire the field to remain finite throughout all space ; but 
instead of infinities another kind of singularities appear, 
namely, discontinuities in the field. 

The only analytic solution of Eq. (1) in a neighbor- 
hood r<a of the origin is F=0. Outside of some neigh- 
borhood we must have Eq. (2). Therefore the required 
result can be obtained by assuming F to be zero for 
r<a and to be given by Eq. (2) for r>a. There will 
thus be a discontinuity of F at r=a, of saltus F(a), 
which will require a surface distribution of matter on 
the spnere r=a of density c= F(a)/4ry. 

The mass m of the particle will then be 


dato f 4rr’ pdr. 


It is easy to show that this expression equals 1/7A 
independent of the radius a. Therefore we again have 
Eqs. (3) and (4) for r>a, but the radius a cannot be 
determined from a knowledge of the mass alone. 

Again it is easy to show, for particles with this aspect, 
that the energy of interaction is given by the same 
Eq. (5), so that for these, the principle of equality of 
action and reaction is also guaranteed to hold. 


Il. THE CHARGE PARTICLE 


Again let us imagine something with spherical sym- 
metry, when at rest. This thing (the particle) shall have 
an associated electric field E, and a gravitational field F 
only on account of the energy in the electric field. We 
now assume’ that at each point of space there is a den- 
sity of energy given by xE-E/8xr+F-F/8xry, where 
x is the permittivity of free space. We also assume 
that this is equivalent to a density of mass p given by 
the divergence —V-F/4ay. We therefore have 

8rycp= —22V-F=xyE-E+F.-F. (6) 

We also assume that at each point of space there is a 

density of charge pe given by the divergence xV-E/4x 

(which could of course result zero). Finally we assume 

that the charge is held in place by the gravitational field 
pF+ pogQE=0. That is, 

xy(V-E)E=(V-F)F. (7) 

If we imagine the particle at the origin of a system of 
spherical coordinates, the solution of Eqs. (6) and (7) 


~ 6M. Planck, Theoretical Physics (Macmillan and Company, 
London, 1941), Vol. 4. 


BUSTAMANTE 


for the radial components E and —F of E and F, 
respectively, is 


1 
F= Bir? tanc-*B1(C— -) 
r 


B 1 ; 
p=r|—[1+sectBi(c—-)]} J (9) 
KY r 


where B and C are integration constants. If we accept 
these equations to be valid all the way down to r=0, 
the structure of the particles would indeed be very 
complicated, owing to the essential singularities of 
F(r) and E(r) at r=0. Moreover, F would not be square 
integrable ; and we know that it should because, except 
for an irrelevant factor, this should be equal to the mass 
of the particle. Still more, F(r) would become negative 
as soon as r became smaller than 1/C. 

All this can be avoided by supposing Eqs. (8) and (9) 
to hold only for r>1/C, which we take as the “radius” 
a’ of the particle. And at the same time we also avoid 
having trouble with any discontinuities in F, which 
would require surface distributions of matter (in which 
case the particle would not be of the pure charge type). 

For r<a’ both F and E are zero, and E(r) will have a 
discontinuity, E(a’)=(B/xy)'/a”", at r=a’. This will 
require a surface distribution of charge of density 
og=kE(a’)/4r. 

The values of the constants B and C can be found 
from f{pdV=m (the mass of the particle) and 
4na”aq+ S pedV =q (the charge of the particle), the 
integrals being taken over all space outside the sphere 
of radius 1/C. In this way we find 


2B= yq°/x— ym? = yq/K 
and 
C=B5 tanymB-! = 2xem/¢. 


Also, for large r, it follows that F~ ym/r? and E~q/kr’. 
The negative potential energy between two of these 
particles (with fields indexed 1 and 2) can be shown to be 


; 1 K 
U= ~ fF Fav fr Ey, (10) 
dry 4 


the integrals being taken over all space outside the two 
surfaces of discontinuity of the electric fields E; and E, 
of the two particles. Since this is clearly symmetric in 
the two particles, the principle of equality of action 
and reaction is also guaranteed to hold here. 


Ill. THE CHARGED (MIXED) PARTICLE 


In this case we imagine something (the particle) with 
spherical symmetry (when at rest) with a gravitational 
field quite of its own. The analysis of the preceding 
section leads us to expect this particle to have a surface 
(the sphere r=a’) of discontinuity of the electric field 
inside of which E=0. For the outside of this surface 
we make the same assumptions as for the particle 
in Sec. II, so that we again get (for r>a’) Eqs. (8) and 
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(9) for the radial components of the gravitational and 
electric fields, respectively; only now F#0 for points 
inside the sphere r=a’ and outside the surface of dis- 
continuity (the sphere r=a) of the gravitational field 
(with a=0 not excluded). Also, in this case, the “ra- 
dius” a’ of the particle is not equal to 1/C. 

Inside r= a’, where E=0, we make the same assump- 
tions as for the particle in Sec. I, so that we again get 
Eq. (2) for a<r=a’; only now A is found by con- 
tinuity of F at r=a’ in terms of the constants B and 
C. These latter are found from the equations 


drat f 4ar’pdr=m (the mass) 


and 


traoot f 4nr’pogdr=q (the charge), 


and even though these are slightly different to the 
corresponding equations in Sec. II, the same values for 
B and C are found. It is then easy to show that 


1 
A=B-* cote ‘Bi(c——) —1/2c?a’~1/ym, 
a 


where we have put: m=m—q’/2kca’. For heavy 
particles (where m>>q°/2xc’a’) we practically get for A 
the same value as for the uncharged particle and there- 
fore practically the same field given by Eq. (3) (at 
small distances). 

The energy of interaction between two mixed par- 
ticles (with fields indexed 1 and 2) can also be shown to 
be given by Eq. (10), only that now the first integral 
is to be taken over all space outside the surfaces of dis- 
continuity of the gravitational fields. Owing to the 
symmetry, the principle of action equals reaction is 
again guaranteed. 

IV. APPLICATIONS 

The stability® of atomic nuclei can easily be explained 
by conceiving nuclei to be mixed particles formed by 
the nucleons (conceived as uncharged and mixed par- 
ticles), the charged nucleons having penetrated into 
each others surfaces of discontinuity of their electric 
fields. 

The sizes* of atomic nuclei (conceived as mixed 
particles) can also be found, if we take the radii a’ of 
the surfaces of discontinuity of the electric fields as 
their sizes. Denoting the nucleus of charge number Z 
and mass number (V+Z) by (Z, NV), its mass by 
M(Z, N), and the mass of the (complete) atom with 
nucleus (Z, V) by M,(Z, V), we find its radius to be 
(neglecting the difference between M and M) 


a’(Z, N)=(Z—1)é/xe[M (0, 1)—M.,(1, 0) 
+M,(Z, N—1)—M,(Z—1, N)], 
where ¢ denotes the charge of a proton. 


*C. F. v. Weizsicker, Die Alomkerne (Akad. 
1937). 


Ver., Leipzig, 
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The particular case of this equation, when Z=N, 
can be recognized as essentially the same familiar 
formula used to determine nuclear sizes by the method 
of electrostatic interaction of protons in nuclei,’ where 
use is made of the “mirror” nuclei (Z—1, Z) and 
(Z, Z—1). This equation therefore gives the accepted 
sizes of atomic nuclei. 

Saturation of nuclear forces,’ in this theory, be- 
comes particularly simple. For the increment in 
the binding energy of a nucleus when one neutron 
is brought in can be shown to be approximately equal 
to yM(0, 1)M(Z, N—1)/a (which is known totbe 
practically constant for not too light nuclei), where 
a=a(Z, N) is the radius of the surface of discontinuity 
of the gravitational field of (Z,.V). This means that 
a(Z, N) is practically a linear function of the mass 
number. 

The values of a(Z,N) were computed from ob- 
served data for practically all nuclei from H? to Gd'*’, 
where the errors of observation were sufficiently small 
to guarantee a significant result. Except for the nuclei 
Be’, O'’, and Ni®, the results checked nicely. 


8 


V. THE DISCREPANCY IN THE ADVANCE 
OF PERIHELION OF MERCURY 


The observed advance of perihelion’ in the case of 
mercury is known to be 574” per century. Newtonian 
perturbation theory takes account of almost 534” per 
century, while Einstein’s theory of relativity'® accounts 
for almost 43” per century more. 

There is thus a discrepancy of almost 3” per century 
between theory and observation that remain unex- 
plained (theoretical value in excess), outside of the 
known observational error. 

In this theory, the gravitational field of the sun would 
be given by Eq. (3). The second term in the develop- 
ment in series of this function, namely, — y*m?/2cr° is 
exactly of the same form as the term 6y’m?/¢r*, which 
gives the correction in Einstein’s theory of relativity. 
The only difference is the sign of the term and the 
factor } instead of 6. 

Now the correction in the advance of perihelion is 
proportional to the coefficient of the term in r~ (both 
in magnitude and sign)."' Consequently Eq. (3) gives a 
correction of 1/12 that of the relativistic correction 
(i.e., a little more than 3.5” per century) but of oppo- 
site sign. This brings back the theoretical value nearer 
to the observed value but now well within observational 
error. 


7H. A. Bethe, Elementary Nuclear Theory (John Wiley and Sons, 
Inc., New York, 1947). 

‘Ww. Heisenberg, Kosmische Strahlung (Chap. 10 by v. Weiz- 
sicker) (Springer, Berlin, 1943). Also H. A. Bethe, (reference 7). 

*S. Newcomb, Astronomical Constants and W. De Sitter, 
Monthly Notices Roy. Astron. Soc. 76 (1916). 

1 A, Einstein, The Meaning of Relativity (Princeton University 
Press, Princeton, 1950), third edition. 

uT, Levi-Civita, Absolute Differential Calculus (Blackie and 
Son, London, 1927). 
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The Specific Heat of Lead in the Temperature Range 1°K to 75°K* 


M. Horowi7z, A. A. Srrvipi, S. F. MALAKER, AND J. G. Daunt 
Department of Physics and Astronomy, The Ohio State University, Columbus, Ohio 
(Received August 8, 1952 


lhe specific heat of pure Pb in the temperature range 1°K to 75°K has been measured calorimetrically, both 
in the normal and superconductive states. The measurements were made using a useful semiautomatic 
recording system. It was found that at the lowest temperatures (1°K to 4°K) the lattice specific heat of Pb 
in the normal state was a 7° function, with a Debye 6=96.3°K. It was found that the variation of @ with 
temperature over the whole range of temperature employed confirmed the theoretical computations made by 
Leighton for f.c.c. lattices. The normal electronic specific heat was found to be 7.48 10~* T cal/mole-deg, 
in good agreement with results from magnetic measurements on superconducting Pb. The measured value of 
the electronic specific heat of the superconducting state was Cy:,,=5X 10-5 T* cal/mole-deg, in the tem 


perature range 1°K to 4°K; this result was also in agreement with the magnetic measurements 


I. INTRODUCTION 


N° previous measurements in the liquid helium 
temperature range have been made on lead in 
the normal state. Moreover, the only measurements of 
the specific heat of lead in the superconducting state 
below 4°K, namely, those of Keesom and van den Ende,! 
indicated the possibility of an anomaly at the lowest 
temperature. In view of the significance of an accurate 
determination of the temperature dependence of the 
specific heat with respect to theories both of lattice 
vibrations and of superconductivity and in view of the 
above-mentioned paucity of data for lead, it was con- 
sidered of interest to carry out the experimental ob- 
servations that are reported in this paper. 

The experimental observations were made using, in 
the main, well-established techniques of adiabatic 
calorimetry, as two of us have previously reported.? 
However, by employing a variety of materials for re- 
sistance thermometers, by paying special attention to 
high vacuum isolation, and by using a chart-recording 
system for semiautomatic temperature observation, we 
have been able to extend these existing techniques both 
in range of temperature of observation and in accuracy, 
and at the same time to increase the speed of experi- 
mentation. Some detail is given below of the experi- 
mental procedures. 


Il. EXPERIMENTAL PROCEDURES 


Lead of purity 99.99 percent supplied by Mal- 
linckrodt Chemical Works was cast in the form of a 
cylinder 6.34 cm high and 4.54 cm in diameter, the total 
.11 moles. Radial slots parallel to the 
axis were cut in order to minimize eddy current effects 
when an axial magnetic field was switched on or off to 
change the specimen from the superconducting to the 


content being 5 


normal state, or vice versa. The lead specimen had 
wound on it a manganin heater wire of mass 0.069 gram 
and resistance 170 ohms at O0°C. As resistance ther- 

° Assisted by a contract between the AEC and the Ohio State 
ra Research Foundation. 

H. Keesom and J. N. van den Ende, Leiden Comm. 203d 

9s0) and 213c (1931). 

2A. A. Silvidi and J. G. Daunt, Phys. Rev. 77, 125 (1950). 


mometers we used (a) lead wire of diameter 0.00508 cm 
and resistance 331 ohms at 0°C, (b) leaded phosphor- 
bronze wire of diameter 0.00508 cm and resistance 36.2 
ohms at 0°C and (c), “1-watt 10-ohm” carbon radio 
resistors supplied by the Allen-Bradley Company. These 
thermometric resistors made thermal contact with the 
specimen through a pure copper mounting. The lead 
wire was found convenient as a resistance thermometer 
at temperatures above 10°K, since it had a remarkably 
high temperature coefficient of resistance.* The phos- 
phor-bronze wire, as originally pointed out by Keesom 
and van den Ende,' is satisfactory below about 5°K. The 
carbon resistor, as shown by Clement and Quinnell? 
and by Brown, Zemansky, and Boorse,® was found 
satisfactory not only at the lowest temperatures but 
also at temperatures as high as 80°K. In the computa- 
tions of the data corrections were made, of course, for 
the heat capacity of the thermometers and their 
mountings. The specimen was mounted in a vacuum 
adiabatic calorimeter similar to that described pre- 
viously by two of us.’ In the calorimeter used for these 
measurements, however, a large diameter, high speed, 
high vacuum pumping line was used, terminating at the 
top of the cryostat in a DPI, VMF, 20-W, two-stage, 
fractionating oil diffusion pump. It was found that con- 
siderable care had to be taken to maintain vacuum 
of the order of 10-* mm Hg, owing to the fact that (a) 
at the higher temperatures, namely, in the liquid 
nitrogen temperature region, it was found that by the 
generation of heat in the heater on the specimen gas 
would be desorbed, presumably from the varnish 
employed ; and (b) at the lowest temperatures, namely, 
below the lambda-temperature of liquid helium, similar 
generation of heat would desorb the anomalous helium 
film. Only by fast and lengthy pumping could the 

3 de Haas, de Boer, and van den Berg, Physica 1, 1115 (1934); 
G. 3 van den Berg, Physica 14, 111 (1948). 

“W. H. Keesom and J. N. van den Ende, Leiden Comm. 203c 
asa, see also W. H. Keesom and P. H. van Laer, Physica 5, 
541 (1938). 

6 J. R. Clement and E. H. Quinnell, Phys. Rev. 85, 502 (1952); 
see also Proceedings of the International Conference on Low 


Temperature Physics, Oxford, p. 51 (1951) (unpublished). 
* Brown, Zemansky, and Boorse, Phys. Rev. 84, 1050 (1951). 
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spurious effects due to such gas desorption be avoided. 
It is of interest to note that we found it experimentally 
more difficult to avoid these effects at the higher tem- 
peratures. Indeed, it was all too easy at the higher tem- 
peratures to observe spuriously high specific heats 
because of this desorption and to notice apparent 
hysteresis in the observations. 

In measuring temperature with the resistance ther- 
mometers, which were calibrated against the vapor 
pressures of liquid nitrogen, hydrogen, and helium, the 
potential difference generated across them by a constant 
current was balanced against a known emf provided by 
a White single potentiometer (catalog number 7620) 
before a heating cycle was started. The change in 
resistance following a heating cycle was observed by 
measuring the off-balance potential difference with a 
Liston-Folb dc amplifier (model number 14) and a 
recording microammeter. In this way temperature 
changes occurring in the heating cycles were automati- 
cally recorded. A typical chart of such an observation 
is given in Fig. 1, which_is a photograph of a record 
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Fic. 1. A semi-automatically recorded heating cycle. 


taken at 3.535°K. From the figure it will be seen that at 
minute 3.7 the heat was switched on and at minute 4.7 
the heat was switched off. In this particular cycle the 
total heat energy provided was 16.56 millicalories. It 
will be seen further that after the heat was switched off, 
the temperature of the specimen, as indicated by the 
potential measurement on the chart, quickly settled 
down to a constant value. At minute 9, a de calibrating 
signal of 25 microvolts was injected in order to correlate 
the chart difference change with the potential difference 
change and thus with the change in temperature of the 
specimen. It is of interest to note that this heating 
cycle, which is typical of all our observations, shows 
practically no drift in temperature, either before or 
after the period of heating. Such lack of drift enables 
the temperature difference to be estimated with high 
accuracy, without the need for doubtful extrapolation. 
This is to be compared favorably with previous tech- 
niques, as exemplified, for example, with the heating 
cycle given by Keesom and Kok.’ 

7W. H. Keesom and J. A. Kok, Proc. Amsterdam Acad. Sci. 
35, 294 (1932). 
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Fic. 2. The specific heat of lead at liquid nitrogen temperatures: 
@ Our observations; + Meads, Forsythe, and Giauque, J. Am. 
Chem. Soc. 63, 1902 (1941); w Griffiths and Griffiths, Proc. Roy. 
Soc. (London) A90, 557 (1914); a W. Nernst, Ann. Physik 36, 
395 (1911); m Keesom and Onnes, Leiden Comm. 143. 


Ill. RESULTS 


The vapor pressures used in calibrating the ther- 
mometers were correlated with temperature using the 
data provided (a) for liquid helium by van Dijk and 
Shoenberg® [the so-called 1949 scale], (b) for liquid 
hydrogen by the National Bureau of Standards,® and 
(c) for liquid nitrogen by Henning and Otto.'° 

Our results are collected in Table I which shows all 
experimental data, such as heat input, temperature 
differences, etc., as well as the computed specific heats 
at constant pressure. 

It was thought appropriate to make measurements in 
the liquid hydrogen and liquid nitrogen temperature 
regions, although many measurements have been made 
previously at these temperatures, in order to provide 
a check on the consistency and reliability of our 
equipment. The results at these temperatures are 
plotted graphically in Figs. 2 and 3, together with those 
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Fic. 3. The specific heat of lead at liquid hydrogen temperatures: 
@ Our observations; + Meads, Forsythe, and Giauque, J. Am. 
Chem. Soc. 63, 1902 (1941); 4 Eucken and Schwers, Verhandl. 
Deut. physik Ges. 15, 578 (1913); w Keesom and Onnes, Leiden 
Comm. 143; @ Keesom and van den Ende (reference 1). 


*H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 

* Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948) RP 1932. 

© F. Henning and J. Otto, Physik. Z. 37, 633 (1936). 
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Fic. 4. The specific heat of lead at liquid helium temperatures: 
@ Our observations in normal state; O Our observations in super- 
conducting state; @ Clement and Quinnell, normal state (refer- 
ence 5); {_}] Clement and Quinnell, superconducting state (refer- 
ence 5); a Keesom and van den Ende, normal state (reference 1); 
. Keesom and van den Ende, superconducting state (reference 1). 


of previous workers. It will be seen from the figures that 
the agreement between our results and those previously 
obtained is satisfactory, and it will be noted that the 
scatter in previous observations is considerably greater 
in the liquid nitrogen temperature range than that 
in the liquid hydrogen temperature range. We feel 
that this is due to the difficulties enumerated above in 








Fic. 5. Debye temperatures for normally conducting lead: a Our 
observations; @ Previous observations by: Clement and Quinnell 
(reference 5); Keesom and van den Ende (reference 1); Simon, 
Z. Phys. Chem. 110, 572 (1924); Eucken and Schwers, Verhandl. 
Deut. physik Ges. 15, 578 (1913); Griffiths and Griffiths, Proc. 
Roy. Soc. (London) A90, 557 (1914); Keesom and Onnes, Leiden 
Comm. 143; W. Nernst, Ann. Physik 36, 395 (1911); Meads, 
Forsythe, and Giauque, J. Am. Chem. Soc. 63, 1902 (1941); 
—- Theory (Leighton, reference 15). 
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Sec. II, associated with gas desorption, which we have 
noted to be especially troublesome in this temperature 
region. Our results at liquid helium temperatures for 
the specific heat of Jead both in the superconducting 
state and in the normal state, which latter was obtained 
by applying an external axial magnetic field greater 
than the threshold field, are given in Fig. 4. The figure 
also includes results obtained previously for lead in the 
superconducting state by Keesom and van den Ende! 
and the more recent results above 6°K of Clement and 
Quinnell.§ 


IV. INTERPRETATION OF RESULTS 


Our results (see Fig. 4) for C, versus T for the specific 
heat of lead in the superconducting state show no sign 
of any anomaly at the lowest temperatures. It is there- 
fore concluded that the anomalously high value of C,, 
in amount 0.0523 cal/mole-deg at 2.20°K reported by 
Keesom and van den Ende,! is probably erroneous. 

If it is supposed that at sufficiently low temperatures 
the specific heat in the normal state can be written as 


Cp=Cy =464.4(T/0)°+yT cal/mole-deg, (1) 


where the first term represents the lattice specific heat 
and the second term that of the electrons in the normal 
state, then a plot of Cy/T versus T? should yield a 
straight line the intercept of which with the ordinate 
axis should yield the numerical value of y. Our results 
indicate that such a plot made for temperatures below 
4.2°K does in fact yield a straight line from which we 
have deduced that @=96.3°K and y=7.48X10~ cal/ 
mole-deg*. This value of y is in excellent agreement with 
that deduced from magnetic measurements of the 
threshold curve of superconducting lead, namely, 
7.1X10~ cal/mole-deg®.!""*= The observed Cy for Pb 
in the normal state, however, does not follow a Debye 
function. This can be shown by calculating a Debye 
6-value corresponding to each measured value of Cy, 
The results of this computation™ are shown in Fig. 5. 
in which it is seen that the 6-values are not independent 
of temperature, as they should be if a single Debye 
function described the whole specific heat curve. It is to 
be noticed that there is a distinct minimum in the 6 
versus T curve at 12°K and that at the lowest tempera- 
ture 6 flattens out to a value of 96.3°K. This behavior of 
the specific heat follows the general predictions of 


Blackman, ‘4 who showed that at sufficiently low tem- 
G. “Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
AN6 , 127 (1937). 

s enet, Horseman, and Mendelssohn, Mag. 27, -754 
(1939). 

3 In computing the 6-values for 7>7°K the observed specific 
heat in the normal state (adjusted to constant volume) was 
equated to D(7’/@) neglecting any contribution due to the elec- 
tronic term. Since the y quoted above is relatively small, ‘this 
neglect of the electronic term introduces an error which at most 
[i. e., at 7°K ] is 3 percent and which for temperatures above 10°K 
is considers ably less than the expe rimental error. The 6-value for 
T<4.2°K has been found from the Cy/T versus T? plot mentioned 
above to be 96.3°K. 

4M. Blackman, Repts. Prog. Phys. 8, 11 (1941). 
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Taste I. Data on specific heat of lead. 
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At liquid nitrogen temperatures 
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60.93 
60.88 
60.96 
60.86 
61.07. 
37.32 
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At liquid hydrogen teraperatures 
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28.29 
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28.33 
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2.033 
1.312 
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1.861 
1.325 
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1.781 
1.739 
1.269 
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1.274 
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1.754 
1.766 
2.651 
1.776 
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2.060 
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1.341 
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1.801 
1.758 
1.282 
1.758 
1.287 
1.278 


59.4 
59.4 
59.8 
89.8 
60.0 
60.1 
69.8 
45.0 
59.8 
239.7 
45.4 
44.8 
239.6 
60.0 
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At liquid helium temperatures in superconducting state 
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152 
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152 
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4.721 
2.823 
6.901 
0.902 
0.902 
0.902 
0.902 
0.897 
0.902 
1.963 
1.963 
1.963 
1.963 
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2 
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0.01046 
0.01409 
0.00263 
0.00301 
0.00318 
0.00322 
0.00339 
0.00433 
0.00582 
0.00743 
0.00917 
0.01275 
0.01423 
0.01522 
0.01633 
0.01917 
0.01884 
0.02155 
0.0237 

0.0312 


0.00918 
0.01246 
0.001063 
0.001431 
0.001464 
0.001452 
0.001667 
9.002883 
0.003066 
0.00560 
0.00650 
0.00902 
0.01092 
0.01013 
0.01499 
0.01601 
0.02270 
0.02185 
0.01795 
0.01679 


0.00942 
0.01272 
0.001125 
0.001506 
0.001538 
0.001528 
0.001750 
0.003000 
0.003181 
0.00578 
0.00668 
0.00922 
0.01115 
0.01035 
0.01530 
0.01632 
0.02320 
0.0223 
0.01830 
0.01705 


11.6 
43.8 
38.1 
51.0 
52.0 
51.6 
59.2 


At liquid helium temperatures in normal state 
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peratures a 7° region would be evident and that as the 
temperature was raised the 6-value would pass through 
a minimum. Detailed computations of the specific heat 
of face-centered cubic lattices have been made by 
Leighton'® based on consideration of the normal modes 
of vibration of the lattice. The results of these com- 


4 R. B. Leighton, Revs. Modern Phys. 20, 165 (1948). 
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0.00590 
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0.00112 
0.00175 
0.00306 
0.00512 
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0.01400 
0.01650 


0.00321 
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0.00309 
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putations are shown in Fig. 5 by the full curve for 6 
versus temperature. This curve represents Leighton’s 
computations for an f.c.c. lattice with y/a=—0.1, 
where a and y are the force constants for central 
Hooke’s law forces which are assumed to act between 
an atom and its nearest and next nearest neighbors, 
respectively. Furthermore, in fitting Leighton’s com- 
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putations to our results for Pb a 6-value of 96.3°K at 
0°K has been taken."* It will be seen from the curve that 
a minimum in the 6-value occurs theoretically at about 
10°K, in close agreement with the experimentally ob- 
served result and that over a wide range of temperature 
from liquid helium temperatures up to 70°K there is a 
close and satisfactory correlation between the theo- 
retical and experimental results for this f.c.c. metal. 

Our measurements of Cy in the superconducting 
state yield approximately a 7* function. If the lattice 
specific heat, corresponding to 6 =96.3°K, is subtracted 

'6 Note added in proof: The authors’ attention has recently been 
drawn to the elastic data for Pb given by K. Lonsdale [Acta 
Cryst. 1, 142 (1948)] from which, using Leighton’s formulas, it 
can be computed that y/a=—0.12 and 6~98 at 0°K. This 
further emphasizes the good agreement between Leighton’s theory 
and our results. 
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from our total observed value, we obtain an electronic 
specific heat in the superconducting state C..., given 
approximately by 


Cu,.=5X 10-5 T* cal/mole-deg. 


It is considered that the temperature range of measure- 
ment is too small to allow a conclusive deduction of the 
full variation of C.,,, with temperature. However, in the 
limited temperature range of 1°K<7T<4.2°K, the 
computed value of C,,,=5X10-5 T* cal/mole-deg is 
exactly the same as can be computed from the magnetic 
measurements on Pb in the superconductive state." ” 

This work was supported in part from funds granted 
to The Ohio State University by the Research Founda- 
tion for aid in fundamental research. 
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By means of a special technique of scintillation spectroscopy, whereby radioactivity is introduced into a 
Nal(TI) crystal, the 8-spectrum of TP is investigated and the assignment of the transition as ‘‘first for- 
hidden” is confirmed. A reported weak intensity photon radiation of 70-kev energy is uniquely identified as 
veing due to K-electron capture, and the branching rativ of the K capture process to the beta-emission is 
determined to be ~0.015. Utilizing the formulas for forbidden 8-transitions developed by Marshak, the 
transition energy for the orbital capture is calculated to be ~400 kev. The inner bremsstrahlung associated 
with the K-capture is detected by coincidence measurements, and its end-point value is found to be in 
agreement with the transition energy calculated from the branching ratios. An upper limit of 0.2 percent is 


set for any possible K capture in Au!®* 


I. INTRODUCTION 


HE §-spectrum of Tl? was studied by Saxon and 
Richards,' who obtained a value of 0.783 Mev 
for its end-point energy and who found that the spec- 
trum shape could best be classified as “‘first forbidden” 
(Al=2, ‘‘yes”). These authors observed that their 
Kurie plot for the Tl 8-rays, corrected for forbidden- 
ess, diverged from a straight line for energies below 
~350 kev to an extent which could not be explained 
by source thickness. A weak intensity 0.070-Mev photon 
was observed associated with TP? by Madansky and 
Rassetti? who suggested the presence of a K capture 
branch. A recent paper by Lidofsky, Macklin, and Wu® 
confirms the above results and reports a beta end-point 
value of 0.765 Mev and a Kurie plot which is straight 
to 150 kev. 
A method of studying the decay of radioactive nuclei 
has been developed at our laboratory which is par- 


t Work done under the auspices of the AEC. 

'D. Saxon and J. Richards, Phys. Rev. 76, 982 (1949). 
?L. Madansky and F. Rassetti (private communication). 
+ Lidofsky, Macklin, and Wu, Phys. Rev. 87, 391 (1952). 


ticularly applicable to the study of beta-spectra and to 
the detection of weak orbital electron capture branches 
accompanying 8-decay. The technique consists of grow- 
ing a thallium-activated sodium iodide crystal with a 
trace of a radioactive element of interest added,‘ so 
that one obtains a scintillating crystal that has a source 
of radioactivity distributed evenly throughout it. 

A crystal containing a dispersed source of radiations 
has the following desirable properties: a 4 solid angle 
geometry; a source thickness which is, for practical 
purposes, equivalent to zero; the ability to add up 
simultaneous energy pulses into a single pulse equal in 
energy to the sum total of the energy of the component 
pulses. If the activity introduced into a crystal consists 
of a beta-decay followed by the emission of a prompt 
gamma-ray, the crystal detects the beta-particles and 
the conversion electrons arising from the gamma- 
radiation with ~100 percent efficiency. Each conver- 
sion electron is accompanied by a beta-particle which 
immediately preceded the emission of the gamma-ray ; 


‘ Scharff-Goldhaber, der Mateosian, Goldhaber, Johnson, and 
McKeown, Phys. Rev. 83, 480 (1951). 
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Fic. 1. The beta-spectra of Au'* and Tl. The solid dots and 
solid lines are uncorrected experimental points and curves. The 
open circles and dashed curves represent data corrected for the 
escape of electrons from the crystal. 


so that if one studies the distribution of pulses in the 
crystal with some sort of pulse-height analyzer, one 
sees not a conversion line and a beta-spectrum but 
rather two beta-spectra, one starting at zero electron 
energy and the other starting at the energy equal to 
that of the conversion electron. 

On the other hand, if the photon is in a K branch, 
the conversion electron is independent of the beta- 
particles; and one sees the conversion line due to the 
electrons as well as the beta-distribution. Thus, one has 
a sensitive means of isolating the radiation occurring 
in orbital electron capture from those following beta- 
decay. 

Il. EXPERIMENTAL RESULTS 
A. Beta-Spectra 

We introduced Tl? into a crystal which we placed 
onto a 5819 RCA photomultiplier tube connected 
through a Chase and Higinbotham non-overloading 
amplifier® to an Atomic Instrument Company single- 
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Fic. 2. Kurie plots for Au'* and TP. The crosses in the Au 
plot and the open circles in the TP? plot are experimental points 
corrected only for the escape of electrons from the crystal. In the 
Au plot the open squares are points that have also been corrected 
for the addition of the conversion electrons of the 411-kev gamma- 
ray to the beta-spectrum, while the solid square has, in addition, 
the resolution correction. The solid dots in the curve for TP?™ are 
plots of (Ju/fWCrr)', where Crr~(Wo— W)?+A(W?—1), (A is 
calculated from Feister’s f tables). Cir is the correction factor 
for a Al = +2, “yes,” first-forbidden transition. 


®R. L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 23, 24 
(1952). 
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Fic. 3. Soft photon radiation associated with T?™. The upper 
curve shows the 85-kev gamma-ray of Tm'* and the K x-rays of 
Yb for calibration purposes. 


channel pulse analyzer. The beta-spectrum of TI" is 
shown in Fig. 1, as well as that of Au'®*, which was 
introduced into a crystal in an identical fashion as was 
TP, Au'®’ was chosen to check our technique and cor- 
rections since it is close to Tl’™ in atomic number and 
beta end-point energy, and its beta-spectrum has been 
measured and found to have an allowed shape. 

The spectra in Fig. 1 were corrected for the resolu- 
tion of the instrument® and the escape of electrons and 
x-rays from the crystals. Several runs were made in 
which crystals of different sizes were used in order to 
test the accuracy of our methods of correcting for the 
escape of radiations from the crystals, for the magni- 
tude of this correction is a function of crystal size. 
Energy calibrations were effected by impressing the 
radiations of external standard sources, such as the 
661-kev gamma-rays of Cs"” and the 85-kev gamma- 


6 An approximation method making use of the inverse function 
of the resolution effect was suggested by M. Fuchs of this 
laboratory. 
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show the 70-kev K x-ray of Hg plus a continuum whose end point 
is ~250 kev 


rays of Tm!", upon the “‘active’’ crystals and measur- 
ing the positions of the photoelectron peaks. The Kurie 
plots shown in Fig. 2 were then constructed from the 
corrected data. 

The value obtained for the end-point energy of the 
beta-spectrum of TP’ is 760+10 kev. This value is in 
satisfactory agreement with that reported by Lidofsky, 
Macklin, and Wu,’ who obtained a value of 765+10 
kev with a lens spectrometer. The Kurie plot for the 
TP exhibits an ‘“‘s” shape characteristic of first- 
forbidden transitions of the AJ=2, “yes” type and can 
be straightened by applying the proper forbidden shape 
factor,’ (W»—W)*+A(W?—1), to the data. A slight 
deviation from a straight line persists for electron 
energies below ~150 kev, which may be a real effect 
in view of the straight Kurie plot obtained with Au'®* 
down to energies of ~50 kev. A search has been made 
for a weak beta-branch going to the first excited state 
in Pb and an upper limit of 10~ y’s per 8~ has been 
placed on such a transition.® 


B. K Orbital Electron Capture 


An inspection of Fig. 1 shows a small peak on the 
beta-spectrum of TI? at ~85 kev. A strong source of 


7 An approximation calculation of A was published by J. David 
son, Phys. Rev. 82, 48 (1951), which straightened the Kurie plot 
down to ~350 kev. A method suggested by Macklin, Lidofsky, and 
Wu, Phys. Rev. 87, 391 (1952), which extracts A from Feister’s 
tables of the Fermi function, straightened the Kurie plot down to 
~150 kev 

Sder Mateosian, Friedlander, Goldhaber, and Sunyar (un- 
published) 
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TP™ placed on a standard scintillation gamma-ray 
spectrometer revealed a photon line (Fig. 3) whose 
energy was ~70 kev. Since the energy of Hg K x-rays 
is ~69 kev and the K work function is 83.3 kev, we 
conclude that the peak seen on the beta-spectrum of 
TI is a K capture peak. 

The ratio of the corrected areas of the AK capture 
peak and the beta-spectrum is 0.015+0.005, and this 
gives a measure of the branching ratio. From the 
branching ratio one can calculate the energy of the 
transition in the K capture process by means of lifetime- 
energy relationships developed by Marshak for for- 
bidden transitions in beta-decay and orbital electron 
capture.’ The value obtained for Tl?™ is about 400 kev. 

There is a possibility'® that orbital electron capture 
occurs in Au'®® since this would lead to stable Pt!%. 
Repeated measurements of the Au beta-spectrum failed 
to reveal a superimposed K peak. A comparison with 
the T?™ spectrum, which illustrates the sensitivity with 
which a 1.5 percent branch is detectable, enables us to 
put an upper limit of ~0.2 percent on a possible K 
capture branch in Au’, 

One can also arrive at a value for the energy of the 
transition in orbital electron capture if one can detect 
and measure the inner bremsstrahlung spectrum associ- 
ated with the capture process. One can isolate the inner 
bremsstrahlung spectrum in electron capture from other 
radiations by measuring coincidences between the K 
x-ray and gamma-rays as a function of the gamma-ray 
energy. Figure 4 illustrates the results of such an ex- 
periment. The plot shows the K capture peak of TI? 
superposed upon the inner bremsstrahlung spectrum; 
the K peak is seen with equal intensity as the inner 
bremsstrahlung because of the symmetry of the coin- 
cidence detectors. 

If one plots (//£)! one should obtain, in the first 
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Fic. 5. Kurie type plot of inner-Bremstrahlung 
accompanying K capture in TP. 


*R. E. Marshak, Phys. Rev. 61, 431 (1942). Also see Ap 
pendix IT. 
10 L, Simons, Phys. Rev. 86, 570 (1952). 
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approximation, a straight line" similar to a Kurie plot. 
This is illustrated for T?™ in Fig. 5. The end-point 
energy is about 250 kev. If the K work function (83.3 
kev) is added to this, one obtains a value for the transi- 
tion energy of about 335 kev. This is to be compared 
with the value obtained from the K capture branching 
ratio (400 kev). 


Ill. CONCLUSION 


The decay scheme” of TP? is shown in Fig. 6. The 
branching ratios and the transition energies for the 
beta and K capture branches are those reported in this 
paper. The lifetime of Tl? was recently reported" to 
be 3.9 yr, which is longer than the previous value! by 
more than a year. The shape of the beta-spectrum and 
the log fit value’ (8.84) supports the original proposal 
by Saxon and Richards that the beta-decay be classed 
as a AJ =2, yes (first forbidden) type transition. 

The authors acknowledge with pleasure the valuable 
guidance of Dr. M. Goldhaber in all phases of this work 
and the aid generously contributed by Dr. M. Fuchs 
with theory and calculations. Miss J. Snover kindly 
helped with the computations and A. Layzer contrib- 
uted to the coincidence studies on the inner brems- 
strahlung. We wish to thank Dr. L. Mandansky for 
giving us a sample of Tl?“ and Dr. C. S. Wu for allowing 
us to see preprints of her data on TI. 


APPENDIX I 


The Correction for the Escape of Electrons from 
the Surface of a Crystal 


It is assumed that the crystal is large compared with 
the range of the electrons so that a surface of the 
crystal can be considered to be an infinitely large inter- 
face. We make the simplifying assumption that the 
path of an individual electron is a straight line in the 
crystal, equal in length to its range, and that the density 
of light along the path of an electron in a scintillation 
is constant. 

If an electron of energy E’ escapes from a crystal 


204 


alias 


2- 3.9yr 
€x 
40 ™ 


15% 
nL 


204 
809,24 


\B8 
ig £.010(-98%) 


o* 
; STABLE 
o2P0733 


Fic. 6. Decay scheme of TP. 


"1 P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). J. M. 
Jauch, Oak Ridge National Laboratory Report 1102 (unpub- 
lished); P. R. Bell, Oak Ridge National Laboratory Report 1164 
(unpublished). 

% The notation is that introduced in a review article by M. 
Goldhaber and R. D. Hill (to be published). 

3G. Harbottle, Brookhaven National Laboratory Report 132 
(S-11), p. 100 (unpublished). 

“4 E. Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
(1950) ; J. Davidson, Phys. Rev. 2, 48 (1951). 
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Fic. 7. Diagram for the electron escape calculation. 


before it gives up all its energy, a pulse which should 
have an energy E’ will appear to have the energy E” 
where E’> E”’. Let the range of electrons whose energy 
is E’ be R’ and E” be R”. Let Ve-dr be the number of 
electrons of energy E’ produced in a volume dr per 
second. Then if the YZ plane is taken to be the crystal 
surface, electrons of energy E£’ originating from a vol- 
ume dr at a depth x< R” which escape from the surface 
in a ring of radius R” sing will produce a scintillation 
of apparent energy E”’ (Fig. 7). 

The solid angle presented by this ring to the element 
of volume dr is 


Qe (R’’)? 
f ——— singdéd0= 2x singdé, 
o QF 


and 

((V g-)dr/4mr) 2x sinddp=4N pr’ sinddddr 
is the number of pulses per second of energy E” due to 
electrons of energy E’ emerging from the volume ele- 
ment dr. 

If we consider a volume whose base is a square centi- 
meter at the surface of the crystal, the integration over 
dr can be replaced by one over dx, between the limits 
x=0 and x=R”. (Electrons of energy £’ originating 
at depths greater than R” will produce pulses of energy 
greater than E” regardless of the angle at which they 
emerge from the crystal.) The total number of pulses of 
energy E”’ due to electrons of energy E’ in the volume 
of integration is 


Nem f 


—cos¢ and, differentiating with respect to 


R 


(Npr-/2)sinddodx. 


But x/R”’= 
R” and ¢, : 
[—x/(R”)* ]dR=singd, 


RY’ Nr x 
Naew= -f — ——dR"dx 
0 F (R” )? 
—N 


R’ ” Nr 
= — ar" f xdx= ——dR”’, 
2(R”)? 0 4 
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where Vg is now a counting rate per constant energy 
(or range) difference. 

One can also calculate the total number of electrons 
of energy E’ which escape as a check of the above re- 
sult. If this is again done for a volume with a square 
centimeter base at the surface, the total number of 
electrons of energy E’ which escape from a volume ele- 
ment dr at x is 


oll diated Nr Nr x 
J J singdedédx =— [1 = 
0 0 4a 2 R’ 


Integration over x from 0 to R’ gives Np-/4R’. 
If we integrate Vg over R” from 0 to R’ we get 


Ne Nr 
f —R" =— R’, 
o 4 4 


as we should, since the total count due to degraded 
pulses should equal the total number of electrons 
escaping. 

The above result states that electrons of energy E’ 
which escape from the crystal are degraded with equal 
probability into all energies below E’, since the above 
results are independent of E’ or E”. The fraction of 
electrons of energy /’ which escape from the crystal is 
equal to } the fraction of the volume of the crystal 
which lies in a surface layer of depth R’. These two facts 
can be used in a graphical method to correct distorted 
beta-spectra for the effect due to the escape of electrons. 

A similar analysis can be made for the escape of 
photons from a crystal, substituting an exponential 
absorption for the range. The solution in this case in- 
volves the I’-function, which is somewhat awkward, 
but one can consult tables of this function to obtain 
numerical answers. 
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APPENDIX II 


Outline of the Calculation of the Transition Energy 
in K Orbital Electron Capture from a 
Knowledge of the Branching Ratio” 


Marshak’s lifetime formulas for first-forbidden 8-- 
decay and orbital electron capture are, respectively, 
1 1 [Mi 
—=— ——R’B,(z, Wo) 
To [1.37 
1 |M|? 
-=— ———R’°B,'(2, Wo), 
Te 111.3]? 
where 7 is a decay constant, R is the nuclear radius, 
M is a nuclear matrix element, and the B’s are quan- 
tities which depend on the order of the transition, on 
the nuclear charge, and on the energy difference be- 
tween the parent and product nuclei. 
Dividing one equation by the other one gets 
te  By(z, Wo) 
tr B.(s, Wo) 
Except for a numerical factor, B,; is the same function 
as Davidson’s’ f; (in the low Z limit) and can be calcu- 
lated with the help of Feenberg and Trigg’s"‘ curves of fo. 
B.™ is given by Marshak, and for K orbital electron 
capture alone it has the form 
BO = }m(WotWx)'nxgr’, 
where x is the number of electrons in the K shell and 
gx is the “large” radial Dirac wave function, for which 
an expression is given by Marshak. Using these rela- 
tionships one can solve for Wo. 
18 This method for calculating the transition energies was very 
kindly shown to us by M. Fuchs of this laboratory. 
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The Strong-Focusing Synchroton—A New High Energy Accelerator* 


ErNEst D. Courant, M. STANLEY LIviINGsTON,t AND HARTLAND S. SNYDER 
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Strong focusing forces result from the alternation of large positive and negative n-values in successive 
sectors of the magnetic guide field in a synchrotron. This sequence of alternately converging and diverging 
magnetic lenses of equal strength is itself converging, and leads to significant reductions in oscillation ampli- 
tude, both for radial and axial displacements. The mechanism of phase-stable synchronous acceleration still 
applies, with a large reduction in the amplitude of the associated radial synchronous oscillations. To illus- 
trate, a design is proposed for a 30-Bev proton accelerator with an orbit radius of 300 ft, and with a small 
magnet having an aperture of 1X2 inches. Tolerances on nearly all design parameters are less critical than 
for the equivalent uniform-n machine. A generalization of this focusing principle leads to small, efficient 
focusing magnets for ion and electron beams. Relations for the focal length of a double-focusing magnet 
are presented, from which the design parameters for such linear systems can be determined. 


BETATRON OSCILLATIONS 
ESTORING forces due to radially-decreasing mag- 
netic fields lead to stable “‘betatron” and “‘syn- 


chrotron” oscillations in synchrotrons. The amplitudes 
of these oscillations are due to deviations from the equi- 
librium orbit caused by angular and energy spread in 
the injected beam, scattering by the residual gas, mag- 
netic inhomogeneities, and frequency errors. The 
strength of the restoring forces is limited by the 


* Work done under the auspices of the AEC. 
t Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 
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stability condition :}0<n< 1, where n= — (r/B)(dB/dr). 
Frequencies of vertical and radial oscillations are given 
in terms of the frequency of revolution fo by 


fi=n'fo; f-=(1—n)*fo. (1) 


The corresponding amplitudes are inversely propor- 
tional to these oscillation frequencies, for a given 
angular deviation. Therefore, the aperture required to 
accommodate either mode can only be reduced at the 
expense of the other mode, and the minimum aperture 
for both occurs with n=0.5. 

The focusing forces can be greatly strengthened by 
letting » vary in azimuth. Suppose the circular orbit to 
consist of .V sectors of equal length with m, and mz in 
alternate sectors. The equations of vertical and radial 
oscillations are then 


@2/dP+nyz=0; d’r/dP?+(1—n,)r=0; 


(odd sectors). (2a) 
@2/dP+nz=0; &r/dP+(1—n.)r=0; 


(even sectors). 


(2b) 


Solutions can be obtained by the use of recursion for- 
mulas, and are of the form 


Z.=. R,= Be®™, 


(3) 


fe®™« and 


where the coefficient yu, is given by 
2xn;t 2nn2$ 
- CoS—— 
N N 
Ni+N2 


aera | 


cos2mu,= Cos 


2rn) 


2xn,} 
en ip, 


sin 
2(nn2)! N N 
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Fic. 1. Region of stability for both radial and vertical oscilla- 
tions for N=10 sectors with m values alternating between m 
and mm. 


1D. W. Kerst and R. Serber, Phys. Rev. 60, 53 (1941). 














Fic. 2. Region of stability for radial and vertical oscillations 
for a large number of sectors N, in terms of the parameters m/N? 
and m,/N*. 


The coefficient u, is given by the same expression, with 
n, and m2 replaced by (1—,) and (1—mz), respectively. 
If the motion is to be stable for both radial and vertical 
oscillations, the limits are established by the conditions 


—1<cos2mu,<1, —1<cos2ryu,<1. (5) 


These limits have been plotted in Fig. 1 for the specific 
value V = 10, and the region of stability is indicated. It 
is observed that the region of stability is widest for 
ny~—n,. Figure 2 shows the stable region for very 
large NV, and the coordinates are given in terms of 
n,/N? and m2/N*. The range of stable values of nm is 
widest when JN is large and when mz.=—m, and the 
center of the region of stability (cos2xu=0) occurs for 


n| = N2/16. (6) 


The effective frequency of the “‘betatron”’ oscilla- 
tions is given by: 


f= f= (uN/Dfe 


which can be compared with the frequencies given in 
Eq. (1) for constant ». Therefore, the amplitudes of 
oscillation and the aperture requirements can be made 
much smaller by the use of a large number of sectors 
N and correspondingly large positive and negative 
values of m in successive sectors. As a numerical 
example, consider a synchrotron of 240 alternating sec- 
tors, with m,;= 3600 and n.=— 3600. The radial aper- 
ture’requirement is about 1/24 that for the correspond- 
ing synchrotron with a constant m of 0.6, and 1/20 for 
the vertical aperture. Ion trajectories are not sinusoidal 
as in the standard synchrotron, but are composed of 
sections of alternately harmonic and hyperbolic func- 
tions. Figure 3 is a schematic illustration of two typical 
oscillating orbits computed for the case discussed in the 


(for large NV), (7) 
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Typical oscillating orbits in successive sectors at the 
showing periodicity 
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Fic. 3 
center of the stability region (\n|=N?/16), 
in 8 sectors 


foregoing showing a periodicity in 8 sectors, so there are 
30 complete “betatron” oscillations around the orbit. The 
maximum amplitude of this nonharmonic function is 
found to be about twice that for a sine wave of the 
same frequency and starting with an equal angle at the 
axis. This factor has been included in estimating the 
aperture requirements above. 

Deviations from a constant value of field gradient in 
the aperture have been considered. These would lead 
to nonlinear terms in Eq. (2). It is found that, provided 
the magnet sectors are symmetrical about their center- 
lines, such nonlinear terms do not give rise to any 
secular variations in the amplitudes of the oscillations. 
This same analysis shows that the fringing fields at the 
ends of the sectors, associated with the sharp change 
from large positive to large negative gradients, do not 
result in amplitudes which increase with time. 

A practical requirement in the construction of such 
a field is that the sectors be separated by short gaps, to 
accommodate magnet windings, vacuum pump outlets, 
and other equipment. The effect of adding such short 
field-free sections is to change the relation given in 
Eq. (4) between uw and the parameters .V and n, equiva- 
lent to adding terms on the right-hand side of the 
relation. The behavior of the betatron oscillations will 
be similar, and the results will not be significantly 
different if the length of the straight sections is less 
than 25 percent of that of the sectors. 


SYNCHRONOUS STABILITY 


The problems of “synchrotron” oscillations are the 
same as for the conventional proton synchrotron as 
discussed, for example, by Blachman and Courant,’ 
except that the relation between particle energy and the 
circumference of the equilibrium orbit is changed. If 
the momentum of the particle differs from its value at 
the central circular orbit, the new equilibrium orbit is 
no longer a circle, but is a periodic alternation of har- 
monic and hyperbolic functions superimposed on a 


“aN. M Blachman and E. D. Courant, Rev. Sci. Instr. 20, 596 


(1949) 


LIVINGSTON, 


AND SNYDER 


circle of a different equilibrium radius. The orbits for 
higher energy and lower energy particles than those at 
the central orbit are illustrated in Fig. 4, in which the 
curvature of the central orbit is neglected, so that it 
appears as a straight line. The dotted lines through the 
displaced orbits represent their mean radial positions. 
If the gradients in the two sectors are equal and oppo- 
site, the average field along these dotted lines is the 
same as that of the central orbit. However, the average 
field along the actual displaced orbit for the upper 
curve (energy excess) is higher than that of the dotted 
line in both sectors, and smaller in both sectors for the 
lower orbit. This illustrates the spread in mean orbit 
radius associated with a spread in momentum. If the 
momentum deviation is Ap, the fractional change in 
the circumference AL is given by 
AL/L=aAp/p, 
where 


2—n,— n> N (my— MN)" 


2(1—,)(1—m,) ie [(1—1)(1— m2) }? 


sing; sing, 
x— , (8) 
(1— n)! sing; Cosds+ (1— 2)! sings cos, 


o1=(1—)'r/N, and = (1—n2)'a/N. 
For our particular case, with m;= — n.=.N*/16>>1, this 
reduces to 

a=4.85/\n)\, (9) 


while for a conventional synchrotron a= (1—n) 

Synchrotron stability is governed by the change of 
the period of revolution with momentum. In the 
standard synchrotron a particle with excess momentum 
traverses a path of larger radius and requires a longer 
time, since the relative increase in radius is greater 
than the relative increase in velocity. This is evident 
from the relation 


At AL At 


where Ey and E are the rest energy and total energy of 
the particle, respectively. In our case a is very small if 
38 98 
to mn, | GF 
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Fic. 4. Stable synchronous orbits in the radial aperture of the 
strong-focusing synchrotron. Higher energy particles traverse an 
average magnetic field larger than that at the central orbit, and 
vice versa, which leads to the strong radial compaction of orbits. 
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in| is large, so y is negative for low particle energies, 
and changes sign at an energy E,=E)/a', while for 
the ordinary synchrotron y is always positive.* This 
means that acceleration occurs on the rising side of the 
voltage wave for low energies. For example, if the peak 
voltage is twice the mean energy increment per turn, 
the equilibrium phase angle is 30° as against 150° for 
the conventional synchrotron. This leads to electrical 
defocusing, as in the linear accelerator, but is more 
than compensated by the strong magnetic focusing 
described earlier. 

As the energy passes through the value E;, the equi- 
librium phase angle shifts from the rising to the falling 
slope of the voltage curve. At this point the frequency 
is independent of radius and of energy, as in the modi- 
fication of the fixed-frequency cyclotron proposed by 
Thomas.‘ This transition occurs at a rather large 
energy. For example, in the design study for a 30-Bev 
accelerator described below, it occurs at about 25 Bev. 
The introduction of straight sections between sectors 
will modify this transition point, and may increase it 
above the top energy limit. Otherwise, it is reasonably 
certain that the radiofrequency phase can be shifted 
at this point to avoid a loss in intensity. 

Another consequence of Eq. (8) is that the momen- 
tum spread Ap associated with a given radial: aperture 
AR can be very large if the n-values are large. If we 
use the example of | n| = 3600, the field will vary from 
zero to twice its average value in a radial distance of 
2 inches, with the consequence that within this aperture 
Ap/p can be as large as +10 percent! This extremely 
large momentum acceptance means that at injection 
the errors in injection energy and in the frequency of 
the accelerating voltage can be of this same order of 
magnitude. Furthermore, it shows that the radial 
amplitude of the synchronous oscillations is reduced by 
nearly the same factor a, as compared to the ordinary 
synchrotron. 


DESIGN CONCEPTS FOR A 30-BEV ACCELERATOR 


The potentialities of this strong-focusing principle 
can be illustrated by describing its application to the 
design of a high energy accelerator. We have chosen to 
design for 30-Bev protons, which is 10 times the maxi- 
mum energy of the Brookhaven cosmotron, and which 
requires an orbit radius of about 300 ft with a guide 
field of about 11 kilogauss. The aperture within the 
vacuum chamber can be as small] as 1X2 inches, and 
still provides a safety factor of 2 over the computed 
maximum oscillation amplitudes. With this radial aper- 
ture the m value is determined by the radius and by the 
field gradient of 1.1 10* gauss/inch: 


RdB 300X12X1.1X 10+ 


=-—= = 3600. 
1.1X 10 





(11) 
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— In reference 2 it is pointed out that y can also be negative in a 
conventional synchrotron with straight sections. 
4 L. H. Thomas, Phys. Rev. 54, 580, 588 (1938). 
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Fic. 5. Cross section of E-magnet with poles shaped to give 
n= 3600 at an orbit radius of 300 {t. The vacuum chamber illus 
trated has an internal aperture of aliout 1X2 inches. 


With this value of » the optimum number of magnet 
sectors V = 240, and the length of each sector is 7.85 ft. 
We assume that short straight sections will be needed 
between sectors, and choose a length of 2.0 ft. The 
chosen injection energy of 4 Mev and the angle of 
divergence-at injection of 10~* radian, are those avail- 
able from the Van de Graaff injector for the cosmotron. 
Detailed calculations of “‘betatron”’ oscillation ampli- 
tudes for this angle at injection, and those due to gas 
scattering at a residual pressure in the chamber of 
1X10~-' mm of Hg, show that the maximum ampli- 
tudes (at injection) will be included within a square 
area of 0.5X0.5 inch. The radial amplitude of syn- 
chronous oscillations at injection depends on the fre- 
quency harmonic used for acceleration; a sufficiently 
high harnomic should be used to include the entire 
allowed phase oscillation range within the energy and 
radial limits defined by the chamber. This energy range 
accepted by the 2-inch radial aperture is found to be 
+10 percent, which is larger than the practical energy 
spread of the injector by a large factor. The conclusion 
from such studies is that the 1X2 inch aperture is 
entirely adequate for the chamber. 

The basic magnet structure chosen to provide the 
large magnetic field gradients is a “3-pole” magnet 
with a single return circuit which can be called an 
“E-magnet,” illustrated in Fig. 5. Two poles are shaped 
as rectangular hyperbolas, and the third “pole” is a 
vertical surface of iron along the vertical axis of the 
hyperbolas to maintain zero field at the center of the 
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coordinate system (the inner wall of the vacuum cham- 
ber). Between these poles the field has the property of 
equal and uniform gradients in the radial and vertical 
directions, as long as the iron surfaces remain magnetic 
equipotentials. The field at the center of the chamber, 
along the 2-inch gap chosen for the basic aperture, is 
considered the guide field. At injection the magnetic 
field at the center is about 30 gauss, and the field varies 
from 60 gauss to zero along the 2-inch radial extent of 
the aperture. As the field approaches saturation in the 
iron at the tips, the area of uniform-gradient, high n- 
value field will shrink to a smaller aperture, estimated 
to be no less than 1 inch. However, at such high ener- 
gies, the oscillation amplitudes will be sufficiently 
damped so that aperture requirements are much smaller, 
and no loss in intensity should result. Model studies of 
the magnet will be required to determine the exact 
shape of pole faces for maximum extent of useful field 
at injection and the maximum practical value of guide 
field. For the design calculations this maximum guide 
field is assumed to be 11 kilogauss across the 2-inch gap, 
leading to a requirement of 4.5X10* ampere turns for 
excitation. 

The alternation of field gradients in successive sec- 
tors can be accomplished by assembling the magnets 
alternately with outside and inside return legs, using 
the E-shape described above. Figure 6 is an illustra- 
tion, not to scale, of this alternate assembly of outside-E 
and inside-E magnets. The center line along the axis 
of the chamber is on the circle of 300-ft radius, and is 
the axis of reversal of alternate sectors. This assembly 
retains many of the advantageous features of the C- 
magnet design. The magnet gap is available along its 
entire length for measurements, and the open side 
provides access for vacuum testing and for inspection. 
Injection is possible at small angles of inflection, even 
though the connecting straight sections are short. 
Ejection of a tangential emergent beam is simplified, 
and radiations, such as charged mesons from targets 
within the aperture, can be emitted through the thin 
chamber walls for experimental studies. On the other 
hand, the magnetic disadvantages of the C-magnet, 
which apply to the uniform-n accelerator, are largely 
averaged out by the use of alternating E’s. The de- 
crease in aperture due to fringing fields as the iron 
approaches saturation is now largely cancelled, and the 
primary effect is a reduction of n-values and a slight 


Fic. 6. Method of assembly of alternately inside-E and out- 
side-E magnets around an orbit, with straight sections between 
sectors. 
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decrease in the focusing forces as particles approach 
maximum energy. Variations in the n-value due to 
remanent fields and eddy currents are unimportant. 
Thick iron laminations can be used, of 1- or 2-inch plate, 
determined by the economics of magnet construction. 

The cross-sectional area assigned to the magnet 
windings is set by the power rating of the coil. Several 
factors enter in choosing the magnitude of the power. 
The primary consideration is the cost of the power, 
which is a significant item in operating costs. Another is 
the advantage to be gained by reducing the coil heating 
per unit length sufficiently to make water- or air-cooling 
of the coil windings unnecessary. Both these factors 
indicate a large coil cross section which means a large 
initial cost for the conductors and a proportionate in- 
crease in the dimensions and costs of the iron return 
circuit. It can also be argued that the power consump- 
tion per cycle should not exceed the circulating power 
required to provide the stored energy in the magnetic 
field. These features require detailed analysis and 
balancing. For the purposes of this study, we have 
chosen to use about half the power rating and the same 
duty cycle as for the present cosmotron, or 300 kilo- 
watts averaged over a duty cycle of 1 sec up, 1 sec 
down, repeated at 5-sec intervals. With these assump- 
tions the required cross section of copper windings is 
about 24 in.? Following the design shapes illustrated in 
Fig. 5 we find that the E-magnet iron has external 
dimensions of about 12 inches wide by 20 inches high, 
approximately the size illustrated in the figure. Since 
the cross section of iron is about 75 that of the cosmo- 
tron, the total weight of iron is about the same; the 
weight of copper in the windings is increased by about 
a factor of 5. 

The acceleration voltage required to attain 30-Bev 
energy in 1 second is about 100 kilovolts per turn, or 
100 times larger than that for the cosmotron. It is 
clear that many accelerating units must be used, dis- 
tributed around the orbit and properly phased, pri- 
marily to reduce the radiofrequency power. It is also 
likely that a high harmonic of the orbital frequency 
would be advantageous. The radial amplitude of syn- 
chronous oscillations will be reduced by the factor h-4, 
where / is the order of the harmonic. The harmonic 
order should be a submultiple of the number of .c- 
celerating units around the orbit, in order to simplify 
the problems of phasing. Several methods of applying 
the accelerating field to the particles are available. 
That used in the cosmotron involves a ferrite-loaded 
cavity; in this case, with sectors of 8-ft length, one 
might use the metal-pipe vacuum chamber as a “drift 
tube.”’ The driving frequency increases with time as in 
the cosmotron, and must be modulated over a fre- 
quency ratio of 1 to 12. The broad-band power ampli- 
fiers used to drive the accelerating units will be one of 
the most difficult and costly components. 
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The frequency tolerance is given by 
Af |a—E?/E*| AL |e — Sr Ab 
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(12) 
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At injection and at energies small compared with the 
phase-reversal energy F,, the allowable frequency error 
is large, and the frequency cycle can be “pre-cut.” 
However, as the energy approaches £, the allowed error 
becomes very small, and precision methods of fre- 
quency control will be required. Electrical pick-up 
pulses from the beam of particles can be used for this 
frequency control, as can be demonstrated with the 
cosmotron. 

The vacuum chamber can be constructed of thin- 
walled, nonmagnetic tubing, such as stainless steel. 
The effect of eddy currents will be negligible. Such a 
chamber can serve many purposes. As indicated, it can 
serve as a “drift tube” for radiofrequency acceleration. 
Units can also be utilized as sensing electrodes to ob- 
serve the beam pulses. Such a thin metal-walled tube 
can be heated and out-gassed under vacuum to reduce 
the residual pressure in the chamber. Small vacuum 
pumps can be located at the straight sections between 
sectors at 10-foot intervals. 

The injector assumed in this study is the equivalent 
of the present cosmotron 4-Mev Van de Graaff genera- 
tor, although it is possible that higher energies would 
be helpful, as from a linear accelerator. Injection could 
be accomplished by electrical deflection at a small angle 
at one of the straight sections. The time interval for 
acceptance, about 3 of a turn, is about 10 microseconds. 
Pulse injection at 1 milliampere would result in about 
5X10" particles being accepted, equivalent to the in- 
tensity per pulse of the present cosmotron. The radial 
contraction per turn at injection would be about 1 mm 
at 4 Mev, which seems large enough to result in a 
reasonable capture efficiency. The strong focusing and 
damping during further acceleration will retain the 
beam within the aperture, even through the synchro- 
tron phase-reversal point. It seems probable that final 
intensities will be equivalent to those obtained with the 
cosmotron. 


ION FOCUSING IN LINEAR SYSTEMS 


An extension of the theory of magnetic focusing by 
successive reversals of field gradients leads to concepts 
which are applicable to ion optics and to linear ac- 
celerators. The principle involves a similar sequence of 
alternately converging and diverging magnetic lenses, 
and can be visualized most readily by considering the 
analogy to lens optics. A single region of inhomogeneous 
magnetic field which produces convergence of an ion 
beam in one plane will produce divergence in the plane 
at right angles. Consider a beam of ions having a mo- 
mentum p= BR (where R is the radius of curvature in 
a field B), moving in the x direction in a field with com- 
ponents: B,=0, By=kz, and B,=ky. The equations of 
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Fic. 7. Definition of focal length f and principal plane distance 
xp for a convergent magnetic lens of leagth é. 


motion, which are equivalent to Eqs. (2) for the cir- 
cular orbit, become 
dy 1 
a= + — ——y 
dx? BR dy 
@z 1 dB, dz 


--- —z=0, or ——Kz=0. 
dx? BR dz dx? 


dB, d’y 
—+Ky=0; 
dx? 


(13a) 


=(0, or 


(13b) 


The lens property of such a field is illustrated in Fig. 7, 
which shows the path of a particle entering the field 
parallel to the axis, in the convergent xy plane. If the 
length of the region of inhomogeneous field is J, the 
particle crosses the axis at F (the focal point), con- 
verging from a point P which defines the principal 
plane. The distance to the principal plane x, and the 
focal length f measured from this plane are given by 


1—cosKil 
ee 
K'sinKl 
1 
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(14) 


(15) 


where K defines the unit of length and is given by 


1 dB, 1 dB, 
K=— —-=—_ —. (16) 
BR dz_ BR dy 
A sequence of two lenses of this class, separated by a 
distance g between principal planes, having coefficients 
K, and K, and lengths 2, and 1, will have a focal length 
given by the familiar lens equation 


1/F=1/fi+1/fo—q/fifs. (17) 


It can be noted at this point that F is positive, and so 
the combination of lenses is converging, if f2=—/f. 
This means that two equally strong converging and 
diverging lenses will be convergent. Applying this to 
the magnetic lens case by inserting the relations for 
principal plane distances and focal lengths for the two 
lenses, the combined focal length becomes 
1/F=K,} sinK,}l; cosK24/2+K-! sinK2'l, cosK ;4I, 
—dK,'K,} sinK,4l; snKy4l2. (18) 


In this expression the distance d is the distance of sepa- 
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Fic. 8. Illustration of double-focusing in two magnetic lenses 
with field gradients in opposite directions, showing the alternately 
convergent and divergent forces and the net convergence of the 
system. 


ration between the faces of the two magnetic lenses. 
If, for a simple example, we choose —K,= K,=K and 
l,=1,=/, the equation for focal length reduces to 


1/F = K\{sinK4l coshK —sinhK4l cosK 4 


+dK' sinK'l sinhK'l}. (19) 


The condition that the lens system be convergent is 
that the argument K'/ be positive and not greater 
than some value approaching 7, depending on the 
magnitude of the separation distance d. Thus, the lens 
can be designed for any desired focal length by suitable 
choice of K'/ and d. In this simple case where the K’s 
and /’s are equal, the focal lengths are equal for dis- 
placements in both the xy and xz planes, as becomes 
evident when —K is substituted for K in Eq. (19). 
However, the locations of the principal planes will 
differ, depending on whether the initial action is con- 
verging or diverging. This leads to an astigmatic image 
in the simple case assumed. This astigmatism can be 
corrected by modifying the lens system. The double 
focusing of the compensating lenses is illustrated in 
Fig. 8, showing’ alternately divergent and convergent 
forces in the two sections. 

A doubly-divergent magnetic field having uniform 
and equal values of dB,/dy and dB,/dz exists between 
the poles of a 4-pole magnet with pole faces shaped as 
rectangular hyperbolas; the field is zero along the 
x axis. Figure 9 shows a cross section of such a magnet. 
The complete lens would consist of two such magnet 
units of length /, with the second unit rotated by 90° 
relative to the first. The effective aperture of such a 
lens would be a circle of diameter D=(2)!a, where a 
is the spacing between the centers of the hyperbolic 
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poles. Consider a numerical example in which the 
aperture, a, is 2 inches and the maximum field across 
this 2-inch gap is 10 kilogauss. The field gradient 
adB/dy=dB/dz=10* gauss/inch. Let us design a magnet 
to focus protons of 4-Mev energy, which have a mo- 
mentum BR of about 10° gauss-inches, so K=0.1. If 
we choose K4/=7/4, and the spacing d is 2 inches, the 
length of each magnet unit / is 2.5 inches, the total 
length is 7.0 inches, and the focal length computed 
from Eq. (19) is 4.4 inches. Choice of a smaller value of 
Ki will lead to shorter magnets and longer focal lengths. 
A simpler relation for computing focal lengths can be 


Fic. 9, Cross section of a 4-pole magnet with hyperbolic pole 
faces to produce uniform and equal field gradients dB,/dy and 
d . 


//dz. 


obtained from Eq. (19) by expanding in terms of the 
arguments and using only the first significant terms: 


1/F=K°P(2l+4d}. (20) 


A continuous sequence of such convergent systems 
is itself convergent if the separation distance D be- 
tween successive image and object focal points is less 
than +2F. This relationship is equivalent to that 
given in Eq. (4) for the circular orbit. Thus, magnetic 
lenses of the type described can be used in succession 
to maintain a focused beam over long distances, as in 
the linear accelerator. 
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The focusing mechanism described in the previous paper is applied to the linear accelerator. The de- 
focusing forces in the linear accelerator are derived, and the particular example of a 4-million-volt accelerator 
10 meters long is discussed. It is shown that the defocusing forces can be compensated by magnetic or electric 
lenses of the alternating gradient type using easily attainable field gradients. For example, a defocusing field 
gradient of 1000 volts per centimeter on a 100-kv proton beam can be compensated by a lens 20 cm long with 
field gradients of the order of 1000 gauss per centimeter. 


I. INTRODUCTION 


HE method of focusing proposed by Courant, 

Livingston, and Snyder! for use in high energy 
synchronous accelerators seems to be applicable also to 
the linear accelerator. The usefulness of the linear 
accelerator to date has been limited by the defocusing 
which is associated with the mechanism of acceleration. 
In this paper a brief discussion of the focusing forces 
in the linear accelerator is followed by a presentation 
of the method of application of magnetic or electric 
focusing to compensate for these forces. 

Although the linear accelerator is of considerable 
interest in its own right, it is particularly interesting to 
our laboratory as a possible injector for high energy 
positive ion accelerators. If the radial defocusing can 
be controlled, a linear accelerator injector would present 
important advantages associated with its geometry and 
the accessibility of its components. We shall, accord- 
ingly, confine this discussion to accelerators in the 
energy range low enough that relativistic effects can be 
neglected. Since, in general, the defocusing fields be- 
come weaker as the velocity approaches the velocity 
of light, and since the magnetic focusing procedures to 
be discussed are still valid at relativistic velocities, the 
limitation of the discussion to the nonrelativistic range 
is legitimate. 

II. THEORY OF THE LINEAR ACCELERATOR 

The z axis of a cylindrical coordinate system will be 
taken to be coincident with the axis of the accelerator. 
MKS units will be used. 


Axial Electric Field Pattern 


The separation between accelerating gaps, L, will be 
the distance traveled by a particle during one-half 
cycle of the accelerating signal 


L=rn1/w, (1) 


where 2 is particle velocity and w/2m is the frequency of 
the accelerating signal. Now if w is the energy (meas- 
ured in volts) gained per gap by a particle at the equi- 
* Research carried out under contract with the AEC. 
1 Courant, Livingston, and Snyder, preceding article [Phys. 
Rev. 88, 1190 (1952) }. 


librium phase of the accelerating signal, the rate of 
change of energy W of the equilibrium pagticle with 
distance will be 


dW /dz=ww/mv. (2) 


This relation can be integrated if we assume a specific 
form for w(z). 

For our present purpose, we shall retain sufficient 
generality if we set 


w=w,(2/2,)", (3) 


where wy is the energy gain at the final gap and 2, is 
the length of the accelerator. It should be noted here 
that distances and times are to be measured on scales 
representing an accelerator whose injection is at zero 
volts. 

We now substitute $mv* for W in Eq. (2) and in- 
tegrate to obtain 


and 
W = W j(2/2,)?t?, (6) 


The accelerating field will be a complicated function 
of position along the tube. It can, however, be analyzed 
into component traveling waves, and it is evident that 
the only traveling wave component whose effects will 
average to a value different from zero is the component 
which travels with the particles at their average ve- 
locity. This component will have the form 


Eom Eaf(osine| — f (s/0)| 


If the equilibrium particle maintains a constant phase 
on this wave, f(z) will depend on z in the same fashion 
as does dW /dz, which we can derive from (6). To retain 
E, as a quantity having the dimensions of an electric 


field, we write 
f() dw (=) 
z)=— _ 
dz dz/y 


In terms of the assumption of Eq. (3) we can rewrite 
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(7) in the form 
3(z/2,)?-™ "sy 
se 
(2—n)vy 


E,= Ep(2/2,)@-Y" snot 


The form of Eo is discussed below and appears in Eq. 
(13). 


Particle Phase Oscillations 

In order to evaluate Ep and to determine the possible 
limits of m, it is necessary to investigate the phase 
oscillations of the accelerated particles. Thus far, we 
have discussed only particles which travel at the equi- 
librium phase o and at the velocity v of the electric 
field wave. For a general particle, we now define a 
quantity 6 in terms of which we shall discuss the par- 
ticle velocity z. 6 will be defined by 


fas =t—o/w—5/w, (9) 


whence we derive the relations 
(10) 
(11) 


We now substitute from (7), (9), and (11) in the rela- 
tion m2=eE, to obtain 


~ mvb /w+mo(dv/ds)(1—8/w)*=eEof(z)sin(¢o+8). (12) 


é=v(1—6/w), 
=: —06/w+0(dv/dz)(1—8/w)*. 


If 6 is assumed to be small, (12) becomes approximately 


5/w— (dv/dz)(1—25/w) 


+ (eEo/mv) f(z)(singo+6 cosdo)=0. (12a) 


For 6 and its derivatives equal to zero, (12a) defines 
Ey. Making the appropriate substitutions from (4), 
(5), (6), and (8) we find 
Eo singo= 2(1+n)W 7/3z,, (13) 

and, from (4), (5), (12a), and (13) the equation de- 
scribing the phase oscillation is 

5 (1+m)25 (1+mn)w cotdo 6 i 
(2—n)t w 


(14) 


w (2—n) tw 
The asymptotic solution of (14) for ¢ large is 
4(1+-1)wt cotdo 4 
ee) » (15) 


2-—n 


6 
= Af @t+in)/ (8-4) gin 


Ww 


where A is a constant. This represents a damped oscilla- 
tion provided m lies between —0.4 and 2 and cot@p is 
positive. Physically, m cannot be greater than 2; for 
greater than 2, it is evident from (1) and (4) that L 
must increase at a rate faster than z, a situation which 
is not realizable in practice. 
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Radial Electric Field and Azimuthal 
Magnetic Field 


The radial motion of the particles in a linear ac- 
celerator will be influenced by two field components, 
E, and By. To a first approximation, these components 
are given by 
(16) 


(17) 


The form of these components can be derived from (8) 
and (13). (We neglect the small term which includes 
the derivative of f(s) and those time varying fields 
which follow from other field components than (7).) 


r(1l+n)oW, 
E,=———"(¢/2)"* cos($o+8), 
3 singod Zs 


r(l+n)Wyo 
By=—————(2/2,) °"-8 cos(go+ 8). 
3c? singozs 


E,= —}3rdE,/d2, 
By= —}(r/2)0E,/Ot. 


(18) 


(19) 


Radial Forces on the Accelerated Particles 
The radial force equation mi*=eE,—evBs becomes, 
upon substitution from (18), (19), and (4), 


r(i-tn)wlV, 


m= (2/2) 8(1—v*/c?)cos(go+5). (20) 


3 singoz vs 


Since we are neglecting relativistic effects, the second 

term in the bracket, which arose from the effect of Ba, 

is negligible. Also, the average radial force on a par- 

ticle will not differ materially from the radial force on 

the equilibrium particle. Thus, the radial deflections 

are those which result from the radial electric field 
_ ro(l+n)Wy 


E, — (2/27) "8 cotdo. 
320s 


(21) 


Evidently, the closer » approaches its limiting value 
of 2, the more nearly constant becomes the defocusing 
field as a function of distance along the accelerator. 


Numerical Example 


As a numerical example, we consider a 4-million-volt 
linear accelerator 10 meters long. Protons will be in- 
jected into this accelerator at 100 kv and will be 
accelerated by a 30-megacycle signal. We assume, 
further, that the equilibrium phase is 45°. Evaluation 
of other parameters depends on the choice of m. We shall 
consider three cases: n=0 (voltage equal on all gaps), 
n=} (constant amplitude axial electric field), and n=1 
(gap voltage increasing linearly with distance along 
the accelerator). 

From Eq. (21) we can now derive the radial field 
gradient, 


G=E,/r=9.1X 10°(1+) (0.12) 8(volts/m)/m. (22) 





RADIAL FOCUSING 
The value of s corresponding to injection follows from 
(6). The values of G for the three n’s are as follows: 


n=0 n=} n=1 
G at injection (volts/cm)/cm 3640 870 455 
G final (volts/cm)/cm 91 136 182 


The n=1 case is obviously preferable from the stand- 
point of radial defocusing during the early stages of 
acceleration. The practical application of this case 
presents some difficulty, but the same desirable results 
can be achieved by accelerating in several stages, the 
accelerating voltage increasing stage by stage as the 
particle is accelerated. 


Ill. THE FOCUSING MECHANISM 


The technique of magnetic focusing proposed by 
Courant, Livingston, and Snyder! involves the passage 
of a beam of particles through successive magnetic 
fields of alternating transverse gradients. As in the 
preceding section, we choose the axis of the beam as the 
z axis. We suppose that the beam travels with velocity 
v, and that from s=0 to s=/ we apply a magnetic field 
having B,=B’y and B,=B’x where B’ is a constant. 
From z=/ to z= 21, we apply a reversed field B,= — B’y 
and B,= — B’x. Courant, Livingston, and Snyder demon- 
strate that this system acts like a converging lens whose 
focal length is given by their Eq. (19). 

It is worthy of note that exactly the same technique 
will work with electric fields of the form E,=E’x, 
E,=E’y, etc. In this case the properties of the lens will 
be given by substituting E’/v for B’ in the magnetic 
lens formulas. 


IV. APPLICATION OF FOCUSING TO THE 
LINEAR ACCELERATOR 


If the defocusing forces in the linear accelerator are 
to be compensated by magnetic lenses of the type dis- 
cussed in the preceding section, we must take into 
account the fact that the effective electric gradient G 
given by Eq. (22) is acting throughout, in addition to 
the forces due to B’. The lens will now be one in which 
one section has an effective restoring field of B’—G/v 
and the other has an effective field of — B’—G/v. The 
range of stability is given by Courant, Livingston, and 
Snyder’s Eq. (5) and their Fig. 2 if only we substitute 
Pe(B’+G/v)/4°mo for their n/N? and —n2/N?. 

We now make an arbitrary choice of design param- 
eters satisfying the stability conditions. We shall de- 
termine values for B’ and / which correspond to the 


IN THE 


LINEAR ACCELERATOR 


Taste I. 


E’ (vojts per cm 
per cm) 


B’ (gauss 
per cm) 


Lens length (21) 





94 5050 
1200 
620 








stable combination m,/N*=0.07, m2/N’ 
choice yields the following relations: 


B’=6G/v (or E’'=6G) and P=0.79W/G, (23) 
where W is the particle energy. 

From (22) and (23) we can determine the lens pa- 
rameters for our 4-Mev accelerator. The result of these 
operations for the injection end of the accelerator is sum- 
marized in Table I 

As we progress along the accelerator, the permissible 
lens length increases and the magnetic or electric field 
gradients decrease. From (4), (22), and (23) we see that 
the lens length can increase as 2‘"**)/®, In this case B’ 
will decrease with distance like 1/z or, if electric lenses 
are used, E’ will decrease like z°-"*. The final lens 
length will be of the order of meters, and it will prob- 
ably be desirable to make a new choice of stable pa- 
rameters which results in shorter lenses near the exit 
end of the accelerator. 

The applications of these principles to practical ac- 
celerators will place some limitations on the radio- 
frequency technique. If magnetic lenses are used, the 
accelerator tube diameter should be small, and it will 
be necessary to use lumped constant circuits rather 
than wave guides. Electric lenses could be combined 
with the drift tubes so that the same unit is both a lens 
component and a drift tube. 

Lenses of this sort appear to be equally practicable 
for higher energy accelerators. We have computed 
possible lens parameters for an accelerator in which (as 
in the Berkeley linear accelerator) injection is at 4 
million volts, energy gain is of the order of a million 
volts per foot, n is $, and the accelerating frequency is 
200 megacycles. In this case, as usual, the worst de- 
focusing is at the injection end of the accelerator where 
effective radial gradients exist of about 5000 volts per 
cm per cm. These could be compensated by lenses of 
our type 50 cm long having magnetic field gradients of 
1100 gauss per cm or electric field gradients of 30,000 
volts per cm per cm. 
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Spin-Lattice Relaxation in Ferromagnets* 
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A CALCULATION has been made of the spin-lattice relaxation 
time for ferromagnets. We introduce a macroscopic spin 
lattice interaction which is large enough to account for the 
observed magnetoelastic energy. This approach should correspond 
more closely to the actual situation than the previous work of 
Akhieser,' whose pure dipolar interaction cannot account for the 
magnitude of observed magnetostrictive effects. Furthermore, the 
present calculation refers directly to the conditions existing in 
microwave resonance absorption experiments, whereas Akhieser’s 
results in the main do not.? 

In keeping with the macroscopic approach, we introduce a 
spin-wave field by expanding the transverse components of the 
magnetization into normal modes and quantizing according to 
the commutation relations between the components of the atomic 
spin.* The representation thus defined is one in which the Hamil 
tonian of the spin system is diagonal. A macroscopic phonon field, 
quantized in the usual way,‘ is set up to describe the lattice 
vibrations in an elastically isotopic solid. 

The spin-lattice interaction used is the macroscopic magneto- 
elastic coupling energy® 


Him= { de{(Bi/M2)( Mites + MyPeyy+M Pees) 
+ (Ba/M2)(MeM yecy+MyM ctyo-+M Mele) ), 


where the B’s are magnetoelastic coupling constants, M is the 
magnetization, M, its saturation value, and the e,; are the strains 
which are derived from the lattice displacement vector u by dif 
ferentiation.* The field-theoretic expressions for M and w are 
introduced in order to express Hint in terms of creation and de 
struction operators for spin waves and phonons, a,*, a, and bx* 
bx. It turns out that the important part of Hint is that which 
describes scattering of a spin wave accompanied by the emission 
(Hint*) or absorption (H jnt*) of a phonon 

Hint = — 2x bx*a,a* f(K), 

Hia" =il Kx bKagd,* f(K) 
where /(K)=constX Ki(1—3 cos*®x—4 sin@x); *, K are the 
wave vectors for spin waves and phonons; and 6x is the polar 
angle of K 

Each collision involving a phonon of wave number K transfers 
the energy ex of that phonon between the spins and the lattice 
Then the rate of energy transfer to the lattice is given in terms of 
the matrix elements of the creation and destruction operators by 
the kinetic equation 


Q=(26 AyD xx! f( 


x’ =x+K, 


K) °C N «nme +1)—(N«t+1) (n+) ny) 

x (ex +ex— €&’), 
where e, is the energy of a spin wave and the m,, Vx are occupation 
numbers for spin-wave and phonon states. 

In order to define the relaxation time, we assume that in a 
resonance experiment the rf field excites spin waves, primarily of 
low wave number, and that the spin-spin interactions are strong 
enough to bring the spin system into equilibrium with itself 
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Fic, 1. Theoretical estimates of spin-lattice relaxation times in nickel 
Atl 


K, the theoretical relaxation time is 1 seconc 


before the spin-lattice transitions have time to proceed appre 
ciably.§ That is, we consider the spin system to be excited by the 
rf field to a higher temperi.ture than that of the lattice. 

The spin-lattice relaxatién time r is then the time constant in 
the exponential decay of this temperature different AT. In terms 
of the heat capacities Cs, Cy, of the spins and lattice vibrations, 
we have 

t=CsC_iAT/(Cs+C1)Q 

Under these circumstances, we may introduce Bose-Einstein 
factors for the occupation numbers in @ by defining a spin tem- 
perature and a lattice temperature. The quantity Q may be 
evaluated by transforming the summation into a double integral, 
expanding the integrand in powers of A7/7<1!, and performing 
several integrations. The result is 


Q=(VAB,*/1695kT%py)(he/2A)*(Ms/gu)*ATI(y, F), 
y= (he)?M ,/2guAkT, F=2(gu/hc)*(AHo/M,), 
xidx exp[ty(«— 1)?-+yF ]—exp(—x)| 


Iy, F)= [{ —~>—4 tog? 
¥ J coshyx— 1 | ” exp[}y(x—1)?+yF ]—-1 }? 


where 


which must be evaluated numerically; p=density, ¢=sound 
velocity, A=Bloch wall coefficient,? g=spectroscopic splitting 
factor, 4=Bohr magneton, V=sample volume, Ho=applied 
field. For the heat capacities we use the Bloch T! approximation 
for Cs and the Debye approximation for C. We can then evaluate 
T. 

The results for nickel are presented in Fig. 1 for Hyp=5300 
oersteds. It appears that no experiments have yet been performed 
which measure 7 without including spin-spin relaxation effects as 
well. It should be pointed out that r depends sensitively upon 
parameters whose values are not well known 

We are indebted to Professor J. M. Luttinger for his very 
helpful interest during the early work on this problem. 

* This research has been paniuted in pare a the ONR 
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2D. Polder, Phil. Mag. 40, “39 (1949). 

?C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951) 

4A. Sommerfeld and H. A. ay Handbuch der Physik (Verlag Julius 
Springer, Berlin, 1933), 24.2, p. 5 

*C. Kittel, Revs. Modern Pays, 21. 541 (1949) 

_ © Extensive arguments to support this view are given by C 
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Spontaneous Fission versus Alpha-Decay 
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RENKEL' has suggested that alpha-decay could be con- 

sidered as a distinct type of fission. He assumes that the 
alpha-particle is “constituted as a separate entity in the process 
of decay” rather than pre-existing in the original nucleus as in the 
Gamow theory. If this premise is correct, then alpha-decay and 
spontaneous fission should be regarded as closely related but com- 
petitive decay processes for heavy nuclei. 

Recently, Seaborg* has found an empirical relationship between 
spontaneous fission rates and the fissionability parameter Z*/A. 
Since there is as yet no adequate theoretical explanation of the 
observed spontaneous fission rates, it would appear desirable to 
correlate the alpha-decay competition with the same parameter. 
As a measure of the competition, we use the ratio of the spon- 
taneous fission half-life.*‘ to the alpha-disintegration half-life. 
These are plotted in Fig. 1. 


34 
za 


Fic. 1. Plot of the ratio of the spontaneous fission half-lives to the 
a-disintegration half-lives vs the fissionability parameter Z?/A 


The nature of the competition may be seen by connecting con- 
secutive alpha-decay products familywise or simply by con- 
structing a median line. (Isotopes related by §-decay are not 
considered.) It is seen that for the even-even nuclei, the spon- 
taneous fission mode of decay becomes the more predominant as 
Z*/A increases. However, the opposite appears to be true for 
odd-neutron nuclides 

Thus, for odd-neutron nuclides, alpha-decay may be increas- 
ingly more competitive with spontaneous fission. This could 
explain the anomalously slow rates for odd-nucleons observed by 
Seaborg.? If the slower spontaneous fission rate for an odd-nucleon 
were to result from the expected larger radius, it would seem that 
this factor would also decrease the alpha-disintegration rates 
accordingly. 

If we assume that the nucleus comes into optimum, nearly 
symmetric configuration for spontaneous fission, some 10 times 
per second® the effect of the odd neutron may be such as to favor 
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an anomalously higher frequency for the highly asymmetric 
configuration, i.e., a configuration leading to alpha-decay. 

1 J. Frenkel, J. Phys. (U.S.S.R.) 10, 533 (1946) 

2G. T. Seaborg, Phys. Rev. 85, 157 (1951). 

+ E. Segré, Phys. Rev. 86, 21 (1952). 

* Ghiorso, Higgins, Larsh, Seaborg, and Thompson, Phys. Rev. 87, 163 
(1952). 

5G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 (1948). 

*N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 


Second-Order Effects in Nuclear Electric 
Quadrupole Interaction of Al” in 
Spodumene* 

H. E. Percu,t G. M. Votxorr, ano N. G. Crannat 


Department of Physics, University of British Columbia, Vancouver, Canada 
(Received October 20, 1952) 


N an earlier paper' on the electric quadrupole splitting of 

nuclear magnetic resonance absorption lines in single crystals, 
our generalization of Pound’s original work? to non-uniaxial 
crystals was carried through only to terms of the first order in 
the quadrupole coupling constant C=eQ¢,./h. We have now 
extended our generalization of Pound’s theory to terms of order 
C*, and have checked this extension on the experimental example 
of the AF’ resonance in LiAl(SiO;)2 (spodumene). 

The general expression to terms of order C? for the dependence 
on crystal orientation of the frequency shift »—»» of the com- 
ponent of the resonance line corresponding to the transition 
between Zeeman levels m and m—1 for arbitrary crystal orien- 
tation, and for arbitrary values of J, m, and 1=(¢s2— ¢yy)/¢s2, 
will be given in the detailed paper to be submitted to the Canadian 
Journal of Physics. We quote here only the results for the central 
component ($«— 4) in the AP’ (J=5/2) line in spodumene. It is 
known from crystal symmetry of spodumene that one of the 
principal axes (say x) of the crystalline electric field gradient 
tensor gj; at an Al site coincides with the } axis of the monoclinic 
crystal (which is also chosen as the X axis of crystal rotation, as 
explained in the earlier paper'). The y and z principal axes must 
then lie in the ac plane with the y axis making some angle 6 with 
the crystal c axis (which is chosen as the Y axis of crystal rotation). 
The first-order shift of the central component is zero, and the 
second-order shift is given by 


v—vo=(C*/800r» ] f(s). (1) 


Here vo=uHo/hl is the unperturbed Larmor frequency (experi- 
mentally defined as the Al’ resonance in AICI, solution into which 
the spodumene crystal was immersed), and /(s) is given for the 
X rotation by 


J x(s) =4n?— 12(3+-) (2+9)s+-9(3+n)?s*, (2) 
with s=cos*(@x+6), and for the Y rotation by 


fr(s) = (3+n)?— 6[2n(1+3n) +5(3+n)(1—n) cos’ Js 
+9[2—(3+n) cos’ Ps*, (3) 


with s=cos*#y. These formulas reduce to Pound’s results* for 
n=0, C=40A»/3, and for 6=x/2 for the X, or 6=0 for the 
Y rotation. 

We have used the above formulas to analyze our experimental 
results for the central component of the AF? line in spodumene 
obtained with the apparatus and methods described earlier! The 
inverse proportionality of »—v» to v» for a fixed crystal position 
predicted by Eq. (1) was checked by using three different values 
of H» corresponding to v9p=9.260, 7.453, and 6.280 Mc/sec. For 
the crystal rotations described below, vo was held fixed at vo= 7.453 
Mc/sec. The points in Fig. 1 show experimental values of »— vo 
plotted versus s=cos*(@x+4) with 6=—55.5° for the X rotation 
(curve A), and versus s=cos*@y for the Y rotation (curve B). Each 
point represents the average of four observations corresponding 
to —é+(0x+6), r—6+(0x+58) for curve A, and +6y, rt6y 
for curve B. The solid curve A was graphically fitted to the experi- 
mental points by choosing |C|=2956 kc/sec in Eq. (1) and 
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pendence of the frequency shift of the central component 

»dumene on crystal orientation. (A) X rotation about b 

of spodur nene. (B) Y rotation about ¢ axis of spodumene. $s =cos? 

) 55.5°) for X rotation. 6x =0 when c axis of spodumene coincides with 

magnetic field Ho. s =cos*@y for Y rotation. éy =0 when c axis of spodumene 

is at 90° to Ho. Each sot represents average of four observations. Solid 
curves are given by: (A) (v—vo)x =1.46(3.610 —139.8s +140.4s?) ke/sec; 

(B) (¥ —v0)y =1.46(15.60 —45.79s +3.606s%) kc/sec. vo =7.453 Mc/sec 


n=0.95 in Eq. (2). As a check on the experimental accuracy, the 
above values of |C|, 7 and 4, were inserted into Eqs. (1) and (3), 
and gave without any further adjustment the solid curve B for 
the Y rotation. The agreement obtained suggests the following 
results together with their estimated limits of error: |C| = 2960 
+10 kv/sec, 7=0.95+0.01, and 6=—55.5°+1° for Al’ in spo- 
dumene. The y principal axis of gi; [corresponding to the eigen- 
value — (1+) ¢s:/2] lies between the a and ¢ axes of spodumene 
at an angle of 55.5°+1° with the ¢ axis. The x axis [corresponding 
to --(1—n) ¢s2/2] lies along the b axis. The z axis (corresponding 
to ¢z2) is mutually orthogonal to these two. 

In connection with theories of chemical binding, it seems sug- 
gestive that a principal axis of gi; at both the Li and the Al sites 
in spodumene appears to point directly at the projection of the 
nearest oxygen atom on the ac plane. 


rted by a grant from the National Research Council of 
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2-Meson Decay in Flight* 


M. ANNIS AND N, F. HARMON 


Washington University, St. Louis, Missouri 
(Received October 7, 1952) 


N a series of cloud-chamber pictures taken at Berthoud Pass, 

Colorado! (680 g cm~*), we have observed a probable example 
of the decay in flight of a r-meson. These particles have been 
observed in nuclear emulsions,** and Leighton and Wanlass‘ 
recently observed two r-meson decays in flight in the gas of a 
cloud chamber in a magnetic field, these latter examples being the 
only two decays in flight reported up to this time. 

The cloud chamber (illuminated region approx 50 cmX50 cm 
X12 cm) contains 11 silver-plated Pb plates 0.63 cm thick, 
separated by about 3.8 cm. The chamber is triggered by a pene- 
trating shower detector placed above the chamber. Four photo- 
graphs are taken of each event, the extreme cameras being 
mounted at 17° on either side of the center line. 

The event is shown in Fig. 1. A particle enters the chamber at 
a, penetrates 7 Pb plates (about 8 radiation lengths) without 
appreciable deviation, and at 6 near the center of the illuminated 
region, splits into three charged particles. Each of the three 
secondary particles penetrates 4 Pb plates without interacting. 
They leave the chamber at c, d, and e. The low energy 5-ray 
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Fic. 1. A r-meson decay in flight. 


observed near } originates below the point where the splitting 
occurs. Likewise, the horizontal electron which seems to go through 
b is actually not space coincident. A small blob of ionization can 
be seen at b. This blob is no larger than other blobs observed along 
minimum ionization tracks in the picture, and it should also be 
pointed out that the r-meson decay in flight differs from, say, the 
V decay in that the r-meson decay involves 4 ionizing particles 
meeting at a point instead of 2 in the case of the V. 

Of course, there is always the possibility that this event is a 
nuclear collision in the gas of the chamber. However, we feel that 
this is an unlikely possibility. First, no recoil nucleus of more 
than several hundred kev energy is observed. Hence, if this were 
a nuclear event, it would be one of those rare events classified as 
a peripheral collision, involving, as we shall see later, multiple 
meson production. Second, and most important, we show below 
that momentum is conserved by the visible ionizing prongs. 

The primary particle ab and the three secondary particles lie 
roughly in a plane. Table I summarizes the relevant information 
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TABLE I, Summary of data on paticies i in Fig. 1. 


Angle of 
deviation 
from 


angle of 
multiple 
primary scattering cB in 
in deg in deg Mev 

0.9 +0.3 
1.9+0.7 
24+0.9 
3.341.2 


pe in 

Mev> 
1000 4270 
480 +170 
380 +130 
270 +100 


1100 +310 
490 +170 
400 +140 
300 +110 


* The errors shown are the approximate standard deviations 1/(2n)*(n 
=No. of plates). [See N. Arley and K. R. Buch, Introduction to the Theory 
of Probability and Statistics (John Wiley and Sons, Inc., New York, 1950), 
pp. 139 ff.) 

> Assuming the primary to be a r(m, = 
be #-mesons. 


=970m.), and the secondaries to 


about the event. Using the projected angles of multiple coulomb 
scattering,® one finds the values of pc@ given in the table (p= mo 
mentum, Sc= velocity). The “noise level” scattering correction® 
is estimated to be small (less than 25 percent) in all cases, although 
we do not yet have enough data to evaluate this correction 
exactly. 

Since each of the three secondaries penetrates 4 Pb plates 
without appreciable scattering or multiplication, these particles 
are all heavy compared to an electron. If these particles were 
protons, one can see from the values of fc given in Table I that 
their ionization would be between twice and three times the mini- 
mum. From Fig. 1, it is probably that these particles do no: ionize 
this strongly. 

Assuming the primary particle to be a r-meson and the three 
secondaries to be x-mesons, we obtain the momenta given in the 
fifth column of Table I. It is evident that momentum is con 
served in the direction of the primary particle; it is also conserved 
in the transverse direction, by the observed ionizing particles. 

Following a suggestion of Wilson and Butler,* we quote the 
lifetime data as follows: In the rest frame of the r-meson, the 
r-meson lived (3.31+0.56) X 10~" sec in the chamber. In the same 
frame, the r-meson decay would have been observed if it had 
lived as long as (5.02+0.85) x 107" sec. 

In the center-of-mass system, the #-meson were emitted at 


rather wide angles with respect to each other. 

* Supported by the joint program of the ONR and AEC and by the 
Research Corporation. 

1 Brookhaven National Laboratory kindly 
Berthoud Pass. 

? Brown, Camerini, 
163 (1949). 

+P. E. Hodgson, Phil. Mag. 42, 1060 (1952). 

4R. B. Leighton and S. D. Wanlass, Phys. Rev. 

5S. Olbert, Phys. nar 87, 319 (1952). 

* J. G. Wilson and C. C. Butler, Phil. Mag. 43, 993 (1952) 


loaned us their facilities at 


Fowler, Muirhead, Powell, and Ritson, Nature 82, 


86, 426 (1952). 


The Average Electric Charge of Daughter Atoms 
from §-Decay and napa Transition* 


Davies 


Argonne National Laboratory and poet for Nuclear Studies, 
University of Chicago, Chicago, Illinois 


(Received October 14, 1952) 


Sot WEXLER AND T. 


IGH positive charges are predicted for the products of 

nuclear isomeric transition by internal conversion.'? 
Positive bromine ions from the decay of 4.4-hr Br®™ in gaseous 
ethyl bromide have been observed.’ Neither the average charge 
following transition by internal conversion nor the charge spectrum 
has been reported. However, the average charge of Cl” from the 
similar process of electron capture by A® has been recently 
determined.‘ 

The charge carried by products of 8-decay has been measured 
for the single case of Kr®* decay to Rb**.5 The extent to which 
change in nuclear charge should induce additional ionization in 
8-decay has been discussed by several authors.’~* 

This communication will report the average charge found on 
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Fic. 1. Spherical ion collection chamber. 


the products of 8-decay of H® present as molecular hydrogen, of 
C™ as COs, and of a mixture of Kr and Xe fission gases. Results 
with 18-min Br® from the transition of 4.4-hr Br*™ present as 
C:H;Br will also be given. 

The experiments were performed in spherical and cylindrical 
ion chambers of copper (Figs. 1 and 2) in which a small central 
electrode was held at 1000 to 1500 volts negative to the outer 
shell. A grid was placed about the central collector and held at 
100 to 200 volts negative potential relative to the ion collector, in 
order to return secondary electrons produced by impact of positive 
ions with the central electrode to that electrode. The vessels were 
filled with the radioactive gases to known pressures of from 
5X 10-8 to 1.5X 10-* mm. Ion currents across the chamber were 
then measured in an attached dynamic condenser electrometer and 
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recorded as voltages across calibrated resistances. In some experi- 
ments the rate of drift method was used and gave concordant 
results. From the measured current the number of electron units 
of charge collected per second was calculated. The positive ion 
current was compared with the independently determined disin 
tegration rate of an aliquot gas sample to give the average charge 
carried by the disintegration product 

Background current corrections were obtained with inactive 
gases and were the same as those with chamber empty. When 
feasible, the decay of the current with time was compared with 
the half-life of the radioactivity. Extensive tests at various gas 
pressures and at various collecting and grid voltages showed that 
the current values used to calculate the charge carried were 
saturation currents and that neither secondary electron emission 
from the nor ion-pair formation by §-particles and 
positive ions in the gas were contributing appreciably to the ob- 
The spherical and cylindrical chambers gave indis- 
tinguishable results 

lable I summarizes the results of a number of repeat runs with 
each system. The Kr and Xe data are less reliable mainly because 


collector 


served current 


1. Average charge of product atoms after 8 
and isomeric transition 


decay 


Average electronic charge found 


0.87, 1.00, 0.91, 0.91, 0.89 
0.8, 1.2, 1.0 


1.7, 1.6, 0.8, 1. 


a. Uh, 0.5, 2.2, 2.2.3.8, 3.5 
9, 11,9, 8, 10, 11 


8, 11, 9, 13, 10, 11, 13 


of the complexity of the decay pattern of the several noble fission 
gases present. The experimental result here is not necessarily 
different from unity, which would be in accord with Jacobsen and 
Kofoed-Hansen® but at some variance with prediction.’ The C™ 
and H?® results show no loss or obrital electrons from the trans- 
formed species. The value of +10 for the charge of the fragments 
from isomeric transition is about twice that predicted.'? More 
recently, however, Br®" has been found to decay by two suc- 
cessive isomeric transitions and the high charge observed is 
probably connected with the presence of two steps in the decay.® 
Both transitions generally proceed via internal conversion, and to 
the heavy ionization of the first step should be added that ac- 
companying an Auger process in the second. 

A detailed account of the experiments will be submitted shortly. 

* Presented bef 
Meeting Americar 
City, New Jersey 
1D. C, DeVault and W. F 

P. Copper, Phys 
and T. H 
nd M. 1 This work, 


in manuscript, and the present studies stem from sugges 
Allen and others of the Brookhaven National Laboratory 


re Division of Physical and Inorganic Chemistry, 122nd 
Chemical Society, September 14-19, 1952, Atlantic 


Libby, J. Am. Chem. Soc. 63, 3216 (1941). 

Rev. 61, 1 (1942). 

Davies, J. Chem. Phys. 18, 376 (1950) 
Perlman, Phys. Rev. 87, 543 (1952) 


*n and O. Kofoed-Hansen, Phys. Rev. 73, 675 (1948). 
Phys. (U.S.S.R.) 4, 449 (1941). 
J. Phys. (U.S.S.R.) 4, 423 (1941). 
Winther, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
(1952) 
Segré and A. ( 


Medd. 27, 


Helmholz, Revs. Modern Phys. 21, 291 (1949). 


A Statistical Study of the Distribution of Stars in 
Nuclear Emulsions* 


F. B. Brown, Jr., AND A. V. MASKET 


Department of Physics, University of North Carolina, 
Chapel Hill, North Carolina 
(Received July 16, 1952) 


STATISTICAL study has been made of the distribution of 

1723 stars (varying in size from 3 to 40 prongs) found on 
11 Ilford G-5 nuclear plates. These were chosen at random from a 
group of 30 plates exposed at 84,000 ft for 6} hours. Particular em 
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Fic. 1. Percentage of stars having nearest neighbor within distances shown 


phasis was placed on close groupings of stars, an anomaly previ- 
ously reported by others.'~* 

Assuming random distribution of nuclear events, the probability 
of a star having a nearest neighbor lying within a distance r is 
given as a function of r by 


P=1—exp(— Nar*/A), 


where NV is the total number of stars and A is the area scanned. 

When actual measurements were made of the distribution of 
these minimum distances, measuring the distance from each 
star to its nearest neighbor, we obtained values which agreed 
within experimental accuracy except for small distances. In other 
words, the number of close pairs is much greater than anticipated, 
with a discrepancy of over 200 percent at very close distances. 
Figure 1 shows the percentage of stars that would be expected to 
have a nearest neighbor within a distance r together with the 
observed percentages, allowing for probable deviation from 
Poisson distribution. A cell size of 1004 was used in order to 
secure a sufficiently high frequency in each cell to be statistically 
significant. 

A x? test was applied to the distribution in the first five cells, 
which indicated a probability of less than 0.001 that random dis- 
tribution would result in a greater discrepancy 

The next step was to determine the type of stars which was 
causing these nonrandom double star formations. Among other 
tests, the distribution of minimum distances was re-evaluated con- 
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sidering only stars of 3, 4, and 5 prongs and disregarding the larger 
stars. The result was a curve for the 901 smaller stars which fits 
the theoretical distribution for this number of stars well within 
experimental accuracy at all points. Again the application of a x? 
test proved instructive, giving a value of P>0.94 for the first five 
cells, and thus indicating a highly random distribution among the 
smaller stars. In a similar way, it was found that the distribution 
among large stars only was nonrandom. 

Several mechanisms may be advanced as possible explanations 
for such nonrandom groupings of stars. One is the emission by 
large stars of a neutral particle with a very short lifetime. This 
seems unlikely, since the secondary thus created would tend to 
have always the same number of prongs, and this is not observed 
to be the case. Further, an analysis of the differential distribution 
in Fig. 2 indicates two peaks, one at 500m and the other at about 
12004; both of these lie above the level which we would predict 
on the basis of the stars being randomly distributed and, therefore, 
indicate a nonrandom clustering of stars having these separations. 
A decay scheme, unless we postulate two different types of par- 
ticles, could not explain these two peaks. A possibility to be inves- 
tigated is that of a collision with a nearby nucleus in the emulsion 
of a neutral particle emitted from a “parent” star, thus creating a 
neighbor. A third possibility is a narrow shower cascade of many 
particles, mostly neutral. 

In an effort to ascertain the source of this phenomenon, an 
analysis is now being made of the spatial distribution of the light 
prongs on neighboring stars to determine the direction of the 
incident particles. Such a study is expected to reveal whether such 
pairs are created simultaneously by some outside mechanism such 
as a narrow shower, or whether one of the larger stars could, by 
neutral emission, create a nearby neighbor. A full report on this 
work will be submitted for publication in the near future. 

* Supported by the Ak 

IL. Leprince-Ringuet and J. Heidman, Nature 161, 844 


?T. T. Liand D. H. Perkins, Nature 161, 844 (1948 
*T. T. Li, Phil. Mag. 41, 1152 (1950) 
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Isothermal Ordering of Cu;Au at 200°C 


E. K 
Westinghouse Electric Corporation, Pittsburgh, Pennsylvania 


HALTEeMAN, G, F. MECHLIN, AND H. L. Giick 


Received October 3, 1952) 


ECENT interest! in the effects of neutron irradiation on 

CusAu alloy has prompted us to make measurements on the 
isothermal transformation of this material. A disordered sample 
(No. 1) was prepared by heating an ordered CusAu wire for four 
hours at 400°C (14°C above the critical temperature) and quench- 
ing’ it to room temperature at a rate of 15°C/min. The wire was 
heated to a temperature of 208° in a period of 15 minutes. Re- 
sistance measurements were made at 208°C as a function of time 
by the current-potential method. 

A second disordered sample (No. 2), provided with current and 
potential leads, was prepared from the same lot of wire by heating 
in an evacuated Vycor bulb for 16 hours at 800°C and quenching 
in iced brine at — 10°C. The quench vessel was placed below the 
vertical tube heat-treating furnace, and the sample bulb was 
quickly thrust into the quench bath with a rod and was immedi- 
ately broken by impact against a metal block in the quench bath, 
The sample was then placed in an oil thermostat (using Dow 
Corning No. 710 Fluid) operating at 197°C. The time to attain 
equilibrium in this bath was measured to be less than one second. 
Measurements of resistance were made using an expanded scale 
strip chart potentiometer, and later using a manually operated 
potentiometer. Approximately 45 seconds after placing the sample 
in the oil bath, the resistance had decayed to a value equal to 
the room temperature (23°C) resistance. 

Figure 1 shows a comparison of our results without irradiation 
to those of Blewitt and Coltman at 200°C with pile irradiation. 
Our electrical resistance data for run No. 1 has been adjusted so 
that the initial resistance corresponds to the initial plateau shown 
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Fic. 1. Normalized resistance vs time dependence of Cu»Au for several 
heat treatments compared to Blewitt and Coltman’s in-pile data 


by Blewitt and Coltman. The time scale has been shifted for 
comparison purposes so that our zero time corresponds to the 
time of their initial drop. The resistance data for run No. 2 has 
been arbitrarily normalized to fit Blewitt and Coltman’s data at 
T = 240 hours (i.e.,1160 hours after start-up). This procedure was 
necessary to avoid/the transient region near start-up. It must be 
recognized that by such a procedure one must avoid all magnitude 
comparisons; it is still possible, however, to compare rates of 
change of resistance when these rates are computed as fractional 
changes per unit time. 

The similarity in shape of the curves is noteworthy. It appears 
possible by heat treatment alone to closely duplicate the time 
dependence of resistance of Cu;Au observed in the Oak Ridge 
Reactor by Blewitt and Coltman. Further investigations are in 
progress on the effect of heat treatment on the isothermal trans 
formation rate of Cu;Au. 


1 T. H. Blewit and R. R. Coltman, Phys. Rev. 85, 384 (1952 


Polarization of the O'* Gamma-Rays* 

L. W. FaGc anp S. S 

Department of Physics, The Johns Hopkins University, Baltimore 
(Received September 24, 1952) 


HANNA 
Maryland 


OLARIZATIONS of the 6.13-, 6.9-, and 7.1-Mev gamma-rays 
f from F'"(p,a)0"*(y)O", E,=0.874 Mev, have been observed 
by using the H*(y,p)m reaction as a polarization detector. If the 
alpha-particle is not observed in the fluorine reaction, the gamma 
rays are polarized relative to the proton beam, and the maximum 
polarization is expected for radiation emitted at right angles to 
the beam 
Nuclear plates (400-micron Ilford C, emulsion), to which 
about 0.12 g/cm* of D,O had been added,' were placed 4 cm 
from the thin fluorine target with the plane of the emulsion 
perpendicular to gamma-rays emitted at 90°. After exposure, the 
plates were scanned in a microscope, and the direction and pro 
jected range of each photoproton were measured. The following 
criteria were used: (1) the track must lie completely in the emul 
sion, (2) it must be straight enough to establish a direction to 
within 10°, and (3) it must be in sharp focus along its entire length 
The distribution of protons in the photoelectric process, 
H?(7,p)n, is given by: ¥(0, ¢) =sin*@ cos*p,2* where 6 and @ are 
polar coordinates taken with respect to the direction of propaga 
tion of the y-ray. The polarization direction of the y-ray is given 
by 6=90°, ¢=0°. Experimentally, it is the distribution in @ and 
the projected range p, which is observed to be 


Y(p, &) = p?R-*( R?— p*)—4 cos*@, 
vip= Sf" Vir, ede, Vie)=" ¥(p, odds, 
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where R is the range of the photoproton. The lower limit p, of the 
projected range is established by the requirement that the tracks 
be in sharp focus in the microscope. Its value depends, of course, 
on the depth of focus. The dotted curve in Fig. 1(A) shows the 
theoretical distribution Y(p) for the 6.13-Mev y-ray, together 
with the experimental distribution for all three y-rays. The 
arrows at 78 and 83.5u give the predicted ranges R for the two 
unresolved distributions of the 7-Mev group. The ratio of the 6.13 
yield to the unresolved 6.9 and 7.1 yield is 2.9+0.4, in good agree- 
ment with other investigations. 

If the y-ray under observation is only partially polarized, the 
@-dependence is of the form, ¥(¢)=1+8B cos’. Figure 1(B) 
shows the experimental distribution Y(@) for the tracks corre- 
sponding to the 6.13-Mev y-ray (from 45 to 62.54); Fig. 1(C), 
the distribution for those in the unresolved 7-Mev group (67.5 
to 92.54). Figures 1(D) and (E) represent an attempt to resolve 
the 6.9 and 7.1 distributions by plotting tracks between 67.5 and 
75m and between 82.5 and 92.5y, respectively. 

These observed polarizations may be used‘ in conjunction with 
the angular distribution coefficients of the y-rays in the F'*(p,a)- 
O¥*(y)O" reaction to determine the parities of the states in O", 
A least square analysis of the distribution of the 7-Mev group 
gives a polarization ratio, Y(0)/¥(90)=1+B=1.4+0.2. Using 
this result and the value of 0.33+0.06 given by Sanders® for the 
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coefficient in the angular distribution 1+A cos*@,, and assuming 
a ratio of two® for the intensity of 6.9- to 7.1-Mev radiation, the 
separate angular distribution coefficients for the 6.9- and 7.1-Mev 
radiation can be derived provided an assumption is made about 
the parities of the two states. Of the four possible combinations? 
only that of negative parity for the 7.1-Mev and positive parity 
for the 6.9-Mey state leads to results consistent with the trends 
in Figs. 1(D) and (E). This assignment of parities is in agreement 
with the work of Seed and French.’ The angular distribution coef- 
ficients derived from the above information are 0.37+0.16 and 
0.25+-0.11 for the 6.9- and 7.1-Mev radiations, respectively. 

The observed distribution in ¢ for the 6.13-Mev radiation is 
only in fair agreement with the flat distribution expected from 
the value of 0.01+0.04 given by Sanders® for the angular dis- 
tribution coefficient. Only one plate of three scanned showed the 
90° rise in evidence in Fig. 1(B). Further work is in progress to 
investigate this effect. 

We are indebted to Dr. N. P. Heydenberg for the use of the 
D.T.M. statitron for some of the exposures, and to Mr. F. Levin 
for some of the microscope reading. 

* Assisted by a contract with the AEC. 

1G. Goldhaber, Phys. Rev. 81, 930 (1951). 

?H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 122 (1936). 

3D. H. Wilkinson, Phil. Mag. 43, 659 (1952). 

4D. R. Hamilton, Phys. Rev. 74, 782 (1948). 

5 J. E. Sanders, Phil. Mag. 43, 630 (1952). 


* Chao, Tollestrup, Fowler, and Lauritsen, Phys. Rev. 79, 108 (1950). 
7 J. Seed and A. P. French, Phys. Rev. 88, 1007 (1952). 


Interference between Coulomb and Nuclear 
Scattering in p-p Collisions at 240 Mev* 


H. P. Noyes anp H. G. CamMnitz 
University of Rochester, Rochester, New York 
(Received August 19, 1952) 


HE calculation by Goldfarb and Feldman! of the angular 

distributions predicted by the various potential models 
proposed to explain the high energy p-p scattering shows that 
the L-S potential of Case and Pais? is in qualitative disagreement 
with experiment, and that the singular tensor potential of Christian 
and Noyes? is ambiguous unless a cutoff is specified (though for a 
particular cutoff and sign of the potential, the large angle scattering 
is roughly correct), while the hard core Jastrow model‘ alone gives 
a fairly isotropic angular distribution. Since the data of Towler® 
are extremely isotropic down to 12° in the center-of-mass system, 
with one point that is presumably primarily Coulomb scattering 
at 8°, it seemed worthwhile to see if Coulomb-nuclear interference 
would improve the predictions of the Christian-Noyes potential 
and/or alter qualitatively the predictions of the Jastow model. 
The singlet phase shifts for these two cases are collected in Table I; 


Taste I, Phase shifts at 240 Mev. 


III. Jastrow; 
us = (cB /Bo)M 


—8.738° 
26.67° 
1.78° 


Singlet phase I. Christian 


Il. Jastrow; 
Noyes =4M 





15.28° 
13.82° 
1,98° 





* Exact calculation. 
> Born approximation. 


Christian-Noyes potential : 


Singlet: V(r) 13.273 Mev r <2.615 X10" cm, 

r >2.615 X10~" cm, 

r <0.17664 X10-" cm 
r >0.17664 X10-8 cm, 
R =1.6 X10-8 cm. 


=0, 
Triplet: V(r) =0. 
ae. 
=18Si Mev 
. "G7R 
Jastrow potential: 

Singlet: V(r) = «, 

= —375 e~ ‘*-70"'" Mev, 

Triplet: V(r) = —5S0.784Si3 e~"'"t Mev, 

where ro =0.6X10 cm, r,=0.4X10™% cm, 
Am = Re [exp(2i5)/ ™) —1] ; 


r<o, 

r>ro, 

r>ro, 
r¢=0.75 X10718 cm. 
Bim, =1m fexp(2idJ™) —1). 
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the tensor phase shifts are given in reference 1. The singlet phase 
shifts for the hard core potential are in close agreement with 
values supplied to us by Jastrow. The resulting angular distribu- 
tions including Coulomb scattering and Coulomb-nuclear inter- 
ference are plotted in Fig. 1 in comparison with Towler’s data, 
and show that the Coulomb effects are insufficient to remove the 
forward peak predicted by the Christian-Noyes potential. This 
forward peak is characteristic of any smooth, nonsingular, mono- 
tonic singlet potential with the correct effective range and scat- 
tering length to fit the low energy data, and hence its absence in 
the observed scattering rules out any model such as that of 
Christian and Noyes which combines such a potential with a 
singular tensor force. The Jastrow model avoids this undesirable 
forward peak by means of a repulsive core in the singlet potential, 
and while not in quantitative agreement with Towler’s data, could 
presumably be brought into agreement by a readjustment of the 
parameters (e.g., a stronger tensor force). 

However, it became apparent in the course of the calculations 
that the Jastrow model could be extremely sensitive to kinematic 
relativistic effects that have been ignored on the grounds that 
they should be only of the order of »2/c?=82=0.113 in the zero- 
momentum system. In the above calculations the wave number & 
is taken to be half the relative momentum in the zero-momentum 
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Fic. 1 
predicted by the c hristian-Noyes potential, and by the Jastrow 
with two interpretations of the reduced mass yu. 


system, i.e., #=7282M%?/h®?=MT>/2h, where y=1/(1—)! 
=(M2+T>)/Mc? and y-=[(vo+1)/2]}4, which agrees with the 
nonrelativistic definition if one takes 7>=240 Mev rather than 
T o=Mo/2; the reduced mass in the term 2uV(r)/h* is taken as 
u=M/2. But if the reduced mass is interpreted instead as one-half 
the relative momentum divided by the relative velocity, i.e., 
= YcBe/Bo=1.18247M/2, the resultant phase shifts and angular 
distributions are completely different from the nonrelativistic 
results (see column III of Table I and curve III of Fig. 1).* This 
is because the phase shift due to the repulsive core is unaltered 
while that due to the attractive well is changed (in the § wave case 
by about 20 percent) so that in this energy region where the two 
effects nearly cancel, the net change can be extremely large. While 
there is no particular theoretical justification for this choice of y, 
it is clear that even replacing uw by the effective mass y.M/2 
= 1,06203M/2 would give qualitatively different results. Conse- 
quently, it would seem pointless to make any refinements on the 
Jastow parameters without also attempting a correct relativistic 
treatment of the problem, including dynamic as well as kinematic 
effects. This is clearly true a fortiori at higher energies than 240 
Mev. 

* Work performed under the auspices of the AEC 

1L. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952) 

2K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950) 

3R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 

4P. Jastrow, Phys. Rev. 81, 165 (1951). 

80. A. Towler, Jr., Phys. Rev. 84, 1262 (1951) 

¢ The triplet quantities Ai, Bi ™. used in the calcuiation of curve III 
vee Gane by multiplying corresponding quantities for curve II by 


(1950) 
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Limit on Repulsive Core from 100-Mev 
Deuteron Photoeffect 
N. AUSTERN* 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received October 6, 1952) 


N view of the present interest in respulsive core nuclear 
potentials, it seems worthwhile to try to estimate the effects 
which would be produced in deuteron photodisintegration by a 
repulsive core potential for the ground state, merely computing 
for this the dominating electric dipole term. Comparison with 
older calculations of the same type,' which do not assume repulsive 
cores, show that the core tends to depress the cross section at very 
high energies, reducing it even further below the very high energy 
experimental data.? On the other hand, at energies of the order of 
100 Mev the core causes an increase in the cross section, an 
increase which does not depend on the specific shape which may 
be assumed for the repulsion, and which might be used to set a 
rough upper bound on the permissible core radius in the ground 
state. 
A simple form of “radial” wave function for the deuteron S 
wave, corresponding to infinite repulsion for radii less than R, is 


r<R, 
r>R. 


u=0, 


1 
u=Ne-{1—e Fr-®)}, ”) 


The requirement that this wave function yield a correct value for 
the effective range, 


room 2 1 { 


forces & to increase rapidly as R becomes at all large. As é, con- 
sequence, the inclusion of a repulsive core actually makes the 
attractive part of the nuclear potential shorter tailed, and the 
wave function rises to its asymptotic form ¢~7* at smaller r 
than when R=0. This behavior is characteristic of the introduction 
and is independent of the exact type of core 


et1r— N-%2} dr, 


of a repulsive core,’ 
which may be used. 

As the outer parts of the wave function are most effective in 
photodisintegration, an increase of & will lead to an increase of the 
photo cross section, the same effect which leads the square well 
curves of reference 1 to lie above their Hulthén curves. But this 
happens in a limited energy range. At very low energies the cross 
section is completely independent of the shape of the potential, 
and is given by Bethe and Longmire‘ as a simple renormalization 
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of the Bethe-Peierls cross section. It is only toward sufficiently 
high energy that the final state wave function can “see’’ details 
of the ground-state function. But too high energies must also be 
avoided, for even if the model retained meaning, the effect which 
is of interest would be masked by more specific effects of the core 
and by the onset of meson exchange effects. 

Figure 1 shows the ratios of the photoelectric cross sections, for 
cores of various radii, to the simple phenomenological cross section 
which is computed! for the Hulthén wave function, «= Ne~7’ 
x (1—e §). The experimental points of Benedict and Woodward*® 
are included on this graph, the only ones thus far obtained in the 
interesting energy region. The calculations were performed ac 
cording to the same procedure as in reference 1, using free P 
waves in the final state (implying a “Serber potential”) and with 
the ground-state wave function of Eq. (1). Calculations with 
another core shape are essentially in agreement with these. 

It is clear that the 100-Mey effect remains slight until the core 
becomes of quite large radius. The experimental] points indicate, 
as mentioned earlier, that the repulsive core is incapable of yielding 
the large experimental cross section at very high energy. A ground 
state core of radius as large as 0.8X10~'% cm seems unlikely, 
although the present data do not permit setting any smaller 
upper limit on the core radius. It does not seem unreasonable to 
suggest that the specific effects which dominate the very high 
energy photodisintegration might become sufficiently weak 
towards low energy that experiments in the range 50-100 Mev 
might give interesting information about any ground-state core. 

I am grateful to Dr. E. E. Salpeter and Dr. S. T. Butler for 


interesting conversations concerning this work. 
Postdoctoral Fellow 
| Phys. Rev. 78, 733 (1950); J. F. Marshall and E. Guth 
Phys. Rev. 78, 738 (1950). 
?S. Kikuchi, Phys. Rev. 85, 1062 (1952); 
Rev. 85, 766 (1952); R. Littauer and J 
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81, 165 (1951) 
Rev. 77, 647 (1950). 
Rev. 85, 924 (1952 
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The S Wave in Pion-Nucleon Scattering 
R. E, MARSHAK 
University of Rochester, Rochester, New York 
Received October 14, 1952) 


EASUREMENTS of the angular distribution of positive 
and negative pions scattered by protons have been ana 
lyzed on the basis of the charge-independence hypothesis.' At 135 
Mev, the S phase shift 6 for the } isotopic spin state? turns out to 
be +25°; at 110 Mev 6=+15°. Recently, the positive pion cross 
section has been measured at 78 Mev and is matched by 6= +5.8°. 
Comparison of the S phase shifts with the P phase shifts? at these 
three energies exhibits a more rapid decrease of the former with 
decreasing energy than the latter, a feature which is contrary to 
expectation for a monotonic potential. Moreover, while the errors 
assigned to the phase shifts are large (+5°), there is a definite 
indication that the S phase will vanish somewhere in the region of 
30-50 Mev. But 6 cannot stay close to zero at lower energies, 
because the experiment of Panofsky e¢ al.‘ on the absorption of 
slow negative pions by hydrogen requires a finite slope of the 6 vs & 
curve (& is the wave number) at zero energy.® 
It is the purpose of this note to point out that the observations 
can be explained by postulating that at least in the S state an 
effective attractive potential with a repulsive core exists between 
the two members of the pion-nucleon system. Qualitatively, it is 
clear that such a potential® possesses the desired properties; the 
attractive part leads to positive values of 5 at low energies (and to 
a positive slope of the 6 vs & curve at zeroenergy), and the repulsive 
core gives rise to negative values of 4 at sufficiently high energies 
(and therefore to a crossover at some intermediate energy Eo with 
respect to which the negative 6’s will exhibit a rapid variation). A 
quantitative fit has been attempted with two shapes which allow 
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analytic solutions, 
Vir) = Vo, 


=0, 


127%; 
r2r,tPo. 


Square well: (1) 


Exponential well: V(r) = Voge" r2ro. (2) 
In both (1) and (2), ro is the width of the repulsive core which is 
treated as infinitely high. In each case, the three parameters ro, 
Vo, and r, were varied to fit (within the experimental errors) the 
slope at the origin and the 4’s at 78, 110, and 135 Mev. The Klein 
Gordan equation was employed for the pion and the finite mass 
of the nucleon was taken into account. Some characteristic results 
are shown in Fig. 1; the experimental data are plotted with their 








0 


Fic. 1. S phase shifts as a function of cp(p =Ak). The line represents the 
slope derived from reference 4 (the dotted lines show the limits of error 
The points reprevent the 4's (with their errors) 


errors and the curves correspond to the sets of parameters listed 
in Table I. 

Examination of Fig. 1 and Table I shows how a fit can be 
obtained with widely different values of Vo and rather comparable 
values of ro and r, [see (a) and (b), (c) and (d)]; on the other 
hand, once V4 is fixed, the computed curves are sensitive to the 
choice of ro and r, [see (d) and (e)]. While a fit is possible for a 
square well, it is evident that the exponential well leads to more 
reasonable sets of parameters. Acceptable fits have been achieved 
with sets of parameters other than those listed in Table I, and it 
is certain that other potential shapes (e.g., the Yukawa well) will 
match the present experimental data within their rather large 
errors. 

Despite the nonunique solution available at present, it is pos- 
sible to draw several conclusions from our hypothesis of a Jastrow 
type potential: (1) 6 should change sign for Eo ~30-50 Mev, (2) 
the maximum value of 6 below Ey should be ~5°, (3) if an effective 
potential with a repulsive core (not necessarily the same as for the 
S state) operates for the P states of the pion-nucleus system, the 
crossover energies for the isotopic spin } P phase shifts should be 
higher than for 5, (4) as a consequence of (3), there should be a 
forward maximum in the scattering cross section below Ey and a 
backward maximum between £, and the P phase shift crossovers, 
and (5) the differential cross section should be symmetric about 
90° in the barycentric system at Eo. The last two conclusions can 
be tested directly by experiment.’ : 

Since the above calculations were performed, Drell and Henley* 
have shown that the PS(PS) pion-nucleon interaction Hamil 
tonian can be rewritten in a form which contains a term corre- 
sponding to an S state repulsive core of short range plus terms 
which favor P emission of pions. The S$ term is quadratic in the 
pion wave function and is therefore representable by a potential, 
or the curves of Fig. 1 


TABLE I. Parameters f 


r(10-8 cm 
a) Square 100 0.95 1.50 
(b) Square 300 1.15 0.95 
c) Exponential 187.5 0.6 0.6 
(d) Exponential 280 0.75 0.6 
(e) Exponential 280 0.6 0.6 


Curve Well Vo( Mev) ro(10-% om 
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whereas the chief P term is linear and therefore does not readily 
lend itself to a potential description. Our phenomenological calcu- 
lations seem to lend some support to the Drell-Henley treatment 
of pion-nucleon scattering. 

Thanks are due Richard Grover and Edith Halbert for assistance 
with the computations. This work was supported by the AEC. 


1 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952). 

? The sign of 4 is left undetermined by the analysis of reference 1; more 
over, the S phase shift associated with the } isotopic spin state of the pion 
nucleon system appears to be much smaller than 4 and is therefore neglected 
for the purposes of our discussion. 

>. Fermi, private communication. In a very recent communication 
Professor —_ has listed the 5's as: +21° at 135 Mev, +13° at 113 Mev, 
+6° at 78 } These new values do not alter the qualitative conclusion 
deduced on the basis of the old values. 

‘ Panofsky, Aamodt, and Hadley, Phys. Rev 
of the slope is left undetermined. 

Anderson and E. Fermi, Phys. Rev. 
wit "Revs. Modern Phys. 23, 137 (1952). 

* Introduced by R. Jastrow [Phys. Rev. 81, 165 
energy nucleon-nucleon scattering. 

7 In testing (4) and (5S) it may be necessary to correct for Coulomb effects 
[see L. Van Hove, Phys. Rev. (to be published) | . 

*S. Drell and E. Henley, Phys. Rev. 88, 1053 (1952). In this paper the 
repulsive core term actually does not contribute to charge exchange scatter 
ing. See also G. Wentzel, Phys. Rev. 86, 802 (19. 


81, 565 (1951); 
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Magnetostriction of Single Crystals of Cobalt and 
Nickel Ferrites 
R. M. BozortH anp J. G. WALKER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 20, 1952) 


A‘ unusualy large magnetostrictive contraction Al/]=—540 
X 10~* has been observed in the [100] direction in a crystal 
of cobalt ferrite having the approximate composition correspond- 
ing to Coo.sFes.,O4. After cooling the crystal in a magnetic field, 
we observed Al/]= —720X 10~*. 

The crystal was obtained from Dr. G. W. Clark of Linde Air 
Products Company. A disk was cut parallel to the (001) plane 
with dimensions 0.57X0.19 cm, and strain gauges' were set to 
measure the changes in length parallel to [100] and [110] direc- 
tions. Fields up to 5000 oersteds were applied successively parallel 
and perpendicular to each gauge. The longitudinal and transverse 
changes so measured are shown in Fig. 1(a), where they are 
plotted against the applied field. 

Similar data were taken for specimens cut from two crystals 
of nickel ferrite (Nio.7Fe2.20,), one cut parallel to (001) as de- 
scribed above, and the other cut parallel to (011), the gauges in 
the latter case being set parallel to [100] and [111] directions. 
Results are shown in Fig. 1(b). 

Definite saturation is obtained in all cases except in the [110] 
direction in the cobalt ferrite. The magnetostriction constants 
obtained for cobalt ferrite are Ayoo=—515X10~* and Aywi=45 
<10~*, if we use the two-constant formula. The data for nickel 
ferrite are not entirely compatable with this formula, but we find 
approximately Aioo=—36X10™*, Awi=—4xX10-%; however, 
results for the two sets of data for the material are self-consistent 
if we use three constants? 4=—54X10*, h,=—4x10"*, 
hs= —54X10-*. The differences in the four curves for the [100] 
direction in Fig. 1(b) are attributed to differences in initial 
domain distributions in the two specimens. The broken lines show 
the values of magnetostriction at saturation calculated for speci- 
mens having domains distributed equally among the directions of 
easy magnetization in the demagnetized state. 

The value of A190= —515X 10~* for cobalt ferrite is considerably 
higher than that reported for any other material, as far as the 
writers are aware. The previous high values of magnetostriction 
have been reported in a polycrystalline iron-cobalt-vanadium 
alloy,* and in polycrystalline cobalt ferrite.‘ In the single crystal 
the ratio |A1o0/Aiu| is large, namely 11. This, combined with a 
slight misalignment of the gauges, may account for the peculiar 
shape and lack of saturation of the [110] curves. 

After obtaining the data given above, the crystal was cooled 
from 400°C to room temperature in a magnetic field of 10,000 
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Ni ferrites, plotted against the applied field strength 
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oersteds. The magnetostriction, measured in the [100] direction 
perpendicular to the field H; present during the cooling, was 
—710X 10~*. That measured parallel to H, was about +70x 10~* 
A preliminary measurement of the magnetic crystal anisotropy 
constant yielded K = —1.7< 10° 


M E. Goldman and R. Smoluchowski, Phys. Rev. 75, 140 (1949). 
M. Bozorth, sezrememnetion (D. Van Nostrand and Company, 

New York, 1951), 

cE a a. Appl. Phys. 21, 879 (1950)] observed 130 X10~* in a 
cold-rolled ta 

*Guillaud. Veutler, and Medvedieff [Compt. rend. 230, 60 (1950)] ob 
served —200 X10~* in an “oriented” polycrystalline specimen (Vectolite), 
and this was confirmed by L. Weil [Compt. rend. 234, 1351 (1952)] 
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Clausius-Mosotti Equation for Anisotropic 
Crystals* 
Hans J. NEUGEBAUER 


Eaton Electronics Research Laboratory, McGill University, 
(Received August 21, 1952) 


Montreal, Canada 


HE well-known Clausius-Mosotti equation, 3(e—1)/(e+2) 
=4raN, exhibits a relation between the dielectric constant 
¢ of an isotropic substance, the polarizability @ of its particles, and 
the number N of particles per unit volume. The equation can be 
generalized in such a way as to be applicable to anisotropic 
crystals 
Such directions are chosen for the coordinates x, y, z that the 
tensor of dielectric constant reduces to the diagonal e,, €,, ¢. The 
tensor of polarizability of a particle is azz, a@zy, ***@zz. Then the 
Clausius-Mosotti equation can be written in two ways: 
3(e2—1)/(e,+2) =40B,N, (1) 
P ot? et? 9 (2) 
+ — =, 
é:—1 g—-1 e-1 4eNA 


x can be replaced by y or z. The meaning of the symbols is 


éz+2 


In (1) : 


= 1. t (QtyyQe ay) 


| 
ik\, 
2 


= (tr rQtyy + Orr Oss + Oty y Ors — Ozy?— Oz? — Oty”) / | avi - 


Zur 3xx’r_ *) can be computed if the structure of the 
crystal is known. r¢ is the distance of the &th particle from one 
X,=7 COS(K, UT). 


and sufficient condition for a dielectric 


selected partic le, 
The necessary to be 
isotropic is A,=0 
*This research forms part of a project on microwave optics that is 
supported at McGill University by the United States Air Force through its 
Cambridge Research Center 


Electronic Structure of the Diamond Crystal 


FRANK HERMAN 
Department of Physics, Columbia University, New York, New York, and 
David Sarnoff Research Center, RCA Laboratories, 
Princeton, New Jersey 
(Received October 6, 1952) 


HE author has investigated the energy band structure of 

diamond by means of Herring’s orthogonalized plane wave 
method.’ Some features of the present solution, shown in Fig. 1, 
differ significantly from previous results.?~* 

The three lowest conduction bands are degenerate (state I’,5) 
at the central point of the Brillouin zone (k=000). Calculations 
based on the cellular method** and on the tight-binding approxi- 
indicate a nondegenerate lowest conduction band 
‘) at k=000. Of the four valence bands, three are 


mation* § 
(eigenstate I’; 





ENERGY (RYOBERGS) 











REDUCED WAVE VECTOR K- 


Fic Schematic of energy bands of diamond crystal in 100 and 111 
directions. The notation follows references 11 and 12; for example, the 
symbol 31s indicates a threefold degenerate state of symmetry type Is. 
The curves have horizontal slopes at points marked ©. Solutions at 
2*(100)/a and at w(111)/e are known with less precision than those at 
(000) 
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degenerate (state Iss’) and have negative curvature at k=000. 
This agrees with Morita’s result ;‘ other investigators* * found two 
of these bands to have zero curvature. One of the three lowest 
conduction bands has negative curvature at k=000 in certain 
crystallographic directions (e.g., 100) due to the perturbing effect 
of the I; conduction band. The uppermost valence bands have 
greater negative curvature in these directions. Thus, it appears 
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eigenvalues for reduced wave vector 
k= 000. “Symmetry types Iss’ and I's are orthogonal to the core states; 
the types I: and I's’ must be orthogonalized to the core states The symbol 
m,n indicates that an mth order secular determinant yields the eigensolu- 
tion, which contains n plane wave terms. 


Fi Convergence of energy 


likely that the minimum separation between valence and conduc- 
tion bands occurs at k=000. 

That the lowest conduction bands of diamond are degenerate 
and have nonspherical energy surfaces is particularly interesting 
in view of ingenious attempts*? to account for the large anisotropic 
magneto resistance and the anomalous mobility effects observed in 
germanium. The first effect is interpreted in terms of nonspherical 
energy surfaces at the bottom of the lowest conduction band, and 
the second, by postulating that they are re-entrant. Degeneracy 
is sufficient to account for the former and is necessary for the 
latter. An investigation of the germanium crystal, just completed, 
indicates an energy band structure similar to that of diamond. The 
results will be submitted for publication shortly, as will a more 
detailed account of the diamond analysis. 

The method of orthogonalized plane waves, successfully applied 
to metallic beryllium’ and lithium,” appears to be suitable for 
diamond-type crystals as well. The precision of the method is 
dependent upon (1) the accuracy of the assumed potential, (2) the 
accuracy of the assumed core eigenstates, and (3) the number of 
terms admitted to the Fourier representations of the crystal 
wave functions. The Rayleigh-Ritz variational method is used to 
determine the crystal eigensolutions. Group theory is employed 
to simplify the computations." # 

The present solution appears to be more reliable than previous 
investigations: cellular studies,+*" though useful qualitatively, 
are unsatisfactory quantitatively; the approximation of tight 
binding*® is inappropriate for valence and conduction states. 

The Coulomb potential and the core eigenstates were obtained 
from a crystal model consisting of isolated carbon atoms in the 
(1s)*(2s)"(2p)3 &S, state’ arranged in the form of a diamond lattice. 
Slater’s free-electron approximation was used to represent the 
exchange potential. The orthogonalization procedure hastened 
convergence, as is shown in Fig. 2. The eigensolutions automati- 
cally orthogonal to the core states approached stable forms slowly 
as terms were added to the Fourier expansions; the others con- 
verged more rapidly, but not so rapidly as corresponding metallic 
solutions.*~” The high order secular equations were solved with 
the aid of IBM calculating machines at the Watson Scientific 
Computing Laboratory at Columbia University. 

The energy gap remains close to 6 ev over a wide range of 
solutions. Fluctuations about this value are no longer than uncer- 
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tainties in the assumed potential. Measurements":'* of the ultra- 
violet absorption of diamond indicate an energy gap of at least 
5.5 ev. The calculated width of the valence band 22 ev is con- 
sistent with interpretations” of soft x-ray emission spectra from 
diamond. 

The author wishes to express his appreciation to Professor H. M. 
Foley of Columbia University, Dr. C. Herring of Bell Telephone 
Laboratories, and Dr. D. O. North and Dr. A. R. Moore of the 
RCA Laboratories for stimulating discussions and valuable 
guidance. The author is grateful to Dr. I. Wolff and Mr. E. W. 
Herold of the RCA Laboratories for their continued interest and 
encouragement. 
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Bound States and the Interaction Representation 


S. T. Ma 
National Research Council of Canada, Ottawa, Canada 
(Received October 6, 1952) 
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N a recent article! the temporal development of the state 
vectors of the free and bound states has been derived from 
the time-independent formulation of quantum theory. According 
to this mathematical treatment the transformation operator 
W ,(t) is non-unitary. On the other hand, it has been observed in 
Sec. IV of reference 1 that application of an iteration process leads 
to the conclusion that W,(¢) is unitary. In the present note we 
shall clarify this apparent inconsistency. 
From Eqs. (53) and (36) of reference 1 we see that the integral 
equations, 


x(y=1-f" CA), XC), 


w=-if", (HW), re)Me, 


are satisfied by 


X®)=W.OW sO = {¥rOvaloda, (3) 
Y¥() =z, ¥.(0¥,'(. (4) 
However, Eqs. (1) and (2) have also the solutions 
X(t) =1, (5) 
Y(t) =0. (6) 


The iteration process described in Sec. IV of reference 1 leads to 
Eqs. (5) and (6), but not to Eqs. (3) and (4). One cannot, there- 
fore, draw any conclusion about the product W.()W,'(0) by 
means of the iteration process we have considered. 

The fact that iteration of Eqs. (1) and (2) does not lead to the 
solutions given by Eqs. (3) and (4) indicates that these solutions 
cannot be expanded into power series that satisfy the convergence 
requirements for the validity of the iteration process. Consider, for 
example, the wave functions ¥,(p) of the bound states of the hydro- 
gen atom in the momentum representation. These wave functions 
contain the factors [(map/h)?+1]+, where n=1, 2,---, a= h?/me?, 
and p= |p|. Expansion of ¥,(p) in powers of ¢ involves the power- 


THE EDITOR 


series expansion 
[1+(h nap)*] t= 1—(h/nap)*+---, 


which diverges when p<h/na. Similarly, the power-series ex- 
pansion of the sum 2, ¥,(p)¥,*(p’) diverges for small p and ’. 


'S T. Ma, Phys. Rev. 87, 652 (1952) 


Charge Independence and Multiple Pion 
Production* 
L. Van Hovet anp R. MarsHak, 
University of Rochester, Rochester, New York 
AND 
A. Pats, Institute for Advanced Study, Princeton, New Jersey 
(Received October 9, 1952) 


EVERAL authors have recently discussed the role of charge 

independence in processes involving pions and nucleons.' We 
have explored the consequences of charge independence for mul- 
tiple pion products in nucleon-nucleon and in pion-nucleon col- 
lisions. Before presenting our results,* we wish to call attention to 
a point which has been overlooked in previous treatments of single 
pion production in nucleon-nucleon collisions and Jeads to an 
additional] relation among the differential cross sections. 

Let us denote by o(v:»r->»;'v2'x*) the differential cross section 
for the production of a pion x‘(i=+, --, 0) in a collision of two 
nucleons »; and vz (v= p or m), which are transformed into two 
nucleons »;' and v2'(v'= or m), respectively. As the differential 
cross section refers the direction of motion of the outgoing pion 
to the direction of motion of the incident nucleons, and as all 
nucleon charges are specified, it follows that in general 
o(vwe>r;'v'e') is distinct from o@(vr;->'v2'x*) [or from 
o(v\vz->v2'v;'x") ] if the initial (or final) nucleons have different 
charges. If charge symmetry is taken into account, the number of 
distinct differential ross sections for single pion production 
reduces to seven which can be written in the form: 

a(np—>nnet) = | Fo/\/6—F,'/2|?2, 

a(np—-npr®) = | Fo/2v3+F;/2\? 

o(np—>pnw®) = | Fo/2vV3—F,/2\?%, 

o(pn—>nnw*) = | Fo/\/6+F;'/2/?, 

o(pp—>npat)= | F\/v2+F)’ 

a(pp—pnx*) = | —F,/v2+F;'/2|? 

a(pp—>ppr®) = | F,'/v2|?, 
where Fo is the isotopic singlet amplitude and F;, Fy’ are the two 
isotopic triplet amplitudes. Thus, the seven cross sections depend 
on the three absolute values and the two relative phases of these 
amplitudes. Hence, there exist two relations among the o’s as a 
consequence of charge independence. One of these is linear: 

o1* +03 =2(02*+04); (1) 

the other is essentially a phase relationship : 
2[(o3* 20 (o1*—os)os}*) 


[(o1*—o4)(os*—o.) }#}. (2) 


os)o4 4} +cos'{o, 
=cos '{a2 


cos” {a3 


Here we have set 
o> =a(np—-nnar*)+a(pn—nnr*), 
ox =a(np—-npr)+o(np—>pnr’), 
o3* =a(pp—>pnx*)+o(pp—npr*), 
oyv=a(pp—ppr*). 

Relation (2) can only be obtained by distinguishing between 
a(np—>nnx*) and o(pn—>nnx*), etc. Messiah! [see his Eq. (10)] 
and Luttinger! [see his Eq. (2) ] do not make this distinction, so 
that their relation is only valid in so far as total cross sections are 
concerned. 

The above considerations can be generalized to multiple pion 
production in nucleon-nucleon collisions; as the number & of pions 
increases, both the number 5S; of distinct cross sections (in the 
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and the minimum number R;, of relations resulting 
It can be shown that 


above Sense 


from charge independence increase rapidly. 
Mat Tesit Maye, 
R Tegan Wage Aheg —(5 2ie+1, 


I, rif. (1+ 2 cosg)*d¢. 


Se~Ry~k 13. Thus, for k= 2, 


nteresting 


For R.=7; one relation 


$ particular 


large R 


+a(np—-nprr®)+oa(np—pnrr®) | 
+ol(pp—nprn*)+a(pp—>pnx*r®) 
+oa(np—-ppr-x)+a(np—-ppr'r) 
a(np—nne *x*)-+o(np-onna?n*) ]—2[o(pp—-ppx*e ) 
tal pp—-ppar-m*)+-a( pp—nnatxt)+a(nponprt® 
ta(np—-npr r*)+oa(np—>pnaxtx-)+o(np—+pnx xt) ]=0, (3) 
vhere the notation is an obvious generalization of the single pion 
If one now introduces the following numbers for the 


4a pp 


+ Dp—>n par * x 


>ppr'n 


a(pp—>pnar'x* 


notation 


2 production reactions 

V4, 0% (N 4, 0) ppt (Ns 
where, ¢.8., (N4)pp is the average number of positive pions pro 
duced in a pp collision in which two pions are emitted with given 
the other quantities are likewise defined). One easily 


,0/nps 


direction 
finds from (3 

Ni+N_=2No, (4) 
which is a special case of Watson’s' general relation. One can 
start with Watson’s relation which holds for an arbitrary number 
of pions and reverse the argument to obtain the generalization of 
Eq. (3) for an arbitrary pion multiplicity.* 

The consequences of charge independence for multiple pion 
pion-nucleon collisions have also been examined ? 
some of the relations cannot be tested experi 
because they involve cross sections referring to an 
incident #®. An illustration of the latter type of relationship which 
t of the 


production 

unfortunately 
mentally 
idepende pion multiplicity is 


isi 
a(a*p)+oal(e~p)=20(x°p), (5 
denotes the sum of all cross sections corresponding 
produced by a pion * incident on a 
proton. Secondly, considering x— p collisions of given — 
relation (4) again holds true provided one defines NV , 
+ (N 4) e+ (A 
When s only one final pion (i.e., pion scattering by a 
proto 4) and (5) are the only relations which follow from 
lence and actually reduce to one, namely Heitler’s! 
ause of charge symmetry and detailed balancing. 
Ry= lkya- Hase—(5 Q2lesitl, Re (re- 
ferring to an incoming w* only) =Je43— 3ley2—3legi— Wet 1 
rhus, R,.=6, Rs**=1, whereas asymptotically Ry~Re*~kV. 
if the further assumption is made that the pion 
nucleon interaction is restricted to the state of total isotopic spin 
ver of relations involving only incident charged pions 
for example, Eq. (5) is replaced in this 


vhere o(9 


t fied multiplicity 


oO a Spec 


+/pwt 
pro, el 
there 


charge indepet 
relation, be 


For & final pians 


Ot course, 


} ‘the num 
. , ) 
IS greatly ncreased 
approx nator 


= ja(r°p)=o(x~p), (6) 


jo(x* p) 


while a al relations hold for specific multiplicity, such as 


x m’)+o\pr —> pron 7} 
=a(pr ona’ nr )+a( pr —-nx 4*)+40( pr nr x) 
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pion production in nucleon-nucleon collisions when the nucleons emerge as 
a deuteron. See reference 2. 
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Lower Limits for Interaction Times 
in Photon Scattering Processes 
E. Gora 
Providence College, Providence, Rhode Island 
(Received September 30, 1952) 


N a semi-classical treatment of the scattering of light by charged 

particles a switching-on function was used to avoid the ap 
pearance of “run-away” radiation reaction terms.’ A consistent 
formulation appeared to be possible only if the duration of the 
interaction, the “interaction time,” exceeded a lower limit. 
Recently, several authors* suggested that it might be necessary 
to use switching-on functions also in quantum theory. A tentative 
way of doing this, which leads to a confirmation of the semi- 
classical conclusions concerning interaction times, is to multiply 
the matrix elements Ho for transitions from the initial state in 
the equations of the time dependent perturbation theory by a 
switching-on function f. In solving these equations, we retain the 
terms of lowest order containing time derivatives of f. Apart from 
this we follow the usual procedure and obtain for second-order 
processes* 


bo=(i/4n) f d2(fatift+ifar—fTs) -by, a 


where 
Hato 
(E ioe Ey)? 


Hy =4) 


sy Aut 
” BiB’ 


> 
~ 


4 


{s Hallie 5 Hruiro 
Ei-Er (Eu- 

> denotes summation over the intermediate states I, II; and Sr 
summation and averaging over the directions of spin and polari- 
zation in the final state. A represents a frequency shift, and I 
a damping coefficient; A;, I’; are dimensionless. 

The well-known formulas for scattering cross sections and self- 
energy effects follow from Eq. (1) if 


(ri, of wK(f)w1, (3) 


s Aen Ain) 


l= 9Srppr 


where 
(4a) 
(4b) 


Using f=1—exp(—at), we evaluate these averages for the 
time interval between ¢=0 and the interaction time ¢. It appears 
that condition (3) will be fulfilled if 1/a<«#, and 11, 2<#. The times 
71, T2 are thus seen to represent lower limits for the interaction 
time of processes for which the formulas of the quantum theory 
of radiation are known to be approximately valid. 

For scattering of photons by electrons initially at 
evaluate Eqs. (2) in the usual way and obtain from Eqs. (4) 


=A,/T, 


r2=T/A 


rest, we 


= sy ko? pl(ko+k) 
na(Z CR (Ro+h)?+ hok(1 +22) 
ro l+x k® (ko—k)?+hok(1+2 


~¢@ 2 ket plhorh) 


plRo+k) 


where ro=e?/mc*?, and x is the cosine of the scattering angle 
Except for k/u=7>137 and small scattering angles, rx<7r;. We 
shall thus, at present, consider 7; only. 

In the extreme relativistic case (y>>1) in which we are primarily 
interested, 7, is largest for xX¥—1: 11 max4yr70, tTo= h*®/me*c. 
The extreme relativistic average of 7; is 2yro/In(2y). These results 
confirm the conclusion arrived at in the semi-classical theory that 
a lower limit for interaction time of the order of magnitude yr» 
should be taken into consideration. 

The same method can be used to investigate the validity of 
quantum theoretical formulas for higher order processes. For 
extreme relativistic photon-photon scattering a rough estimate 
leads to the order of magnitude yro with ro= (hc/e*)*(ro/c) 3.3 
< 10715 sec for the lower limit of the interaction time. The coin 
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cidence of this order of magnitude with the observed lifetime of a 
neutral meson decaying into two photons could be accidental; 
still, it suggests the possibility of some connection between the 
apparent lifetime of unstable particles and a finite duration of the 
interaction between the particles which take part in the pro- 
duction and decay processes. 

' E. Gora, Phys. Rev. 84, 1119 (1951) 

? B. Ferretti, Nuovo cimento 8, 108 (1951); F. J. Dyson, Phys. Rev. 83, 
608 (1951); H. S. Snyder, Phys. Rev. 83, 1154 (1951). 


‘For the notation used, see W. Heitler, Quantum Theory of Radiation 
(Clarendon Press, Oxford, 1944), second edition, Chap. III, p 


Mass of K*°t 
Water H. Jonnson, Jr 
Department of Physics, University of Minnesota, Minneapolis 
(Received October 14, 1952) 


Minnesota 


HE determination of a decay scheme for K“ depends upon 

the magnitudes of the gamma- and beta-ray energies. In 

the past, a number of somewhat widely varying values have been 
reported. These varying values lead to an uncertainty in the decay 
scheme. Recent experiments suggest that a decay scheme having 
K* decay to Ca® by a beta-decay, and to A” by a K capture 
followed by a gamma-ray emission is correct. In order to sub- 
stantiate this conclusion, I have measured the inasses of K”, A“, 
and Ca® employing a double-focusing mass spectrometer.' The 
total energy differences between the three nuclides, found from the 
masses, can be compared with the beta- and gamma-ray energies. 

A sample of potassium containing 7.74 percent of K“, obtained 
from the Electromagnetic Separation Plant in Oak Ridge, Ten 
nessee, on allocation from the Isotope Division, U. S. Atomic 
Energy Commission, was used as a source of potassium ions. In 
earlier determinations of the masses of A® and Ca”, the hydro- 
carbon fragment (C’);(H"), was used as a comparison peak. This 
it not a good fragment to use because of the large (C).C'*(H!),; 
unresolved satellite. While correction has been made for this, it is 
a possible source of error. In the present work, this difficulty has 
been eliminated by employing the fragment (C"),O"* from acetic 
acid. Normal calcium metal was used as a source of Ca“ ions. 

In this experiment, a run consisted of eight CO—A® traces, 
ten C,O—K™* traces, and then eight more C:O— A“ traces. From 
each run, the C,0—K® result was compared with an average of 
the two C,O—A® results to obtain the mass difference of the 
K“—A* doublet. In a similar manner, the doublet Ca®—A® was 
determined. This method had to be employed because the K®, 
A, and Ca® ion peaks were not resolved in the mass spec- 
trometer 

In the case of the potassium runs, a small correction had to be 
made because of the unresolved residual A* peak, while in the 
calcium runs, because of the much larger beam current, no cor- 
rection for residual A was necessary. A small calcium impurity 
found in the spectroscopic analysis of the K® sample could cause 
a low K*®—A* result. Because of peak shape consistencies, this 
error was believed to be less than 10 percent of the K®—-A® 
difference. 

The weighted averages of four calcium-argon runs for the 
doublets C,O— A, C,0—Ca®, and Ca®— A® yield 32.75640.010, 
32.557+0.009, and 0.201+0.015 millimass units, respectively. The 
averages of five potassium-argon runs for the doublets C,O—A®, 
C,O—K*®, and K®—A®* yield 32.7354+0.024, 31.140+0.081, and 
1.595+0.071 mMU, respectively. The masses of the three nuclides 
may be calculated using C” to be 12.003842+4! and O"* to be 
exactly 16 atomic mass units. The masses of K®, Ca, and A® 
are then 39.97654+8, 39.975127+11, and 39.974940+15 aMU, 
respectively. The argon mass is determined from a weighted 
average of all the argon data. The disagreement between the Ca” 
and A*® masses reported here and those previously reported* may 
be attributed to several improvements in the instrument and to 
the elimination of the large C* correction, necessary in the previous 
work, 
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From the masses, the total energies for the decay of K® to Ca” 
and A® are 1.30+0.07 and 1.49+0.07 Mev, respectively. The 
energy released in the decay to Ca agrees well with the most 
recent beta end-point determinations which gave energies of 
1.40+0.03,* 1.36+0.05,* 1.28+0.03,5 and 1.32540.015* Mev. 
The result disagrees with earlier determinations which in several 
cases gave values higher than 1.45 Mev.”* Two of the earlier 
determinations which gave lower values were 1.3 * and 1.35 Mev. 
Several recent determinations of the gamma-ray energy for the K*® 
decay gave values of 1.47+0.03," 1.462+0.01," and 1.459+0.007" 
Mev. Because the gamma-ray energy is greater than the total 
energy available in the decay to Ca, it must be associated with 
the decay to A“, as is true in the presently accepted decay scheme. 

I wish to thank Dr. A. O. Nier and Dr. T. L. Collins for their 
valuable assistance and advice 

t Research supported by joint programs of ONR and AEC 
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Angular Distribution of Neutrons of the 
d-d Reaction 


Paut Baker, Jr., AnD ARTHUR WALTNER* 
North Carolina State College, Raleigh, North Carolina 
(Received October 6, 1952) 


E have recently measured the angular distribution of 

neutrons from the H*(d,s)He* reaction using 50-kev 
incident deuterons. The deuteron beam was furnished by a radio 
frequency ion source of the type described by Moak eé al.! and 
was focused on a deuterium target prepared by bombarding to 
saturation a thin copper plate. The diameter of the deuterium 
spot on the copper plate was approximately 3.5 mm. 

Seven Ilford C-2 nuclear plates with emulsions 100 microns 
thick were positioned radially around the target at laboratory 
angles of 15°, 30°, 75°, 90°, 105°, 120°, and 135° with the deuteron 
beam. The plates were exposed to the neutron flux for forty hours 
To discriminate against proton-recoil tracks caused by neutrons 
scattered on the plates by surrounding material, only those tracks 
whose visible horizontal projection was equal to or greater than 
40 microns and whose angle with the neutron beam was equal to 
or less than sin~' 0.4 were counted. The entire thickness of the 
emulsion was examined for each field of view. Five traverses, each 
2 cm long, which were made across an unexposed background plate 
revealed only one acceptable track ; consequently, background cor- 
rections were not considered necessary. 

It is customary in angular distribution experiments to analyze 
the results so as to determine the values of asymmetry coefficients 
At low deuteron bombarding energies, this amounts to selecting 
that value of A in the expression N’(6’)=N’(90°)(1+A cos*#’), 
where primed quantities are in center-of-mass coordinates, which 


Taste I. The number of recoil protons N(@) at different laboratory angles 
6, with transformation to center-of-mass coordinates #. ¢(@) is the trans 
formation factor connecting N(@) and N’(#). 
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yields the best fit for the experimental data. These data and the 
transformations from laboratory to center-of-mass coordinates 
are shown in Table I 

The value of the asymmetry coefficient A was determined by 
the method of least squares..The method yielded a value of 
0.25+0.05, which is in agreement with the value of 0.30+0.03 
for the protons of the reaction* and with the value of 0.15+4-0.0627E 
for the neutrons.* The photographic method appear to be in 
agreement with other methods for angular distribution measure- 
ments. 

* Present address: A. B. Atomenergie, Stockholm, Sweden. 

1 Moak, Reese, and Good, Nucleonics 9, 18 (1951) 


2 Bretscher, French, and Seidl, Phys. Rev. 73, 815 (1948). 
+1. Bartholdson, Arkiv. Fysik 2, 271 (1950). 


The Concept of Spin-Lattice Relaxation 
in Ferromagnetic Materials 
P. W. ANDERSON 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 9, 1952) 


N the literature on the high frequency properties of ferromag- 

netic materials, it is often assumed that the distinction between 
spin-spin and spin-lattice relaxation wil! be as valid here as it is in 
paramagnetic relaxation and paramagnetic resonance. In fact, 
often the assumption is made that the two types of relaxation 
enter in exactly the same way as in the paramagnetic case, and 
thus that the Bloch equations of motion are valid. This letter 
contends that this cannot be the case. 

The simplest physical explanation of the situation results from 
considering why, in the paramagnetic case, it is necessary to make 
the distinction between the two types of relaxation. In the para- 
magnetic case we apply an external field H, which causes energy 
splittings large compared to the interaction energies between the 
spins. It true that these interactions can broaden the 
paramagnetic resonance line, and also they can cause the com- 
ponents S,, Sy of the total spin perpendicular to the external field 
to relax toward the equilibrium value zero (these two effects being 
in fact equivalent). On the other hand, if energy is absorbed from 
some external magnetic field (usually rf or microwave) thus 
causing the component of total spin S, to change, an entirely dif- 
ferent relaxation mechanism is required to bring the sytsem back 
to thermal equilibrium. This is because the spins and their inter- 
actions are incapable of accepting this energy, which may be 
shown in two ways: in the first place, the energy is in the form 
of “Zeeman quanta” wH,, which are large compared with the 
interaction quanta wHte~x*/r*; in the second place, the specific 
heat of the “‘spin system” is due almost entirely to the interaction 
with the external field 1, so that there is simply no tendency to 
redistribute the energy which has been acquired among the spins 
alone; their interactions simply are not big enough to accept the 
energy. Thus interaction with the crystal lattice, “spin-lattice 
relaxation,”’ is the only way in which thermal equilibrium can be 
re-established and S, can relax to its original value. This interac- 
tion is often relatively slow, and spin-lattice relaxation can then 
be measured as a separate effect. 

The situation in ferromagnetism is quite obviously entirely 
different. Here the exchange fields acting on the spins are large 
compared to the external field in all situations, and the specific 
heat of the spin system as a whole is large compared to that due 
to the interaction with the external field, being comparable with 
the lattice’s specific heat. In such a situation we see that, if spin- 
spin interactions are capable of causing the major part of the line 
breadth, they will obviously be capable also of accepting the 
energy of the “Zeeman quanta” fed in by an external field, and, 
unless the total energy fed in is comparable with that necessary to 
heat the whole system to the Curie point, no effects due to satura- 
tion of the spin system as a whole can possibly occur. 

Another way of phrasing this is to point out that changing the 
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total spin S in any way other than the formation of domains of 
macroscopic size requires an energy of this same large order of 
magnitude (about HgMs, where Hg is the exchange field, ~10* 
oersteds, and Mg is the saturation moment) and thus that in most 
experiments S, and S, cannot be independent of S,; it is then hard 
to see how any relaxation formula containing two constants 
rather than one can be applicable. We see also that, if S cannot 
change, only interactions capable of changing S, will be capable of 
relaxing S, and S,, and causing broadening. 

Finally, we shall give an indication of the circumstances under 
which spin-lattice relaxation might actually be observed! in a 
typical relaxation experiment. In order to saturate the spin 
system, an energy Eo= HgM sg is required. Power can be fed into 
the system at ferromagnetic resonance at a rate 


P= x" wo 2P™ (yHo) (A?) (M,)/(40), 


where AH is the line width, H, the applied rf field. 1, must be 
<AH or the system will be saturated spin-spinwise, so we set 
H,=AH for a maximum possible energy input. Then the time T 
in which the energy input is large enough to saturate the whole 
spin system is 


Eo Hef 1 Be... - . : 
T=—~—_{ —— }=— (spin-spin relaxation time). 
P; Hy ysH Hy 
Thus the time T is of order 108— 10‘ times the spin-spin relaxation 
time, and unless the spin-lattice relaxation time is slower than 
this (of order 10-*—10~S sec, that is) no effect can be observed. 
In addition, the pulses of input power must also be of this length, 
which has not been the case in Damon’s experiments on relaxation.! 

I must acknowledge my gratitude for very helpful discussions 
with Dr. N. Bloembergen, Dr. J. K. Galt, Dr. W. A. Yager, and 
particularly Dr. C. Kittel. 

1 Unless direct spin-lattice relaxation due to interaction of the lattice 
with the zero wave-number spin wave into which the energy is fed is the 
primary broadening mechanism. This probably is not the case, according 
to calculations of D. Polder and J. K. Galt, unpublished; C. Kittel and 

M. Luttinger (reported in paper of C. Kittel, to be published in January, 
1953, Revs. Modern Phys.); and R. W. Damon, thesis, Harvard Uni- 
versity, 1951, unpublished. 


Relativistic Corrections to Magnetic Moments 
of Nuclear Particles* 


G. Breit AND R. M. THALER 
Yale University, New Haven, Connecticut 
(Received October 20, 1952) 


ELATIVISTIC corrections to magnetic moments of nuclear 
particles have been of special interest in connection with the 
determination of the proportion of the *D state contained in the 
ground state of the deuteron and the additivity of magnetic 
moments of nucleons. The problem has been treated by various 
authors'~* with inconclusive results. 
For the case referred to®® as the scalar, the result of Sachs‘ for 
the deuteron, neglecting the *D state, is 
(CF)2s=1—(W/M)+(T/3M), (1) 
where W and T are respectively the energy and kinetic energy of 
internal motion, and CF is the correction factor to the Dirac part 
of the proton’s magnetic moment; c=1 in the units used. The 
corresponding calculation of Breit and Bloch® contained an error, 
the existence of which was inferred by Adams.* Although the 
Hamiltonian used by Sachs in this and the vector case is not 
covariant in the required order, the direct employment of the 
field to which a particle is exposed is justifiable, as may be inferred 
from the material below. For the two-body vector case the same 
manipulative slip (BB) entered,' and the employment of p in place 
of @ by Sachs is mainly responsible for a difference from the 
correct resuJt, namely, 


(CF)x=1, (8D neglected). 
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While the Hamiltonians used by Breit and Bloch® lead to the 
above values and are covariant? to order 2*/c*, the correction for 
retardation is not complete. The electromagnetic case suggests 
caution in its use for y. One can represent the results just men- 
tioned as 

M—(J;) 


feed 0) 
(CP)ss M-—(;:) 


(CF)is, (3) 


and 


(CF) w=1-—(7T/3M\1— (@1@11)), 
[elements diagonal in (@;+@11) F 
where}? 
(CF) vw =1—(2T,/3M), (5) 
and? 


(CF),s=1—(W,/M)—{T1/3M) = 1—(47,/3M)+V,/M), (6) 
the nonrelativistic potential energy being denoted by (—J), 
quantities referring to the one- and two-body problems being 
designated by subscripts 1,2, respectively, the proton being referred 
to by subscript I, and the neutron by IT. The mean kinetic energy 
in the two-body problem is 
(T2)=2(T)), 


where on the left 72=71+T7 11. The nonrelativistic energy is 


W ={T--J) 


(7) 


in the one- and two-body cases. Euqation (3) shows that 
[Effective mass ]s= M—(J). (8) 


This interpretation has been substantiated by decomposing the 
one-body effects into parts arising from unbound particle states. 
States of positive energy alone give 


(CF) 2>0(L+ho) = ((M/E)(L+ho) 
+h{M/(2E(E+M)})[(op) p— pe). 


For s terms, to order 2/2’, 


(CF) 250 = 1- (4T /3M). 


(9) 


(9’) 


The remaining factors in Eqs. (5) and (6) are accounted for by 
cross terms for opposite signs of E. The role of J is to produce 
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states with E<0 and the effectiveness of terms in J in the Dirac 
Hamiltonian depends on whether it is used as E—J or M—J as 
in the V and S cases. In the two-body problem E <0 states are 
caused by 

(10) 
and it is clearly immaterial in first approximation whether rrr 
is fixed (one-body case) or moving (two-body case). 

In the two-body vector case the term in the proton spin cor- 
responds to Eq. (4), since T;=27,=T. The term in @11 can be 
traced to — @:q@11 in the Hamiltonian. This effect has been verified 
to be a generalization of the magnetic induction produced in the 
spin current of one electron by the magnetic field caused by the 
spin current of a second electron. Usual “retardation” does not 
affect the “induced current” correction. 

For a single particle with definite relativistic energy E in a 
pseudoscalar field, the Dirac current part of the magnetic moment 
is given by 


J2=J2x(\t1—tu|), 


(L+heo)/E, (11) 


suggesting insignificant relativistic corrections in nuclei de- 
scribable on the single-particle view. In the deuteron such a view 
does not hold. Analogy with the cases treated above suggests that 
the mesic field interaction contributes to the production of E <0 
plane waves in the same way in the one- and two-body cases, while 
(W:) contains 27; instead of 7). This view suggests 

CF =1+(T2/2M)—(W2/M), (12) 


to which one may object because: (a) the PS field acting on the 
proton is not spherically symmetric complicating the isolation of 
spin-current effects; (b) within the repulsive core and on the 
inner edge of the attractive region the effective |/J| is large; 
(c) the large value of the usual interaction constant f suggests 
inclusion of mesic current effects; and (d) the presence of nucleon 
pairs may contribute additional magnetic moments. 


* Assisted by the joint program of the ONR and AEC. 

1G. Breit, Nature 122, 649 (1928). 

2H. Margenau, Phys. Rev. 57, 383 (1940) 

*G. Breit, Phys. Rev. 71, 400 (1947) 

«R. G. Sachs, Phys. Rev. 72, 91 (1947) 

4G. Breit and I. Bloch, Phys. Rev. 72, 135 (1947). 

*E. N. Adams II, Phys. Rev. 81, 1 (1951); see footnote 20. 
7G. Breit, Phys. Rev. 51, 248 (1937) 
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MINUTES OF THE 1952 AUTUMN MEETING OF THE NEW YorK STATE SECTION AT CORNELL UNIVERSITY 


HE twenty-eighth meeting of the New York 

State Section was held at Cornell University, 

Ithaca, New York, on October 17 and 18, 1952, with 
a total registration of about 150. 

The Friday morning session was devoted to two 
invited papers; the Friday afternoon session to a 
single invited paper and a group of five contributed 
papers. The Dinner on Friday evening was preceded 
by a Social Hour in the Club Rooms of the Statler 
Inn on the Cornell Campus, and followed by a 
delightful talk on ‘Acoustics and Bird Song Re- 
cording’ by Professor P. P. Kellog of Cornell's 
Department of Ornithology. 

The closing session, on Saturday morning, was 
given over to a Symposium on Lecture Demon- 
strations in Physics. The teaching and research 
laboratories in both Rockefeller Hall and the 


Nuclear Studies Laboratory were open to (and 
flooded by) visitors throughout the two-day period. 

Titles of the invited papers and abstracts of the 
contributed papers, together with the Symposium 
program, are given below. 


L. W. PuILutps, Secretary 
New York State Section 
The University of Buffalo 
Buffalo 14, New York 


Invited Papers 


The Fundamental Particles of Physics. H. A. BETHE, 
Cornell University. 

The Use of Large-Scale Computing in Physics. L. H. 
Tuomas, Watson Scientific Laboratory. 

Recent Developments in p-n Junction Transistors. R. N. 
HALL, General Electric Research Laboratory. 
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Symposium on Demonstrations in Physics 


(L. P. Smita presiding) 


Demonstrations of (a) Random Molecular Motion and (b) 
Motor and Generator. C. L. HENsHAw, Colgate University. 

Pupil-Built Apparatus for Teaching Pascal’s Principle. B. H. 
Srascu, Corning Free Academy. 

Two New Peltier Demonstrations. C. 
York State Colle ge for Teachers at Albany. 

Demonstrations of Two Simple Electrical Experiments: 
a) The Power Transmission Line, and (b) Damped Oscilla- 
tions in an RLC Circuit. H. F. NEWHALL, Cornell University. 

A Luminous Lens-Graph. M. J. Pryor, New York State 
College for Teachers at Albany. 

Use of the Vidican Tube with Television to Illustrate Small- 
Scale Effects. G. E. GRANTHAM, Cornell University. 


L. ANDREWs, New 


Contributed Papers 


Frequency Response of PbS Cells. B. D. MCMICHAEL AND 
S. Mrozowski, University of Buffalo.—The frequency res- 
ponse of a lead sulfide photocell was investigated for various 
spectral excitations. Parts of the near infrared spectrum 
emitted by incandescent carbon were isolated by means of 
either filters or in infrared spectrometer. The light beam was 
chopped at frequencies of from 50 to 9000 cycles per second, 
and its intensity was adjusted for each excitation so as to have 
the same output at 150cycles per second. The photocell studied 
a commercial-type cell from the Continental Electric 
Company. All curves obtained for the voltage output of the 
cell as a function of chopping frequency overlap within the 
accuracy of the experiments; the frequency response of the 
cell is consequently shown to be independent of the wave- 
length of the exciting light in the range from the visible up to 
ibout For longer wavelengths complete curves 
could not be obtained because of insufficient sensitivity of the 
cell 


was 


3.6 microns 


Electronegativity and Work Function. WILLIAM SQUIRE, 
Cornell Aeronautical Laboratory.—The concepts of electro- 
negativity and work function are discussed. From the available 
data for 54 elements, an empirical relation W. F. =1.19+1.62 
E. N. is found 

Generalized Statistical Mechanics and the Onsager Re- 
lations. ALick THOMPSON AND PETER G. BERGMANN, Syracuse 
University. —-In the usual derivation of the so-called Onsager 
relations in irreversible processes, which state that the cross 
coefficients connecting noncorresponding forces and rates of 
change are equal in pairs, irreversible processes are assumed to 
obey the same laws as fluctuations, in spite of the fact that the 
structure of the underlying ensembles must be quite different. 
On the strength of the nonequilibrium ensembles we have 
called canonical (in a generalized sense), we have succeeded in 
showing that the Onsager relations hold in the limiting case of 
near-equilibrium, without reference to fluctuation theory. It 
turns out that the most general expressions for the cross 
coefficients which hold irrespective of near-equilibrium are the 
same as the cross correlations encountered in fluctuation 
theory 


Spin and Angular Momentum in the General Theory of 
Relativity.* Ross THOMSON AND PETER G. BERGMANN, 
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Syracuse University.—Ordinarily, the integral of angular 
momentum in Lorentz-covariant theories is associated with 
the invariance of the theory with respect to homogeneous 
Lorentz transformations, just as linear momentum belongs to 
rigid displacements. In the general theory of relativity, these 
transformations form subgroups of the group of general co- 
ordinate transformations but are without special significance. 
Nevertheless, it is possible to formulate a set of integrals of the 
motion which go over into the usual angular momentum when 
gravitation and space curvature may be disregarded. Spinors 
have been introduced into the general theory of relativity 
sometimes directly, sometimes with the help of local quadru- 
peds (‘‘Beine’’). In the latter case, there exists a group of 
transformations of these local frames of reference that in 
effect represents a different (homogeneous) Lorentz trans- 
formation at each point of space-time. Although this group is 
empty in the absence of spin fields, a theory that incorporates, 
e.g., a Dirac field, will yield an integral of the motion which, 
when properly extended, includes both orbital and spin 
angular momentum of the fields postulated. This result is of 
considerable value in our program to close the gap between 
general relativity and atomic (and nuclear) physical theory. 


* Supported by ONR 


On the Lagrangian Formulation of Quantum Theories.* 
Peter G. BERGMANN, RALPH SCHILLER,f AND JAMES L. 
ANDERSON,{ Syracuse University.—If the action integral of 
Feyman-Schwinger is considered an operator, then the re- 
quirement that it be stationary with respect to infinitesimal 
variations of the observables will lead to reasonable “wave 
equations” only if the class of variations is suitably restricted. 
We have conjectured that the most logical class of virtual 
variations is the group of invariant transformations. It can be 
shown that these requirements, weaker than those postulated 
by Schwinger, are sufficient to yield all the conservation laws 
of a given theory, and that the commutation laws follow from 
the requirement that each of the invariant transformations be 
generated by its appropriate constant (integral) of the motion. 
Our conjectured relationships work in both quantum me- 
chanics and quantum field theories and lead to peculiar results 
in the case of covariant field theories. 

* Supported by ONR 


+ Now at University of Sao Paulo, Sao Paulo, Brazil 
t New Burnswick, New Jersey 


t Now at Rutgers University 

An Experimental Investigation of the Nucleon Cascade in 
Water. C. B. A. McCasker, H. Messet,* D. D. MILvar,t 
AND N. A. Porter, Dublin Institute for Advanced Studies, 
Dublin, Ireland.—The nucleon cascade in water produced by 
primaries of energy greater than 20 X 10° ev has been examined 
using an array of Geiger-Miiller counters and a 31-channel 
hodoscope. Over 15,000 showers have been studied. Transition 
curves for various primary energies, barometric coefficients 
for various multiplicities and different depths, root mean 
square lateral spreads, and intensities at different depths are 
given. The experimental results are compared with the theory 
of the nucleon cascade developed by Messel and his co-workers. 
In particular, the variation of lateral spread with depth sub- 
stantiates their conclusion that the differential cross section 
for nucleon-nucleon collision at high energies has an expo- 
nential form. 


* Now at University of Sydney, Sydney, Australia 
t Now at University of Manchester, Manchester, England 




















